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I.  Anomalous dimension in N = 4 super Yang-Mills

• One-loop: integrable spin-chain

• All loops: particle model

II. Free superstrings on AdS5 x S5

• Classical integrability and the general solutions

• Quantum strings as integrable particle models
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N = 4 U(N) Super Yang-Mills

L = −
1

4g2
YM

Tr
(
(Fµν)2 + 2(DµΦi)

2
− ([Φi, Φj])

2

+ 2iΨ̄/DΨ − 2Ψ̄Γi[Φi, Ψ]
)

Global symmetry: SO(4, 2) × SU(4) ∈ PSU(2, 2|4)

Φab QQ̄

Ψ̄b

α̇
ΨαbP

F̄α̇β̇ Dα̇βΦab Fαβ

Dα̇βΨ̄d
γ̇ Dα̇βΨγd

DDΨ̄ DDΨ

DF̄ DDΦ DF
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Conformal Field Theory

● Correlation function of local operators

: scaling dimension of the local operator Di Oi

〈O1(x1)O2(x2)〉

= δD1D2

B12

|x12|D1+D2

〈O1(x1)O2(x2)O3(x3)〉

=
C123

|x12|D1+D2−D3 |x23|D2+D3−D1 |x31|D3+D1−D2
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D̂0O = dim(O)O

O = Tr[WA1
WA2

· · · WAJ
]

● Single trace operator

-  dominant in the large N  limit 

WA ∈ {Dk
Φ, Dk

Ψ, Dk
Ψ̄, DkF}

● Scaling dimension: 
eigenvalue of the Dilatation operator

● At tree level: 

[Φ] = 1, [Ψ] = 3

2
, [F ] = 2, [D] = 1

D̂

(Beisert ’03)
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Diagonalize     !D̂

O
′
= D̂O

● Quantum correction: operator mixing 

O

D̂ =

∞∑

n=0

λ
n
D̂n λ = g2

YM
N (’t Hooft coupling)

(Minahan-Zarembo ’02) (Beisert-Staudacher ’03)

⇔ Hamiltonian of spin chainsu(2, 2|4)D̂1

Φ Ψ

Ψ Φ

F

F

Φ Φ Ψ

ΨΦ Φ
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Tr(ZZZXZXZZ · · · )

1

↓

↓ ↓

↓
↓ ↓

↓

↓

↓

↓↓

1

↓

↓ ↓

↓
↓ ↓

↓

↓↓↓

↓

TrZ
L ⇔

ferromagnetic vacuum

● SU(2) subsector

XXX Heisenberg Spin chain

)−

⇔

↑
↑

H =
L∑

l=1

(
l ll+1 l+1

X = Φ1 + iΦ2

Z = Φ5 + iΦ6
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|Ψ(p)〉 =
L∑

l=1

ψ(l)| ↑ · · · ↑ ↓ ↑ · · · ↑〉

Bethe Ansatz Equation

One-magnon States

: Dispersion Relation

ψ(l) = eipl

H|Ψ〉 = E|Ψ〉

E = 2 − eip
− e−ip

= 4 sin
2

p

2

Schrödinger Eq.

l

)−H =
L∑

l=1

(
l ll+1 l+1
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|Ψ(p1, p2)〉 =
∑

1≤l1<l2≤L

ψ(l1, l2)| ↑ · · · ↑ ↓ ↑ · · · ↑ ↓ ↑ · · · ↑〉

Two-magnon States

S-matrix

(Bethe’s Ansatz)

H|Ψ〉 = E|Ψ〉Schrödinger Eq.

E =

2∑

k=1

4 sin
2

pk

2
(Dispersion)

ψ(l1, l2) = eip1l1+ip2l2 + S(p2, p1)e
ip1l2+ip2l1

S(p1, p2) = −

eip1+ip2
− e2ip1 + 1

eip1+ip2
− e2ip2 + 1

l1 l2
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eipkL =
J∏

l!=k

S(pk, pl)

Yang equations

rapidity variable

Bethe Ansatz Equations

ψ(p2, p1, p3, . . . , pJ) = S(p1, p2)ψ(p1, p2, p3, . . . , pJ)

ψ(p2, . . . , pJ , p1) = e−ip1Lψ(p1, . . . , pJ)

u =
1

2
cot

p

2

(
uk +

i

2

uk −

i

2

)L

=

J∏
l!=k

uk − ul + i

uk − ul − i
(k = 1, . . . , J)

Periodic boundary condition

Factorized scattering
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Local Charges

Momentum

Energy

Higher charges

P = Q1 =
∑

k

1

i
ln

uk + i

2

uk −

i

2

E = Q2 =
∑

k

(
i

uk +
i

2

−

i

uk −

i

2

)

Qr =
∑

k

i

r − 1

(
i

(uk + i

2
)r−1

−

i

(uk −

i

2
)r−1

)
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Higher loops
Difficulties:

• long-range interaction

• fluctuation in length

X Y Z

Ψ1 Ψ2

Attempts:

•  closed subsector without change of length

• relationship with known models 
Inozemtsev chain
Hubbard model

(start deviating at 3 loops)

(Beisert-Dippel-Staudacher ’04)

(Serban-Staudacher ’04)

(Rej-Serban-Staudacher ’05)

su(2)

su(1|1) (Staudacher ’04) etc.

12



Particle model (Excitation picture) (Berenstein-Maldacena-Nastase ’02)

(Staudacher ’04) (Beisert ’05)

|X1X2〉I

:=

∑

n1!n2

e
ip1n1+ip2n2 | · · · ZZZX1ZZZ · · · ZZZX2ZZZ · · · 〉

n1 n2

● Vacuum

● Asymptotic state

|0〉I := | · · · ZZZZZZZZZZZZZZZZZZ · · · 〉
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● Physical state:  total momentum
∑

j pj = 0

(
Tr|X〉I = Tr

∑
n eipn| · · · ZZXZZ · · · 〉

=
∑

n eipnTr|XZZ · · · 〉 = δ(p)Tr|XZZ · · · 〉

)n

● One particle state

|X〉I =

∑
n eipn| · · · ZZXZZ · · · 〉

|Z+
X〉I =

∑
n eipn| · · · ZZZXZZ · · · 〉

|XZ
+〉I =

∑
n eipn| · · · ZZXZZZ · · · 〉

n+1

n

n

|Z±
X〉I = e

∓ip|XZ
±〉I
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● One particle state: 8 bosons + 8 fermions

● Vacuum breaks the global symmetry

Φi (i=1,...,4), DiZ (i=1,...,4),

Ψαȧ, Ψaα̇ (a,α=1,...,2)

Z̄, Fαβ, DiΦj, . . .

: single excitation of      Z

: multiple excitation

PSU(2, 2|4) → PSU(2|2) × PSU(2|2) ! R

(8|8) = (2|2) × (2|2)

Z φ1 φ2 ψ1 ψ2

φ̄1 Φ11 Φ12 Ψ11 Ψ12

φ̄2 Φ21 Φ22 Ψ21 Ψ22

ψ̄1 Ψ̇11 Ψ̇12 D11Z D12Z

ψ̄2 Ψ̇21 Ψ̇22 D21Z D22Z
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[Ra
b, Jc] = δc

bJa − 1

2
δa

b Jc

[Lα
β, Jγ ] = δ

γ
βJα − 1

2
δα

β Jγ

{Qα
a, Sb

β} = δb
aLα

β + δα
β Rb

a + δb
aδα

β C

Qα
a|φb〉I = a δb

a|ψα〉I

Qα
a|ψβ〉I = b εαβεab|φ

bZ+〉I

Sa
α|φb〉I = c εabεαβ|ψβZ−〉I

Sa
α|ψβ〉I = d δβ

α|φaZ−〉I

● Transformation of one-particle states:            rep.(2|2)

C =
1
2
nparticle +

1
2
E

su(2|2)●                algebra

C
2

=
1

4
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●  Central extension of                algebrasu(2|2)

{Qα
a, Qβ

b} = εαβεabP

{Sa
α, Sb

β} = εabεαβK

C
2

− PK =
1

4

[Ra
b, Jc] = δc

bJa − 1

2
δa

b Jc

[Lα
β, Jγ ] = δ

γ
βJα − 1

2
δα

β Jγ

{Qα
a, Sb

β} = δb
aLα

β + δα
β Rb

a + δb
aδα

β C

Qα
a|φb〉I = a δb

a|ψα〉I

Qα
a|ψβ〉I = b εαβεab|φ

bZ+〉I

Sa
α|φb〉I = c εabεαβ|ψβZ−〉I

Sa
α|ψβ〉I = d δβ

α|φaZ−〉I

● Transformation of one-particle states:            rep.(2|2)

C =
1
2
nparticle +

1
2
E
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and BMN energy formula (large    ), 

P |X〉I = α|Z+X〉I − α|XZ+〉I = α(e−ip − 1)|XZ+〉I

K|X〉I = β|Z−X〉I − β|XZ−〉I = β(e+ip − 1)|XZ−〉I

E =
√

1 + 16αβ sin2(p

2
) − 1

αβ : some function of λ

E =

√
1 +

λ

π2
sin

2

(p

2

)
− 1

● From perturbative computation up to 3 loops (small    )λ

λ

(dispersion relation for a ‘magnon’)

(Berenstein-Maldacena-Nastase ’02)

(Minahan-Zarembo ’02)
(Beisert-Staudacher ’03) etc.

(Beisert-Dippel-Staudacher ’04)
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● most general ansatz:

su(2|2) S-matrix

S12|φa
1φb

2〉I = A12|φ{a
2 φ

b}
1 〉I + B12|φ[a

2 φ
b]
1 〉I +

1
2
C12εabεαβ|ψα

2 ψ
β
1 Z−〉I

S12|ψα
1 ψ

β
2 〉I = D12|ψ{α

2 ψ
β}
1 〉I + E12|ψ[α

2 ψ
β]
1 〉I +

1
2
F12εαβεab|φ

a
2φb

1Z+〉I

S12|φa
1ψ

β
2 〉I = G12|ψβ

2 φa
1〉I + H12|φa

2ψ
β
1 〉I

S12|ψα
1 φb

2〉I = K12|ψα
2 φb

1〉I + L12|φb
2ψα

1 〉I

PSU(2|2) ! R
3●                              symmetry 

Coefficients A12(p1, p2), . . . , L12(p1, p2)

are uniquely determined up to an overall factor

(Beisert ’05)
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Properties of the S-matrix

• Unitarity

• Associativity (Yang-Baxter equation)

• Not of difference form

• Similarity to the Shastry’s R-matrix                       

for the Hubbard model

S21S21 = I

S12S13S23 = S23S13S12

S12(u1 − u2)
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● The whole S-matrix
Spsu(2,2|4) = S0

[
Ssu(2|2) ⊗ Ssu(2|2)

]

S0 = 1 + O(λ3) (for the gauge theory)
with an overall scalar factor

● Asymptotic Bethe ansatz equations

Yang equations:

Diagonalize these equations by the nested Bethe ansatz

Impose periodic boundary condition

The S-matrix reproduce long range                    Bethe ansäzepsu(2, 2|4)

e
ipjJ =

K∏

k !=j

S(pj, pk)

J(finite ‘length’    )

at most valid up to O(λJ−2)Several checks up to 3 loops,
(Beisert-Staudacher ’05)

(Eden-Jarczak-Sokatchev)(Beisert-Kristjansen-Staudacher)
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AdS/CFT Correspondence

N = 4 U(N)

Super Yang-Mills

IIB Superstrings on
> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

x

S5
AdS5

g
2

Y M
= gs

λ = g2

Y M
N R4

= 4πgsα
′2N

SO(4, 2) × SO(6)

N → ∞

4πλ =
R4

α′2
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xO = Tr(

L
︷ ︸︸ ︷

ZZZ · · · ZZZ)

E = L

L

> with(plots):
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xO = Tr(Z · · · X · · · Ȳ · · · Z)

+ · · ·

O = Tr(Z · · · ∇
s
Z · · · ∇

s
′

Z · · · Z)

+ · · ·

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc
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> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);
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> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

x

23



Sigma model on 

S =

√
λ

4π

∫
dσdτ [−∂aX0∂

a
X0 + ∂aXi∂

a
Xi + Λ (XiXi − 1)]

R×S
3

Equations of Motion

∂+∂
−

Xi + (∂+Xj∂−
Xj)Xi = 0, ∂+∂

−
X0 = 0

Virasoro Constraints

Gauge: X0 = κτ

(∂±Xi)
2 = (∂±X0)

2

= κ
2

(i = 1, . . . , 4)

κ =
∆

√
λ

(
∆ =

√
λ

2π

∫ 2π

0

dσ∂τ X0 =
√

λκ

)
∆ : energy of the string
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SU(2) Principal Chiral Field Model

g =

(
X1 + iX2 X3 + iX4

−X3 + iX4 X1 − iX2

)
g ∈ SU(2) ↔ !X ∈ S3

Right current

d ∗ j = 0

j = −g−1dg

Virasoro constraints
1

2
Trj2

± = −κ2

d j − j ∧ j = 0,
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Lax Connection

a(x) =
1

1 − x2
j +

x

1 − x2
∗ j

x : spectral parameter

d ∗ j = 0

d j − j ∧ j = 0 d a(x) − a(x) ∧ a(x) = 0⇔

L(x) = ∂σ − aσ(x) = ∂σ −
1

2

(
j+

1 − x
−

j
−

1 + x

)

M(x) = ∂τ − aτ (x) = ∂τ −
1

2

(
j+

1 − x
+

j
−

1 + x

)

⇔

Lax pair
[L(x), M(x)] = 0
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Auxiliary Linear Problem
{

L(x)Ψ(x; τ, σ) = 0

M(x)Ψ(x; τ, σ) = 0

{
∂σΨ = aσΨ

∂τΨ = aτΨ

Ψ(x; τ, σ) = P exp

∫
σ

0

aσdσ

Monodromy matrix
Ψ(x; τ, σ + 2π) = Ω(x; τ, σ)Ψ(x; τ, σ)

Ω(x; τ, σ) = P exp

∫ 2π

0

aσdσ
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(τ̃ , σ̃ + 2π) (τ̃ , σ̃)

(τ, σ + 2π) (τ, σ)

Monodromy Matrix

Ω(x; τ̃ , σ̃) = U−1Ω(x; τ, σ)U

τ

σ

Ω(x; τ, σ)

Ω(x; τ̃ , σ̃)

Ω(x) ∼

(
e

ip(x) 0
0 e

−ip(x)

)

p(x) : quasi-momentum

T (x) := Tr Ω(x) = 2 cos p(x)

(transfer matrix eigenvalue)
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T (x)

x

x

−2

+2

x = −1 x = +1

−p(x)

+p(x)

(Kazakov-Marshakov-Minahan-Zarembo ’04)

29



● Virasoro Constraints

● Single-valuedness ∮
dp = 2πZ

p̃l̃a

C̃a

p̃k̃aB̃a
∞

B̃a ∞

Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa

Ĉa

p̂k̂a B̂a
∞

B̂a ∞

Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-

22

∮
Âa

dp = 0,

∫
B̂a

dp = 2πn̂a

n̂a : mode number

p(x) ∼ −
πκ

x ∓ 1
(x → ±1)

1

2
Trj2

± = −κ2
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Explicit form of general finite gap solution (Dorey-Vicedo ’06)

: normalized holomorphic differentials

dQ = σdp + τdq

θ("z) =
∑

!m∈Zg

exp
(
i"m · "z + πi(Π"m) · "m

)
: Riemann theta function

p q: quasi-momentum : quasi-energy

bj = Bj − Bg+1

ωj

: closed B-cycles 

: constants !D, C1, C2

(∮
Ai

ωj = δij

)

X1 + iX2 = C1

θ(2π
∫ 0

+

∞
+ #ω −

∮
!b

dQ − #D)

θ(
∮
!b

dQ + #D)
exp

(
−i

∫ 0
+

∞
+

dQ

)

X3 + iX4 = C2

θ(2π
∫ 0

+

∞
−

#ω −
∮
!b

dQ − #D)

θ(
∮
!b

dQ + #D)
exp

(
−i

∫ 0
+

∞
−

dQ

)
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● Traditional thermodynamic limit

L → ∞, uk ∼ O(1)

Strings

u

i

(
up +

i
2

up −

i
2

)L

=

J∏
q=1

q !=p

up − uq + i

up − uq − i

Finite gap solution on Yang-Mills side
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1

up

+ 2πnp =
2

L

J∑

q !=p

1

up − uq

(
up +

i
2

up −

i
2

)L

=

J∏
q=1

q !=p

up − uq + i

up − uq − i

uk → LukL, J → ∞,

● Novel thermodynamic limit

np ∈ Z : mode number

Log of both sides
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(
up +

i
2

up −

i
2

)
⇓

u

u

G(u) =
1

L

J∑

q=1

1

u − uq

Resolvent

G(u) =

∫
C

dvρ(v)

u − v

⇓

u ∈ Cafor

C2C1

BAE
1

u
+ 2πna = 2/G(u)
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(
up +

i
2

up −

i
2

)(
up +

i
2

up −

i
2

)
p1(u)

p2(u)

p1(u) = −p2(u) = G(u) −

1

2u

Quasi-momenta

BAE
1

u
+ 2πna = 2/G(u)

⇔ p1(u + i0) = p2(u − i0) + 2πna (u ∈ Ca)

hyper-elliptic curve
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Frolov-Tseytlin limit:

Comparison with Yang-Mills side

L
√

λ
→ ∞

u =

√
λ

4π
x

with rescaling

Interior cuts

u = 0degenerate into the origin
Poles

(−1 < x < 1)

(x = ±1)
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−p(u)

+p(u)
u

T (u)

−2

+2

u = 0

u

(Kazakov-Marshakov-Minahan-Zarembo ’04)
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Classical IIB Superstrings
    on

PSU(2, 2|4)

Sp(1, 1) × Sp(2)

Coset sigma-model
on

Xi(σ, τ)
g(σ, τ) ∈ PSU(2, 2|4)→

J = −g−1dg

ψα(σ, τ)

=

Classical Superstring on AdS5 x S5

> with(plots):
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x

S5
AdS5

J = H + Q1 + P + Q2

Z4decomposition w.r.t.      -grading
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      Sσ =

√
λ

2π

∫
(1

2
strP ∧ ∗P − 1

2
strQ1 ∧ Q2 + Λ ∧ strP )

Sigma-Model Action
(Metsaev-Tseytlin ’98)
(Roiban-Siegel ’02)

Lax Connection
A(z) = H +

(
1

2
z2 + 1

2
z−2

)
P

+
(
−

1

2
z2 + 1

2
z−2

)
(∗P − Λ) + z−1Q1 + z Q2

{
Bianchi Identity

Equation of Motion
⇔ Flatness Condition

dJ − J ∧ J = 0

dA(z) − A(z) ∧ A(z) = 0

(Bena-Polchinski-Roiban ’03)
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Monodromy Matrix

(⇒ Generating functions of conserved charges)

Ω(z)

γ

Figure 1: The monodromy Ω(z) is the open Wilson loop of the Lax connection A(z) around
the string.

with
α(κ) = −2 sinh2 κ, γ(κ) = 1 − cosh κ,

β(κ) = 2 sinh κ cosh κ, δ(κ) = sinh κ. (2.21)

We will employ a more convenient parametrization by setting z = exp κ. The coefficient
functions become

α(z) = 1 − 1
2z

2 − 1
2z

−2, γ(z) = 1 − 1
2z − 1

2z
−1,

β(z) = 1
2z

2 − 1
2z

−2, δ(z) = 1
2z − 1

2z
−1. (2.22)

We would now like to transform the connection to the moving frame using J = g−1jg
and compute

d − A(z) = g−1
(
d + a(z)

)
g = d − J + g−1a(z)g (2.23)

= d − H + (α − 1) P + β (∗P − Λ) + (γ − 1) (Q1 + Q2) + δ (Q1 − Q2),

where the Lax connection reads

A(z) = H +
(

1
2z

2 + 1
2z

−2
)
P +

(−1
2z

2 + 1
2z

−2
)
(∗P − Λ) + z−1Q1 + z Q2. (2.24)

As was shown in [34], it satisfies the flatness condition(
d − A(z)

)2
= 0 (2.25)

by means of the equations of motion. It is also traceless for obvious reasons, str A(z) = 0.
As emphasized in [17,29], an important object for the solution of the spectral problem

is the open Wilson loop of the Lax connection around the closed string. It is given by

Ω0(z) = P exp

∫ 2π

0

dσ Aσ(z) # P exp

∮
A(z). (2.26)

The monodromy which is defined as13

Ω(z) = Ω−1
0 (1) Ω0(z) (2.27)

13For z = 1 the Lax connection A(z) = J is the gauge connection. The additional factor Ω−1
0 (1) =

g(0)−1g(2π) = h(0) therefore transforms the monodromy back to the tangent space at σ = 0.

8

Ω(z) =
P exp

∫ 2π

0
dσA(z)

P exp
∫ 2π

0
dσA(1)

Physical quantity: Conjugacy class of Ω(z)

quasi-momenta

Eigenvalues of the Monodromy Matrix

Ωdiag(z) = u(z)Ω(z)u(z)−1

= diag(eip̃1 , eip̃2 , eip̃3 , eip̃4 |eip̂1 , eip̂2 , eip̂3 , eip̂4)

p̃i(z), p̂i(z) :
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p̂4

1/Ĉ1Ĉ1

p̂3

−1 +1
p̃4

p̃3

1/Ĉ2 Ĉ2C̃1 1/C̃1x∗
1 1/x∗

1

p̃2

p̃1

−1 +1 1/x∗
2 x∗

2

p̂2

p̂1

Figure 3: Some configuration of cuts and poles for the sigma model. Cuts C̃a between the sheets
p̃k correspond to S5 excitations and likewise cuts Ĉa between the sheets p̂k correspond to AdS5

excitations. Poles x∗
a on sheets p̃k and p̂l correspond to fermionic excitations. The dashed line

in the middle is related to physical excitations, cuts and poles which cross it contribute to the
total momentum, energy shift and local charges.

all relevant properties of admissible curves) we see that this number agrees with strings in
flat space. We take this as evidence that our classification of string solutions in terms of
admissible curves is complete. We finally identify the discrete parameters and continuous
moduli with certain cycles on the curve and interpret them. For the comparison to gauge
theory we investigate the Frolov-Tseytlin limit of the algebraic curve corresponding to a
loop expansion in gauge theory.

3.1 Properties

Let us collect the analytic properties of the quasi-momentum

p(x) =
{
p̃1(x), p̃2(x), p̃3(x), p̃4(x)

∣∣∣∣p̂1(x), p̂2(x), p̂3(x), p̂4(x)
}
, (3.1)

see Fig. 3 for an illustration. All sheet functions p̃k(x) and p̂l(x) are analytic almost
everywhere. The singularities are as follows:

• At x = ±1 there are single poles, c.f. Sec. 2.6. The four sheets p̃1,2(x), p̂1,2(x) all have
equal residues; the same holds for the remaining four sheets p̃3,4(x), p̂3,4(x).

• Bosonic degrees of freedom are represented by branch cuts {C̃a}, a = 1, . . . , 2Ã and
{Ĉa}, a = 1, . . . , 2Â. The cut C̃a connects the sheets k̃a and l̃a of p̃′(x). Equivalently,
Ĉa connects the sheets k̂a and l̂a of p̂′(x). At both ends of the branch cut, x̃±

a or x̂±
a ,

there is a square-root singularity on both sheets.

• Fermionic degrees of freedom are represented by poles at {x∗
a}, a = 1, . . . , 2A∗. The

pole x∗
a exists on the sheets k∗

a of p̃(x) and l∗a of p̂(x) with equal residue.

20

Spectral Curve for the Sigma-Model

p̃l̃a

C̃a

p̃k̃aB̃a
∞

B̃a ∞

Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa

Ĉa

p̂k̂a B̂a
∞

B̂a ∞

Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-
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a classical solution
⇒

p̃l̃a

C̃a

p̃k̃aB̃a
∞

B̃a ∞

Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa

Ĉa

p̂k̂a B̂a
∞

B̂a ∞

Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-
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Distribution of cuts with
mode numbers and fillings

↔↓

determines

(Beisert-Kazakov-K.S.-Zarembo ’05)
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Giant Magnons

p

∆ϕ

(Hofman-Maldacena ’06)

O(3)-sigma model

Sine-Gordon model

(Okamura & Suzuki’s talk)

J → ∞

E − J =

λ =

p =

fixed
fixed
fixed

HM limit:

BMN limit:
λ → ∞

n = pJ = fixed

( )
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> with(plots):
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x

Non compact sector and log S scaling for

∆ − S ∼ cλ log S ∆ − S ∼ c
√

λ log S

O = Tr(Ds1ZD
s2Z · · · D

sJ Z)

O = Tr(Ds1ZD
s2Z)

twist-two operator folded string

S ! J

(Gubser-Klebanov-Polyakov ’02)

● log S scaling is universal

(one-loop) (classical level)
(K.S.-Satoh ’06)(Korchemsky ’95)(Callan-Gross ’73) etc.
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Towards quantization of strings on x S5AdS5

● Green-Schwarz, pure spinor, ...

● Conformal gauge           vs           Uniform gauge

worldsheet Lorentz symmetry

global symmetry (no good subsector)

Virasoro constraint

 (⇒ crossing symmetry)

relativistic non-relativistic

unbroken broken

easy???

several difficulties in conventional approach
Green-Schwarz string as an integrable particle model?
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● Zamolodchikovs’ S-matrix

Ŝ
a

′
b

′

a b
(θ) =

a a

a
′ a

′) (

bb

b′
b′

)
(

a b

b′ a
′

σ1(θ) + σ2(θ) + σ3(θ)

p1 p2

p
′

1
p

′

2

=

!p = (m cosh πθ, m sinh πθ)

δ(p1 − p′

1
)δ(p2 − p′

2
)Ŝa

′
b

′

a b
(θ1 − θ2)

(Zamolodchikov-Zamolodchikov ’77)

O(4)-sigma model (SU(2) principal chiral field model)

Relativistic particle model 
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=

● Unitarity

● Crossing Symmetry

● Associativity

θ+θ
′

θ+θ
′

θ
′

θ

θ
θ

′

Ŝ
b1b2

c1c2
(θ)Ŝc1b3

a1c3
(θ + θ

′)Ŝc2c3

a2a3
(θ′) = Ŝ

c1c2

a1a2
(θ)Ŝb1c3

c1a3
(θ + θ

′)Ŝb2b3

c2c3
(θ′)

Ŝ
c1c2

b1b2
(θ)Ŝb1b2

a1a2
(−θ) = Î

c1c2

a1a2

Ŝ
a

′
b

′

a b

(
iπ − θ

)
= Ŝ

a
′
b

a b′(θ)
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Ŝ
a

′
b

′

a b
(θ) =

a a

a
′ a

′) (

bb

b′
b′

)
(

a b

b′ a
′

S0(θ) = i
Γ(− θ

2i
)Γ(1

2
+ θ

2i
)

Γ( θ

2i
)Γ(1

2
−

θ

2i
)

S0(θ)2
][

−

i

θ
−

i

i − θ

is constrained up to an overall factor (CDD ambiguity)

Minimal Solution

Ŝ(θ)
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e−iµ sinh πθα =
∏

β "=α

S 2

0
(θα − θβ)

∏

j

θα − uj + i/2

θα − uj − i/2

∏

k

θα − vk + i/2

θα − vk − i/2

1 =
∏

β

uj − θβ − i/2

uj − θβ + i/2

∏

i "=j

uj − ui + i

uj − ui − i

1 =
∏

β

vk − θβ − i/2

vk − θβ + i/2

∏

l"=k

vk − vl + i

vk − vl − i

Yang equations

e
−iµp(θα) =

∏

α "=β

Ŝ(θα − θβ)

: Matrix equation

Can be diagonarized by nested Bethe ansatz
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● Classical solution
The above BAEs reproduce

- macroscopic number of particles (1-cut for    )θ

- double scaling limit 
- macroscopic number of magnons

- eliminate  θ

Figure 3: Structure of the curve coming from the Bethe ansatz side. The quasi momenta p1,2,3,4(z) are defined

in (3.29). This figure is related with fig.4 by means of Zhukovsky map.

Therefore, equating the results one obtains the desired expressions for the energy and momentum

E ± P = 2π M κ2
± (3.39)

through the data κ± at the singularities of the curve at z = ±2.

4 Matching with the Finite Gap KMMZ Solution

In this section we will demonstrate the main result of our paper: the equivalence of the large

density limit of a system of physical particles on a circle for the quantum O(4) σ-model described

in the previous section, to the classical theory of the same model described in section 2. On the

one hand we have the quantization of the sigma model given by a set of Bethe equations. For this

quantum system Virasoro constraints are somewhat obscure. We introduce however a natural

selection rule for the quantum states, such that in the scaling limit we obtain the classical finite

gap KMMZ solutions for the S3 × Rt classical sigma model with classical Virasoro constraints

imposed [19]. Let us also recall that this sector belongs to the superstring theory on AdS5 ×S5

and is in itself a consistent classical truncation.

Our result also means that the considered scaling limit of the quantum O(4) σ-model is

nothing but the classical limit and our result gives a decisive demonstration of the correctness

of Zamolodchikovs’ physical bootstrap S-matrix approach [38] to these models, as well as of the

Polyakov–Wiegmann solution of the principle chiral field [39]8. According to our results, both

approaches construct indeed the quantization procedure with the correct classical limit.9

More precisely, we will show here that every solution of Bethe ansatz equations in the

scaling limit, described by an algebraic curve of the quasi-momentum (3.4-3.6), is in fact a
8Although we demonstrate it here only for the SU(2) case we see no obstacles for the generalization of our

method to any SU(N) principle chiral field.
9Modulo the phase transition noticed in the previous section, to the states which are hard to identify with the

classical solutions of the underlying classical model.
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Figure 4: Algebraic curve from the Finite gap method of KMMZ. In this language, u and v cuts correspond to

cuts inside and outside the unit circle respectively. This figure is related with fig.3 by means of Zhukovsky map.

finite gap solution for the classical string on S3 × Rt. In the next section this correspondence

will be generalized to the O(6) sigma model corresponding to the whole S5 × Rt sector of the

classical superstring. The generalization to all O(2n) sigma models is also straightforward (the

corresponding classical string, unlike the quantum one, is well defined).

To prove this correspondence, we have just to compare the algebraic curves describing a

Bethe state in the scaling limit and the finite gap curve eq.(2.30), together with all their moduli

and the data at singularities. The similar goal for the OSP (m + 2n|m) model was achieved

in [64] by the direct solution of integral Bethe equations.

Central to this comparison will be the Zhukovsky map z = x + 1/x. We will show that

the Riemann surface in z variable of the scaled Bethe equations, fig.3, on the one hand, and

the Riemann surface in x variable of the classical finite gap solution eq.(2.30), fig.4, on the

other hand, are two different projections of the same algebraic curve related by Zhukovsky map.

We attempted to present schematically two different projections by different colors of projected

parts of the curve fig.5.

When we apply Zhukovsky map to the Riemann surface of fig.3 the θ-cuts along (−2, 2)

disappear on all 4 sheets and these singular branch points become simple poles, since under the

map
1√

z ± 2
←→ 1

x ± 1
. (4.1)

The Riemann surface in the x projection will consist only of two sheets, as on fig.4. All the

u-cuts and v-cuts connect now these two sheets.

The inverse map

x± =
1

2

(
z ±

√
z2 − 4

)
(4.2)

projects the two upper sheets of fig.3 with u-cuts into the interior of the unite circle in x

projection, by means of x−(z), where as the two lower cuts of fig.3 with v-sheets are projected

into the exterior of this unit circle on x projection, by means of x+(z). More precisely, we will

show that

p3(z) = p̃ (x+(z)), p1(z) = 2πm − p̃ (x−(z)) . (4.3)
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Single theta-cut solution Classical solution (KMMZ)

z = x +
1

x

(Gromov-Kazakov-K.S.-Vieira ’06)
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- macroscopic number of particles (1-cut for    )θ

- double scaling limit 
- macroscopic number of magnons

- eliminate  θ

● AFS ‘string Bethe ansatz equations’
The above BAEs reproduce

(Gromov-Kazakov ’06)

(Arutyunov-Frolov-Staudacher ’04)

BDS all-loop Bethe Ansatz equations

+ dressing factor

(Beisert-Dippel-Staudacher ’04)

introduced to repair the 3-loop discrepancy
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Non-relativistic particle model 

● AFS’s dressing factor
⇒ ⇒ ⇒ overall factor of the string S-matrix

Spsu(2,2|4) = S0

[
Ssu(2|2) ⊗ Ssu(2|2)

]

S0 = 1 + O(λ3)

(SYM perturbation)

constrained by symmetry

S0 = exp

(
2i

√
λ

∞∑
n=0

θn(p1, p2)

(
1

√
λ

)
n

)λsmall large λ

θ0(p1, p2)

θ1(p1, p2)

θn(p1, p2)

(Hernández-López ’06)

(Beisert-Hernández-López ’06)

(Arutyunov-Frolov-Staudacher ’04)(classical string)

(worldsheet 1-loop)
(crossing symmetry)(Janik ’06)

=

?
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• The spectral problem of the dilatation operator is 
fully solved at one-loop

• Magnon picture may solve the problem even at all 
loops for infinitely long operators

• General solutions of classical strings on the AdS 
background are available

• Integrable formulation of quantum strings is in 
progress

Summary
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Prospects

Mismatch between the both sides

Related subjects

Open spin chain

Plane-wave matrix model, LLM background

Finite length corrections, wrapping effects

Integrability in                theoriesN < 4

●
●

●
●
●
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