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N = 4 U(N) Super Yang-Mills
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T ((F)? + 2(Du®)” — (&5, 8,))?
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Conformal Field Theory

e Correlation function of local operators

(O1(x1)O2(x2))
B12
|m12|D1+D2

— 5D1D2

(O1(21)O2(x2)Os3(x3))
B C123

o |3312 |D1+D2—D3 |3323 |D2—|—D3—D1 |CB3]_ |1)3—|—_l)1__l)2

D; : scaling dimension of the local operator O;



e Single trace operator

O =Tr[Wa, Wa,:--Wa,]

Wa € {D*®, D*¥, D*¥, D*F}
(Beisert "03)
- dominant in the large NV limit

® Scaling dimension:

eigenvalue of the Dilatation operator D

o At tree level:
DoO = dim(O)O

[®] =1, [\Il]:ga [Fl=2, [D]=1



¢ (Quantum correction: operator mixing

I O = DO

@
p—J
Diagonalize D!
D = Z A"D,, A = g3y N Ct Hooft coupling)
n=0

D, < Hamiltonian of su(2, 2|4) spin chain

(Minahan-Zarembo ’02) (Beisert-Staudacher ’03)



e SU(2) subsector

X =
/ =

T T <n
—+—

H, + iD, ferromagnetic vacuum

P5 + 1P

g l aN
T(ZZZXZXZZ ) o (: :>
1
I | I

XXX Heisenberg Spin chain

H=3(| |- %)
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Bethe Ansatz Equation

One-magnon States

(T(P) =) @) T---TLT---1)
=1

p(l) = e™
Schrédinger Eq.
L
H=> (| | = X)
. _ =1 1| 41 [ I+1
E = 2—¢eP—¢e"P
2 D

= 4sin 2 : Dispersion Relation



‘Two-magnon States

l4 Lo

¥ (p1,p2)) = > U, l)| T T LT T LT 1)

1<l <1,<L

Schrédinger Eq. H|¥) = E|W¥)
E = Z 4 Sln2 ~ (Dispersion)

¢(l1,l2) — etP1litip2la + S(pz,pl)eip1l2+ip2l1
(Bethe’s Ansatz)

e’&pl-l—?fpz _ 621131 +1

S(p17p2) — _e’ipl-l—ipz — o2ips 11 S-matrix




Factorized scattering

¢(P2,p1,p3, c o 9pJ) — S(p19p2)¢(plap2ap3a oo 9pJ)

Periodic boundary condition

Y(p2ye.. Dy P1) =€ PrLa(py,...,py)

Yang equations

ZpkL H S(pka pl
l#k

1 P

rapidity variable u = 5 ot

Bethe Ansatz Equations

4 L J ny
Ui U — Uj 1

— k=1,...
(W_ ) 11 -

l?ﬁkuk—ul—z

N[N



Local Charges

Momentum

Energy

Higher charges

1
Qr:Z’r‘—]_

k

((Uk + %)"“‘1
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Higher loops
Difhculties:

* Jong-range interaction

v, v,
* fluctuation in length

I
1
Attempts: x ¥z

* closed subsector without change of length
su ( 2 ) (Beisert-Dippel-Staudacher ’04)

5u(1 | 1) (Staudacher ’o4) etc.
* relationship with known models

Inozemtsev chain (Serban-Staudacher 'o4)  (start deviating at 3 loops)

Hubb ard mo d€1 (Rej-Serban-Staudacher '05)
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Particle model (Excitation picture)  (peienscein-Maldacena-Nastase ')

(Staudacher ’04) (Beisert ’05)

® Vacuum

OV := |- ZZZZZZZZZZZZZZZZZZ---)

® Asymptotic state

|X1X2>I ™1 (4%

. . } }
= Y et Z 77X\ 227 - ZZZX,ZZ7 - )

n1<ns
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e Physical state: total momentum 2_;P; =0

n

TrY., e??| - ZZXZZ---)

Tr| X )1
( =S ePTr|XZZ---)=8(p)Tx|XZZ---)

¢ One particle state

| |
|X>I =3 €eP...ZZXZZ---)
n1—1
ZT XM =Y e ... ZZZXZZ---)

. ¥
| XZTYW =" eP"|...ZZXZZZ---)

|Z:|:X>I _ e:Fip|XZ:I:>I

|
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¢ One particle state: 8§ bosons + § fermions

D; (i=1,...,4)

D;Z (;=1,...,4)5

\Ilac'u \Ilad (a,xa=1,...,2)

: single excitation of Z

Z,Fop,D;®;,...

: multiple excitation

® Vacuum breaks the global symmetry
PSU(2,2|14) — PSU(2|2) x PSU(2|2) x R

B8 = @ x (22
Z | 1 P2 Py )2
1| P11 P12 P11 Py
G2 | P21 P2z Wz Wy
Y1 | Wi Wiz DnZ Di2Z
Vo | Wa1 Wo2 D21z D2pZ
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o s1u(2|2) algebra

R, J¢] = 65J% — 262 J°
(L, J7] = 63J% — 565J7
{Q%a, 8%} = 0,L% + 35 R + 8,05C

e Transformation of one-particle states: (2|2) rep.

Qaa|¢b>1 — a53|¢a>1
QalYP) = be*Peqy|p®Zt)!
Saa|¢b>1 CEabealgl’l,b’BZ_)I
S%a|yP) = dof|e*Z ™)

— C? =7

1 1
C = 5 Nparticle + §E
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e Central extension of su(2|2) algebra
[R%, J¢] = 0pJ% — 50pJ°
(L, J7] = 63J% — 565J7
{Q%, 8%} = 0,L% + 65 R a + 6,05C
{Qaa7 Q'Bb} — EO.ﬂ'BeabP
{8%4, 53} = €PeqgK

e Transformation of one-particle states: (2|2) rep.

Qaa|¢b>1 — a53|¢a>1
QalYP) = be*Peqy|p®Zt)!
Saa|¢b>1 CEabealgl’l,b’BZ_)I
S%a|yP) = dof|e*Z ™)

1
— C?’ - PK =3

1 1
C = 5 Nparticle + §E
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PIX)! = a|ZTX)! —a|XZT) = a(e™™ —1)|XZT)!
K|X)! = B|Zz=X)' - BIXZ™)! = B(e™? —1)|XZ~)

E = \/1 — 16aﬁsin2(§) —1

a3 : some function of A\

e From perturbative computation up to 3 loops (small \)

(Minahan-Zarembo ’02)

and BMN energy formula (large \ ), (Beisert-Staudacher ’03) etc.

(Berenstein-Maldacena-Nastase ’02)

E = \/—I——sm g)—l

(dispersion relation for a ‘magnon’)
(Beisert-Dippel-Staudacher ’04)
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5u( 2 | 2 ) S-matrix (Beisert ’05)

® most general ansatz:

S12|¢7P3)"
S1a|vus)!
S12|p7eh)!
S12|9pT 5)!

= A12|$5"¢1")' + Bia|¢s ¢7)' + §C12eenplyps vl Z7)!

D2l ps 9 + Eraliby D)t + S F12€*Peqp| 3t ZT)!

= Gu2|¥2 ) + Hyz|dp29pP)!

Ki2|pg ¢ + Liz|pop)!

e PSU(2|2) x R® symmetry

—> (Coefhcients A12(P1, Pz), c ooy L12(P1, Pz)

are uniquely determined up to an overall factor
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Properties of the S-matrix

e Unitarity
S21821 =71
e Associativity (Yang-Baxter equation)
812813823 — 823813812
e Not of difference form

812(M)

e Similarity to the Shastry’s R-matrix

for the Hubbard model

20



e The whole S-matrix
Spsu(2,2|4) = So [Sﬁu(2|2) X Sﬁu(2|2)}

with an overall scalar factor

So = 1+ O(\?) (for the gauge theory)

e Asymptotic Bethe ansatz equations (finite ‘length’J )

Impose periodic boundary condition

K
Yang equations: €7 = || 8(pj,pr)
-y

Diagonalize these equations by the nested Bethe ansatz

The S-matrix reproduce long range psu(2,2|4) Bethe ansize
(Beisert-Staudacher ’05)

Several checks up to 3 loops, at most valid up to O(A7~?)
(Beisert-Kristjansen-Staudacher) (Eden-Jarczak-Sokatchev)
21



AdS/CFT Correspondence

N =4 U(N)
Super Yang-Mills

IIB Superstrings on

SO(4,2) x SO(6)

Azgf,MN
Q%M:gs
N — o0
4
AT = —

R* = 4nwg.,a’*’N
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4

- ZZZ)

47

Te(Z

N
>

oo X

Tr(Z

O =

Tc(Z---V°Z
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Sigma model on R x S*

VA
S = 4— /dO'dT [—BaXO(’?"’XO —+ 8aXi8aX,,; -+ A (XzXz — 1)]
T

Equations of Motion

8_|_8_X7; + (8_|_Xj8_Xj)Xi = 0, 8+8_X0 =0

Gauge: Xo = KT A: energy of the string

A < 27
(A — \/—X / dod,. X, = \/XK,>
27 0

VA

Virasoro Constraints

(0+X;)? = (0+X0)?

K,2

K =




SU(2) Principal Chiral Field Model

geSU@) «— Xes°

. X1+t X2 Xsz+1Xy
9=\ —Xa+4+1iX, Xq—iXs

Right current
j=—g 'dg

dj—jAj=0, d*j=0
Virasoro constraints

Trji = — K2

1
2

25



Lax Connection

B 1 , T
a(w)_l—aﬁj—l_l—:c2

* ]

x : spectral parameter

dj—jNANj=0 da(x) —a(x) ANa(x) =0

<=
dxj3 =20
< | [£(z), M(x)] =0
Lax pair
c) = 0, —as(@) =0, — ({2~ 12

L/ J4 J—
:87'_ T :81'__
M(z) ar(2) 2(1—w+1—|—w>

26



Auxiliary Linear Problem

L(x)¥(x;17,0) = 0 { O,V
{ M(x)¥(x;T1,0) 0 0¥

a,WV
a -V

V(x;T,0) = Pexp/ a,do
0

Monodromy matrix

V(x;T,0 +27) = Q(x;17,0) V(x5 7, 0)

27
Q(x;T,0) = Pexp/ as,do
0

27



-

Monodromy Matrix ~— ¢
Y Q(z; 7, 5)

(7,6 +2m)+— /)(7:8)
Q(z;7,6) =U " 'Q(x;17,0)U Qx;7,0)

(o +2m) A N7 0)
T N
e'ip(a:) 0 \-)/
Q(CE) ™~ ( 0 e—ip(m)

p(z) : quasi-momentum

T(x) := Tr Q(x) = 2cos p(x)
(transfer matrix eigenvalue)

28



T(x) (Kazakov-Marshakov-Minahan-Zarembo ’04)
A

a




® Virasoro Constraints

TK

x F1

]{dp = 27/
]{A dp = 0, /A dp = 21n,
Ba

T, : mode number

/ _a— B /
/

Tr3:2|: — K2 —=> p(x) ~ — (x — £1)

1
2

¢ Single-valuedness

Ca

P e
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Explicit form of general finite gap solution (Dorey-Vicedo '06)

O+ = . — o+
X1 +1 X2 = C4 OCT Joor & = J d—*Q = =P (—z/ dQ)
0($5dQ + D)

oot

+ — +
002r [>_ & — 6-dO — D 0
X3 +1Xy Co 27 Joo & = 542 )exp (-z/ dQ)

6(f;dQ + D) oo™
0(2) = )  exp (zfr?z . Z 4+ wi(IIm) - T?L) : Riemann theta function
MELS
dQ = odp + Tdq P : quasimomentum ¢ : quasi-energy

w; : normalized holomorphic differentials ( 7{ 5 >
w . — 'i .
A; ! ’
bj = B;j — Bg+1 : closed B-cycles

D,Cy,C5 :constants
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Finite gap solution on Yang-Mills side

e Traditional thermodynamic limit

B ﬁ Up — Ug + 1
q7p
’u,kNO(l)

Strings

32



® Novel thermodynamic limit

q=1

L,J — oo, wup — Luy

(up+;)L_ ﬁ Up — Ug + 2

Log of both sides
J
1 2 1
— 2, = Y

n, € 7Z :mode number

33



Resolvent

=y
e
Gu) = [ 22
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Quasi-momenta

BAE

p1(u) = —p2(u) = G(u) — 5,

% + 27mng = 2¢G(u)

p1(u 4+ 20) = pa(u — 20) + 277n, (u € C,)

p1(u)

p2(u)

(( ~ D hyper-elliptic curve
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Comparison with Yang-Mills side

L
Frolov-Tseytlin limit: > 00

VA

with rescaling

VA

U —= —=x
47

Interior cuts (-1 < x < 1)
Poles (x = £1)

—> degenerate into the origin v = 0

36



T(u) (Kazakov-Marshakov-Minahan-Zarembo ’04)




Classical Superstring on AdS, X S

Classical IIB Superstrings Coset sigma-model

on
PSU(2, 2|4)
Sp(1,1) X Sp(2)

g(o, ) € PSU(2, 2|4)

J = —g 'dg

decomposition w.r.t. Z4-grading

J=H+ Q1+ P+ Q-

38



(Metsaev-Tseytlin '98)
Sigma-Model Action (Roiban-Siegel '02)

A
S, = \2/—_ /(%strP N\ xP — %strQl NQ2+ AN strP)
T

LLax Connection (Bena-Polchinski-Roiban ’03)

Bianchi Identity dJ —JANJ =0
Equation of Motion

<= Flatness Condition

dA(z) — A(z) NA(z) =0

39



Monodromy Matrix

P N
o \/
2() Pexp |, doA(z) T
zZ) = z)
P exp fozw doA(1) T

Physical quantity: Conjugacy class of £2(2)

(= Generating functions of conserved charges)

Eigenvalues of the Monodromy Matrix
N8 (2) = u(2)2(z)u(z)™"

diag(e"'pl , e"'p2 . e"fps , €Zp4 |€Zp1 , e"fpz . e'LPS , e'l'p4)

pi(z), Pi(2) : quasi-momenta

40



Spectral Curve for the Sigma-Model

P = X X X F—>x X ———

P2 =X g §( §( g X —> __—
..................... 3 3 13%+1 31 /x5 $%
-~ ¢ — 4 £ X < X _— D

2 2 s 3 2 )
- 4 D — 4 £ X _ X _— D2
fffffffffff R L e VO e W R
< —— X X X _— D3
2 1 1 $ 3 v : )ﬁ
- % < < | | | Py
............................................................. S 13417 1T Lo
P3 = ¥—X Dé——> £ £ | | —
$ Gy 4 11/Cyy s 3 R
po ES ¢ Pt
SR R : Beisert-Kazakov-K.S.- ’
Distribution of cuts with (BeisercKazakov-K.5.-Zarembo “os)
mode numbers and fillings
B, H B,
- e e — B~

determines a classical solution
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(7iant Magnons (Hofman-Maldacena ’06)
(Okamura & Suzuki’s talk)

YT /7
L e (el

)
p
HM limit: O(3)-sigma model
J — o0
e
= <>
BMN limit: >
n — p? zﬁc)):éd Sine-Gordon model

42



Non compact sector and log S scaling for S > J

O = Tr(D* ZD**Z)

twist-two operator folded string

(Gubser-Klebanov-Polyakov ’02)

® Jog S scaling is universal

O = Tr(D** ZD**Z --- D% Z)

A—S~cAlogsS A—S~cVlogS

(one-loop) (classical level)
(Callan-Gross 73) (Korchemsky ’95) etc. (K.S.-Satoh ’06)
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Towards quantization of strings on AdS5 x S°
e Green-Schwarz, pure spinor, ...

several difficulties in conventional approach

Green-Schwarz string as an integrable particle model?

¢ Conformal gauge VS Uniform gauge

worldsheet Lorentz symmetry (= crossing symmetry)

relativistic non-relativistic

global symmetry (no good subsector)

unbroken broken

Virasoro constraint
27? casy

44



Relativistic particle model

O(4)-sigma model (SU(2) principal chiral field model)

e /Zamolodchikovs’ S-matrix (Zamolodchikov-Zamolodchikov "77)

o Pl

=  0(p1 — P'1)5(P2 — p;)SZ'S'(Hl — 02)

p = (m cosh w0, m sinh 7w0)

/ b’ a’

Sab (0) = «n(e)bj#az(e) b}<a +o3(0) ) (
a b

a b a b

45



® Unitarity
Sprva (0)S5122 (—0) = I3

ala2

e Crossing Symmetry

SY (im — 6) = 58,(6)
® Associativity

50152(6) 52153 (6 + 0') 55252 (0') = S22 (0) 55122 (6 + 6') 52222 (6)

N

=\

46



S(6) is constrained up to an overall factor (CDD ambiguity)

Seh (8) = sow)z{ X —5'

Minimal Solution

L(—3)0(5 + 5

PTG - &

So(0) = i

47



Yang equations

e~ tup(0a) — H S0, — 6;3)
apB

: Matrix equation

—=> (an be diagonarized by nested Bethe ansatz

e—iusinhﬂ-ea _ H S (9 _Hﬁ)H uj_l_i/z H —’Uk—l-’i/Z

ot O —uj —2/2 55 0o — v — 2/2
| - Hu:,— z/ZH J_ui_l—?f
Bug—Hg—I—z/Z ;U — U —
B v — O3 —1/2 v — U] + 1
b= H — 6 —|—z/2H — v — 1
5 Uk J&; i<k Uk l
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The above BAEs reproduce

e (Classical solution (Gromov-Kazakov-K.S.-Vieira ’06)

- macroscopic number of particles (1-cut for 0)
- macroscopic number of magnons

- double scaling limit

- eliminate 6

Single theta-cut solution Classical solution (KMMZ)
+2 A, 5 «——
T Z
/ B, u B, 8
e Ay 412 Lf/é/ 1 e - %*'1(}%/3/’
\G) JE— 5 <> ¥ vV
= e
A\
to A 1
Z =T+ —
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The above BAEs reproduce

(Arutyunov-Frolov-Staudacher ’04)

e AFS ‘string Bethe ansatz equations’ (Gromov-Kazakov "06)

- macroscopic number of particles (1-cut for 0)
- macroscopic-number-of magnons

- double sczﬂing limit

- eliminate 60

(Beisert-Dippel-Staudacher ’04)

BDS all-loop Bethe Ansatz equations

+ dressing factor

!

introduced to repair the 3-loop discrepancy

50



Non-relativistic particle model

e AFS’s dressing factor

> => => overall factor of the string S-matrix

Spsu(2,214) = So |Ssu(2)2) ® Ssu(2)2)]

I

constrained by symmetry

small A large A

? oo 1 n
So =1+ (9()\3) = Sp = exp <2’L\/X Z 0.,.(p1,p2) (ﬁ) >
(SYM perturbation) n=0

(classical str ing) —> 0O (p1 . pz) (Arutyunov-Frolov-Staudacher ’04)

(Worldsheet 1-loop) —> 91 (pl . pz) (Hernandez-Lépez "06)

(Janik 06) (cr ossing symmetr y) -0, (pl . pz) (Beisert-Herndandez-Lépez "06)
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Summary

e The spectral problem of the dilatation operator is
fully solved at one-loop

e Magnon picture may solve the problem even at all
loops for infinitely long operators

e (General solutions of classical strings on the AdS
background are available

e Integrable formulation of quantum strings is in
progress
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Prospects

e Mismatch between the both sides

e Finite length corrections, wrapping effects

Related subjects
e Integrability in N < 4 theories
e Open spin chain

e Plane-wave matrix model, LLM background
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