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Extended supersymmetric c-model is proposed, basing on the
SO(2N+1) Lie algebra of fermion operators composed of creation-
annihilation operators and pair operators. The canonical trans-
formation, the extension of the SO(2N) Bogoliubov transforma-

tion to the SO(2N +1) group, is introduced. Embedding the
SO(2N+1) group into an SO(2N+2) group and using 555]2\[]152) coset
variables, we investigate a new aspect of the supersymmetric o-
model on the Kahler manifold of the symmetric space %.
We construct a Killing potential which is the extension of the

Killing potential in the Sg((?g) coset space given by van Holten et
al. to that in the %]ﬁf) coset space. The Killing potential plays

an important role to see behaviour of the vacuum expectation
value of the o-model fields. Bosonization of the SO(2N +1) Lie
operators is made. The vacuum functions for these bosons are
expressed in terms of the corresponding Kahler potential and a
U(1) phase.
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Supersymmetric c-Model

e 1. The supersymmetric extension of nonlinear
mdoels was first given by Zumino, by introducing
scalar fields in a complex Kéahler manifold. [1].

e 2. The higher dimensional nonlinear o-models de-
fined on symmetric spaces and on hyper Kahler
manifolds have been itensively studied |2, 3, 4, 5].

e 3. van Holten et al. have discussed a supersymmet-
ric o-models on the Kahler coset spaces. They have
presented a way of constructing the Killing poten-

tials on the coset spaces 5&2\%0 2].
e 4. Higashijima et al. have given Ricci-flat metrics
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on compact Kahler manifolds, |
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1 Introduction

The set of the fermion operators composed of annihilation-

creation and pair operators forms a larger Lie algebra, Lie alge-
bra of the SO(2N+1) group.

— Group extension of the SO(2N) Bogoli-
ubov transformation for fermions

The fermion Lie operators are mapped into the regular representation of the
SO(2N +1) group and are represented by .

The bose images of the fermion Lie operators are expressed by closed first
order differential forms.

We give an extended supersymmetric c-model on Kahler coset

space % :%, basing on the SO(2N +1) Lie algebra of the

fermion operators. Embedding the SO(2N +1) group into an

SO(2N +2) group and using the %jﬁf)
vestigate a new aspect of the supersymmetric c-model on the
SO(2N+2)

U(NA1) *

coset variables. we 1n-

Kahler manifold of the symmetric space

We construct Killing potential which is the extension of Killing
potential in the SO@2N)

U(N)
that in the

coset space given by van Holten et al. to

SO(2N+2) ,
U(NA) coset space:

— Killing potential is equivalent with

Generalized density matrix
Its diagonal-block part : A reduced scalar potential with

The reduced scalar potential is optimized to see behaviour of
the vacuum expectation value of the o-model fields.



2 The SO(2N+1) Lie algebra of fermion operators and the Bo-
goliubov transformation

c, and cjl, a=1,---, N : Annihilation and creation operators
of the fermion
{ca, CTB} =003, {ca, cs} ={c, CE} = 0. (2.1)

The set of fermion operators consisting of annihilation-creation
operators and pair operators:

Cas ct

1
aﬁ = c&cﬁ—i&ﬁ, Eab — CQCE, Eu.g = caCp, (2.2)

B} = E7, E* = E!

Bas E@ﬁ — _Eﬁ@‘ )

The set of fermion operators (2.2) form an SO(2N + 1) Lie
algebra.

As a consequence of the anti-commutatin relation (2.1), the commutation
relations for the fermion operators (2.2) in the SO(2N + 1) Lie algebra:

[E%, E%] = 0,5E% — 6asE";, (U(N) algebra) (2.3)

[Eaﬁv E%] — 5045E67 - 5047E55v

(B0, B.g) = 60 B + 63, E% — 0y By — 03B, ¢ (2.4)

|Eap, Ey5] =0,



!, es) = 2E%, [Ca, 3] =2E,p3, )

[Cow Eﬁ»y} = 5046077 [Cow Eﬁ’y] =0,

N~

[Ca, B = 0apc] — 5@702-

n: fermion number operator n=c/c,:

{COM (_1)n} - {Ciw (_1)n} = 0.

(2.5)

(2.6)

Operator © defined by @EHQCQ — 6,c,: Due to the relation ©2=—-6,6,,,

e® = 7 + Xoch — Xoco, XaXa+22=1, )

0

Z =cosf, X,= ?Oésin 9, 6>=20,0,.

From (2.1), (2.6) and (2.7), we have

©

O (cas chy L) (1) ',

0 = (e, ¢l 1)(~1)"Cr,

0pa — XpXo  XpXo  —V2ZXj
Gx = XsXo  0pa — XX, V27Xj
V27X, —V2ZX, 272-1

From (2.8) and the commutability of U(g) with (—1)",

Apa Bpa

1 n _ T L _1\n A
U(G)(Cayciwﬁ)(—l) U(G)=(cs, ¢l \/5)( 1) ]-zia AZZ
V2 V2

(2.7)

(2.8)



i’ayﬁ 3\

Aaﬁ = Qap — XQY@ = Qqp —

214 2)’
Boég = bag + X@Yﬁ = bag + Q(Qiaiﬁzy ’ (2'10)
To =22 X 0, Yo =22Yy, 2=27%—1. |
U(G)(e, ', 5)UNG) = (c,c, 5)(z = p)G, (2.11)

A B -2
Y
G=|B A 7| , GG=GGT=1opy, detG=1,(2.12)
v g
V2 V2
U(G)U(G)=U(GGE), UGTH=U"YG)=UY(G),
(2.13)
U(12N+1> — HG?
(c, c, %) : (2N+1)-dimensional row vector ((c,), (c!), %)

A=(A%) and B=(B,s) : N xN matrices.

U(G) : nonlinear transformation with a ¢-number gauge z — p:

p=1,C" — Toco and pP=—T,x,=2> —1

The matrix G is a matrix belonging to the SO(2N + 1) group.
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When z=1, | the G becomes an SO(2N) matrix g.
SO2N +1) WF |G>=U(G)| 0> :

|G>=<0]U(G)|0>(1+7acl) exp(} - qasclicly)] 0>,
| (2.14)
T (@ T dass), q=ba",

<0|U(G)|0>=Byo(G) = /”TZ [det(1y-+qq)] T €. (2.15)

Ta —
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3 Embedding into an SO(2N+2) group

Projection operator P onto the sub-spaces of even and odd fermion numbers

1
Pe=S(1+(-1)"), Pi=Py, PP =0, (3.1)
Operators with the supurious index 0:
1 1 \
E% = ——(-1)"=~(P. - P

| (32)

EY=clP =P, EV=—cP =—-Pcl.

Indices p, ¢ --- running over N + 1 values 0,1,--- N.

Unified notation : E* ;- Ep,, and £,
The SO(2N +1) group is embedded into an SO(2N +2) group. The embedding
leads us to an unified formulation of the SO(2N + 1) regular representation in

which paired and unpaired modes are treated in an equal way.
(N+1)x(N+1) matrices A and B :

i T | - A
A =5 B 3
A=ly 14z | B=| y12z|, y=aa—ab
2 2 L 2 2
(3.3)
Imposition of the ortho-normalization of the G
—
Matrices A and B satisfy the ortho-normalization condition
A B
G = [ 5 A] , G§'G=0G" =1y, detG=1, (3.4)

ATA+B B=1xy, A'B+B"A=0, AA'+BB =1y, AB"+BA'=0. (3.5)
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Decomposition of the matrices A and B:

xr T xr'q x b 0
1 — — a 0 1 -
Yo 2 M 2
A: 7B: 9
L+2)r" 1+2 14+ 2071 1—
(1+2) 01 (1+2)r'q I
_ 2 2 JdL - . 2 2 JdL _

SO(2N+2)

TveD) coset variable with the N+1-th component:

P B/ R
Q—BAl_[_TTO]_ o,

SO(2N+1) variables ¢, and r, : Independent variables of the

(3.8)

SO(2N+2)
coset space.

U(N+1)
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4 o-model on the SO(2N+2)/U(N+1) coset manifold

Matrix elements of Q and Q : Co-ordinates on the %

on which the real line element can be well defined by a hermitian metric tensor

coset manifold,

on the coset manifold
ds® = Gy rsdQP1dQ™ (QP = Q. and Q™ = Q,,). (4.1)

The hermitian metric tensor G, ,s is locally given through a real scalar function,
Kahler potential:

IC(QT, Q) = Indet <1N+1 + QTQ) : (4.2)

Expression for the components of the metric tensor

92K (9t O _ _
s = g = {1 +02) "} {(1xa+019)7}

T (4.3)

—(res)—pPpeq+p@eq res).

In two/four-dimensional space-time, the simplest representation of N =1
supersymmetry is a scalar multiplet ¢={Q, 1, H} where Q and H are com-
plex scalars and ), = %(1 + v5)1 is a left-handed chiral spinor defined through
a Majorana spinor:

¢=Q+ 0+ 00 H. (4.4)

General theory of the supersymmetric o-model can be constructed from the
[N] scalar multiplets ¢l ={Ql, LDEI], HNY ([a]=1, ---, [N]).

Supersymmetry transformations :

«Q «Q 1 Qo Q o = o
50 = eyl S0l = (FQen + HVer), SHY =eiful!),  (45)

¢ : Majorana spinor parameter
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Following Zumino [1] and van Holten et al. [2],
Lagrangian of a supersymmetric o-model : Complex scalar fields :

Q[O‘]([a]zl, e ,w (=[N])), and Spinors w[ﬁ] and @E[La] :

~ Q _[B]H Q
=Yg (%Q@%Q[ by lDlD[L])

R + Wi wL g (4.6)

1 ! 718l o] 710
~Gla Wi Wial t 5 Rialiglh g s 0L )

and a Kahler covariant derivative is D,ﬂp L= ,ﬂb .+ F w I 8 ol

Auxiliary fields H!® are eliminated through their field equations

Hl = L [O‘ bl 4 Gled (4.7)

Right-handed chiral spinor ¢ : ¥ = Cy?t
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5 Expression for SO(2N+2)/U(N+1) Killing potential

SO(2N+2) infinitesimal left transformation of an SO(2/N+2) matrix G to G’ :

; B 1y +0A 0B
G' = (lan42 4+ 0G)G = OB 1y +0A g

(5.1)

[ A+ 6AA+ BB B+ dAB+ BA
| B+dAB+0BA A+0AA+IBB |

Define a % coset variable Q'(=B' A1) in the G’ frame.
Q' is calculated infinitesimally as

Q' =B A = (B+5AB+6BA) (A+6AA+0B5B) ™

=(Q+8AQ+0B)(1n41+0A+BQ)™ | (52)

=Q+iB—QIA+IAQ—QIBQ.

The Kahler metrics admit a set of holomorphic isometries, Killing vectors,

R1U(Q) and R™(Q) (i=1,--- ,dimG),
RI5(Q) o)+ Ry(Q) 15 =0, Riy(Q) = GuyR(Q).  (53)

These isometries define infinitesimal symmetry transformations :
00=0' —Q=R(Q) and 6Q=R(Q) such that G'(Q, Q)=G(Q, Q).
Killing equation (5.3) is the necessary and sufficient condition for an
infinitesimal co-ordinate transformation

§QI = (B—6A"Q— Qi A+QIBTQ) Y- gRINQ),

(5.4)

§Qll =¢RIQ).

& : infinitesimal and global group parameter. Due to the Killing equation, the
Killing vectors R(Q) and R'2/(Q) can be written locally as the gradient of
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some real scalar function, the Killing potentials M*(Q, Q) such that

R'y(Q) = —iM' ), R y(Q) =iM' .

a]

(5.5)

According to van Holten et al. and using the infinitesimal SO(2N + 2)

matrix 0G (A.3), the Killing potential M, :

Mo, 0B, 8B") =Tr(0G M) =tr (0 AMps.4+OBM 55+ 0B M)

- o - — — T
Mosa M spt Msa = Mgsa+ (MU(SAT> :

—_

M,

——
— —_—

| Moz —Mosar | Myss = Moss, M sgi = M st

\

~~

/N
co
(@)

N———

/

Introduce (N + 1)-dimensional matrices R(Q; 6G), Rr(Q;6G) and X

R(Q;6G)=06B—6A'Q— Q5 A+QBQ, Rp(Q;0G)=—6A"+ Q5BT,}
5.7)

X = (Ixp1+ Q0N = &t

Killing potential M,:
—iM, (Q,Q;0G) = —trA (Q, Q;46G),

A(Q,9:0G) =Rp(Q;6G) — R(Q;6G)QTX

= (QOAQ! — 6A" — 5BQT + QOB') X. |

—iMysp=—XQ, —iM_s5=0'X, —iMoss=1y,1—20'XQ.

(5.9)

14



Their components :

—iMos=—XQ, —iM,s5=0'X,
(5.10)
_/I;MO'(SA: —QTXQ, — ’I;MU(SAT - Q
Introduction of a (2N 4 2) x (N + 1) isometric matrix U by
Ur=[B", A" |, UU=1y41). (5.11)

To make clear meaning of the Killing potential, introduce a (2N +2)x(2N +2)
matrix:

R K R = BB,
W =UUT = = WI, (5.12)

—IC 1N+1—7_z IC:BAT,

which satisfies the idempotency relation: |W?=W.

The matrix WV is a natural extension of the generalized density matrix in
the SO(2N) CS rep to the SO(2N + 2) CS rep.

A= (Iyn+00) gt B= 0y +Q'Q) %11, 1€ UN+1), (5.13)

The Killing potential —i//\\/l/o. is given by the generalized density matrix as

 [-R K _ [R K
_iMa: — —’1:./\/10:
IC —(].N_|_1 - R) —’C 1N_|_1 - R

(5.14)
To our great surprise, the expression for the Killing potential
just becomes equivalent with the generalized density matrix.
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The inverse matrix X leads to the form

Q.+ @ ] _
X = | a0 = v =(1y+qq") 7 =T, 5.15
I1+2 . 1+2z 1+z2
Qui=X = —5—X(rr'=qrr'q')x, Qp=——xq7, Qt,=—— | (5.16)

Introduction of auxiliary function:

A=rrT—qrriq’

)

Killing potential M, expressed in terms of ¢, r and 1 4+ z=222 as,

—iMysp =

—Xq+Z* (XAXq+Xqrr") —xr+Z*XAxr
: (5.17)
7 (rTqqu—rT) — 72 ¢ xr

—

A Mpsa =

24X 2Z%(ghMxgra xgrr™rrT g g—TrT) 2¢\r+2Z4ghowr+ g )] (5.18)

—2rixq+22* (rTxqu—i—rquFfrT) 1—2rTr+2Z% Ty \xr
Identities and relations:
. . 1— 22 1— 22\°
r qTxr =0, TJ[X(]?“ =0, T’TXT =~ T‘TX)\XT = ( 7 ) ., (5.19)
1 —2rixr 4+ 2Z2% I Axr = 227 — 1, (5.20)
1 — 72 1 — 72 .
XX = ——xr, T = Ty, dixg=1v-x. (5.21)

16



We get compact forms of the Killing potential M, as,

—xq + Z* (xrrixqg + xqrr'y) —Z°xr
(¢'x = 2% (¢"xrrix +xrr'a'x))  (=2°x7)
CAC o ; , (5.22)
oo B "X
(70B7) ( ZQTTX) (0)
Iy —2q¢"xq + 222 (qTxrrqu — )ZFTT)Z) —27%q"yr
_iMJ(SA -
—27%rTxq 27% —1
(5.23)
Introduction of a gauge covarint derivative:
D, Q" =9,0l) — giAiﬂRi[a](Q),
(5.24)

DMDEX] = %w[ﬁ] - gz‘AiuR.[ ( WL + F wL 8 Q

Introduction of gauge fields in Lagrangian, via the gauge covarint derivatives,
the o-model is no longer invariant under the supersymmetry transformations.
To restore the supersymmetry, it is necessary to add the terms

AL = Qg[a] la] (RZ [Q](Q)QE[[%] A% + R [a] (Q) Xﬁw%{])
(5.25)

—gitr {DZ(MZ + fz)} :
where &; are Fayet-Ilipoulos parameters :

Full Lagrangian :

L=—tw{3F, Fl,+3NDN = 3D' D'} + Lu(0y — Dy) + ALy
(5.26)
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Eliminating the auxiliary field D? by D'=—g;(M'+£"),
Scalar potential:

Vie = —%gftr {(./\/l2 + £Z)2} .

(5.27)

A reduced scaler potential arising from the gauging of SU(N +1) x U(1)
including a Fayet-Ilipoulos term with parameter £ is of the special interest:

2
v Jow
redSC 2<N + 1)

2
9
(g . ’iMY)Q 4 SU(2N+1)tr (—Z_/\/lt)Q .

New quantities tr (—iM,)* and —iMy are defined below.

: . 1 . \
tf(—ZMt)Q :tf(—ZM05A)2 — N—H(—ZMY)2,

—iMy =tr(—iMgsa) ,
tr (—iMoysa) =N + 2tr(x) + 2Z°%tr (xrr!) — 4Z%tr(xrriy)
+27°% — 1,
tr (—iMysa)® =N — 4tr(x) + 4tr(xx) + 122%tr(xrriy)
—16Z%r(xxrrTy)
—4Z4% T xr - tr(xrrt) + 8Z4r Ty xr - tr(xrrTy)

+1 — 4Z47“TXXT,

18
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Calculate approximately the quantities ryxr and tr(rr') as

1 I

rixxr = @(ﬂﬂ +2 ¢ xx(z + ¢7) = e

LI v o)) ate= 22 { L vt cdes)V (530
N——  — r'r = — .
1ZA N T4 72 | N 74

11—z
= 72 <X >,
tr(rrt) =rfr = L(ZCT + 27" (2 + q7) = L:UTX_lsc
474 474
(5.31)
1-22 1 i
~ =<Trr .
72 <x>

Approximating tr(xrr!) as <y >tr(rrh) tr (—iMysa) and tr(—iMys4)° are
computed as
tr(—iMysa) =1 — N +2(22%—1) < x >,
(5.32)
tr (—iMysa)® =1+ N —4(222—1) < x >+4(224—1) < x >2.

Final form of the reduced scalar potential:

95(1)

2(N+1)

Voo = [641-N+20222-1) < x>}’

2
g 5.33
STV [N —2(222—1) < x> (5.59)

5
TN

+{2(N-1)Z*+422 - (N+2)} <x>?] .
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To see behaviour of the vacuum expectation value of the o-
fields, it is very important to analyze the form of the reduced
scaler potential.

Variation of the reduced scalar potential
with respect to 7 and <y >:

9(2](1) {§+1—N+2(222—1)<X>} -
5.3
=205 1L — (N =1 Z%+1) <x>} =0,
gry {EH1-N + 20222 -1) <x >} (22°-1) .
5.35
202 ) [22° 1= {2AN=1)Z'+42% — (N+2)} <x>] = 0.
g*-independent relation:
{1-(N-1)Z*+1)<x>} (22%-1)
(5.36)
—[222-1-{2(N - 1)Z" +42° = (N +2)} <x>] =0,

which reads

(N+1)(Z2—1) <x>=0 — Z2=1. (5.37)
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To find proper solutions for the extended supersymmetric o-
model, rescaling Goldstone fields O by mass parameter, intro-

duce (N +1)-dimensional matrices R(Qy;0G), R;r(Qy;0G) and X

%53—5ATQf—Qf5A+fo55TQf,

Rr(Qy;0G) :—5AT—|—fo5BT,

Ry(Qy;0G)=

} e
| 0o | (5.38)
Xf=(1N+1+f2Qfo)_1:XT, Qf: 1 i )
Wi
1 1
1= @t faz), f=_— /

Due to the rescaling, the Killing potential M, is deformed as
—iMy, (Qf, Qf; 6G) =—trAs (Qy, Qf;6G) |

)

Ar (9, Qf;0G) =Rsr(Qr:6G)—Ry(Qy;0G) 2 Q) Xy > (5.39)

— (/2Q0AQ} —0.AT— [6BQ)+ [ Q0BT) Xy,

/

A f-deformed Killing potential M ,:

—iMyoop = —fX;Qp, —iMyopt = fQ}Xf,
(5.40)
—iMiosa = v — 22Q1X, Q.
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The inverse matrix X'y leads to

Introduce f-deformed auxiliary function: |\ f:rrT— fQQfTTqT:)\}

Qu = fZ°xsqry, Q1. = Z°.

Q T Qf r
X qu q = (1y + f2qq")~! = T) 541
a [ qur Qrty Xy = (v fag') Xy (541)
Qrogt = X5~ ZQXf(Tfo f2q7°f7"fq )Xt (5.42)

)

- iMfO’(SA —

—24"xrq+22% (" X pxra+q xrqrerh o1 1
B [@Angat dars f—Q?C]TXfoJFQ}ZQ (@ Arxsry

1

+ffrJchTqu— ﬁffr}

1 1
—2?7“}qu—|—2?22 (r}xf)\fqu 1

—|—T;qu77f7”}>

1
1— QﬁT;Xfo—FQﬁZQT}Xf)\foTf

+7 4134 7y (5

14)

Identities and relations:

r}qTXfrf = 0, r}qurf =0,

f

1 — 72

TeXfrf = 72

: T}Xf)‘foTf =

(%)
Z? "

> (5.45)

1 1 1
1—QFr}xfrfmﬁz%}fofxm f2( 272 — 1) + -5 (5.46)

1—
XFAX ST )=

Z2

3 XITE T XA Xy =

22

1-72 . 1
72

TeXfs 4 XfCJ:F(lzv — Xf)-

(5.47)



Compact form of the f-deformed Killing potential M ,s.4:

_iMfO'(S.A

1y— 2qTqu+222€TXfrfr}qu —

1
)

. .
—2?Z2qfxfrf

1 1 1
A f-deformed reduced scalar potential:
912J(1) Q%U(N 1) \
v _ . 2 D (i 2
fredsc 2<N I 1) (5 leY) + 5 r ( Z-/\/lft) )
tr(—iMy)? = tr(=iMo54)" — ;(_iMfY)Q (
N+1 ’
—ZMfY = tr (—iMfa5A) ) y
. 1
tr (—iM fp54) =—N +2tr(xy) + QPZ%I‘(Xfrfr})
1 1 1
—4FZZtF<Xfo7”}Xf> — F(ZZ2 —1)+1- Iz
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1
b (—iM i) = N — 4= ;2(1—ﬁ)N degpte(xy) + 4 f4tr(Xfo)

1
f2(1 — F)ZQtr(Xffr‘ffr‘ )+ 12f4Z2tr(Xfrfr}Xf)

16 f4ZQtr(Xfo7“f7”}Xf) (5.51)

1 1
4f4Z4T]LXfo7“f . tI‘(XfoTf) + 8f4Z47“ XEXfTf - tI‘(XfoT;[ch)

1 1 1
+f4+2(1_ﬁ)(222_1) “‘ﬁ) —4f4z4 XX
Identity :
1 1 1 — 72
r}xfrf 4Z4(xTXf:U +x qTqux) @az T = 77 (5.52)
Approximate formulas for the quantities T}LL«X #x sy and tr(rfrjc):
i Lot g L i
TEXFXSTS :@(x + f2 g xpxp(x + fqx) = 17 X
1 1 B o (5.53)
%4—24 {N(N—I— thr(qTq))} olr = 7 <Xf>,
tr(ryr!) =iy = —(a' + faq)(x + Fa7) = —atiGa
r(ryry) =rpre = g z'q")(@ + fqT) = 'y @
N (5.54)

A <Xf>’
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f 1

tr(xsrsry) R<xf>tr(rery), tr(—iMyss4) and tr (—’L'/\/lb,vms,él)2 are given as

1
tr (—iMfggA) =1—-N+2 {

f2(2Z2 1)+1——} <Xf>,

f2

, 1 1 1\’ ..,
tr (—iMosa)’ =l+N—4— (1—= | N+2(1—-= ) (22%2-1)

1? 1? f?

S IR ) -

1
f4(2Z4 — 1)<Xf>

Final form of f-deformed reduced scalar potential:

\

’

9z2f<w

Vo = 1—N+2
fredse o (N+1) [’H + {

1? 1?

+% {2(N = 1)Z* +42%* — (N +2)} <x;>*

(N
Aol

1—%—(14—%)]\[} <Xf>
L

2f2

(222 — 1)+1—%} <Xf>2] .

Jsuv1) 1 1 1
2 N — I—— NV (27221
TN [ f2{ 2 ( f2) }( )<xr>

() e L (1o ) v ez

1 (277 — )+1——} <Xf>r
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Variation of f-deformed reduced scalar potential with respect to Z and < x>,

o) [§+1—N+2{

—%{(N—1)Z2+1}

, 1 1
_QQSU(NH 1+ 2

L ozz )4

f2
1
O‘?ﬁ

<Xf>

f2

1 2
(1_P> <Xf> J&f? (1—i> (N +1)

1_F}<”>]

Y]

1 JR—
<xr>|

0,

1
{f2(222—1) +1-—
11
295UN+1 9272 1+
{2 N-1)Z*+

1
950y [§+1—N+2{

f?
1
7}
1
2 (1 -

47?% —

Ha—
(-3 o

(22% —1)

+1—#} <Xf>]

%) N} (22% —1)

(N—I—Q)} <Xf>

)y

;2} <Xf>] = 0.

+1- =
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gQ—indepedent relation:

i E (“%) 22—
—% (1—%) {(N-1)Z%*+1} +2 (1—%)2

1 1\? 1 1\?
:1_F_(1_F> N+Zf2(1_ﬁ) (N +1)

[—i(N +1)(Z2% - 1)+ 3i

<Xf>

Solution of the %

— a simple solution (5.37).
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(5.59)

(5.60)

supersymmetric c-model. f=1, (5.60)



Another equation for Z:

[
\

29?](1) + (N — 1>g?€U(N+1)} <xy>Z°

~3sh |Pert-m-2e - (

1
]——

f2

1
F950 (v+) [ f? {H‘ﬁ_

1
(1_P

v

) }—f2 <xf>

1 1)?
-Zf4 (1_F) (N+1)

1
<xfr>|

Ultimate goal of determining <y >:

{20ty + (O = Dy }{ 5 = 1+ 2}
fod i

- [f2 N >{1—%—(1—%)2 }”<Xf>2
. [ggmfz {5+ N 1>}
it

_l_

(5.61)

(5.62)



6 Discussions and concluding remarks

To approach an approxmate solution for <y >,

put g?](l) — ggU(NH) and neglect the terms (2 — #) , (n=2,3),

since we consider a small fluctuation of f around 1 :

f2

(N+1){i(]\7—1)+2} <xf>?

(-
Yoo g o)

4 —%— {%(N+1)+2 (1—%)} x>

Equation (6.1) is easily solved as

1 £

<xp>==
NN T 22N+ 1)

{

Doy p=2 {N?=14+2f*(N+1)} §+{(

f4

12 {N2—14+2f%(N+1)} {2+%— (2—%

1
__) (N+1)—24+ D<Xf>} :

;4> (N+1)—2}2

)¥y

\

~”

/
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N=5,The case I. f=1.01 and f=0.99

<Xf>=

7%=

Noticing 0 <

)
3.220 —

\

(28.0 x /18.612€ — 38.677 — 25.0) x 1073, (f=1.01),

(27.0 x /17.880€ — 32.353 — 30.0) x 1073, (f=0.99),

1
1.205 x /18.612€ — 38.677 — 1.156’

(f=101),

1

2.980 + (f=0.99).

13.635 x /17.880€ — 32.353 — 14.140’

Z? < 1, after a fine tuning for the parameter ¢,

77 =0448, <x;>=T7.844x 1073, (f=1.01, £=2.152),

72 =10.629, <xp>=—8481 x 1073, (f=0.99, £=1.845),

N=5, The case II: f=1.001 and f=0.999

<X f>=9

Z7=4

\
)

(28.0 x 4/18.012€ — 35.256 — 27.0) x 1073, (f=1.001)

[(27.0 x \/17.988¢ — 34.736 — 28.0) x 1072, (f=0.999),

1

,
3.020— ,
13.860 x +/18.012€ —35.256 — 13.365

(f=1.001),

1

(f=0.999),

72 =0.

Z% = 0.

80+ ,
13.635 % 1/17.933¢ — 34.736— 14.140

\ /

763, <x;>=0.916 x 107°, (f=1.001, £=2.0125),

264, <x;>=—0.730 x 1075, (£=0.999, &=1.93%0).
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(6.5)
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N=5 , £=1.01

1.2
1}
’ 2 l'
0.8 21
0.6
0.4|
0.2}

/// Xf 1

""""" 0.5 1 1572 T

Figure 1: We have used the symbols <x >, <xy>2 and <x ;>3 to denote the
three solutions of equation (5.62 ). The solutions <y ;>9 and <y ;>3 are always

negative. On the other hand, <y ;> is always positive. We have used the
symbols ZZ, Z3 and Z3 to denote the values of the Z? parameter associated
with the solutions < x>, <xjy>2 and <yx>s, respectively, according to
equation (5.60). For f=1.01 we can always find an interval for & where the

conditions <y s>1>0 and 0 < Z{ <1 are both satisfied. However, for {=5 and

f=10 this seems to be not possible anymore.
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We have given an extended supersymmetric o-model on Kahler coset space

%, basing on the SO(2N +1) Lie algebra of the fermion operators.

Embedding the SO(2N +1) group into an SO(2N +2) group and using the
SO(2N42)
U(NH)

metric o-model on the Kahler manifold of the symmetric space

G _
5=

coset variables, we have investigated a new aspect of the supersym-

SO(2N+2)
UNAL) -

We have constructed a Killing potential which is just the ex-

tension of the Killing potential in the Sggi,];[) coset space to that
in the Sg((?vjﬁr)m coset space. To our great surprise, it has been

shown that the Killing potential is equivalent with the gener-
alized density matrix which is an important clue to fermion
many-body problems. Its diagonal-block matrix is related to
a reduced scalar potential with the Fayet-Ilipoulos term. The
reduced scalar potential has been optimized to see behaviour of
the vacuum expectation value of the o-model fields. We have
got, however, a too simple solution Z>=1. .

To find proper solutions for the extended supersymmetryic
o-mdoel, after rescaling Goldstone fields by a mass parameter,
minimization of the reduced scalar potential has been made.
Fayet-Ilipoulos term makes a crucial role to acquire proper solu-
tions for Z? . To get proper solutions for wide range of a rescaling
parameter f, we have solved the cubic equation for <y >.

We have given bosonization of the SO(2N +2) Lie operators, vacuum func-
SO(2N+2)
U(N+1)
coset variables, a U(1) phase and the Kéhler potential. This provides a power-

tions and differential forms for their bosons expressed in terms of the

ful tool of describing the Goldstone bosons but accompanying fermionic modes.

¢ SO(2N+2)
U(N+1)

exploration of low-energy elementary particle physics by the supersymmetric

The effectiveness o Kahler manifold is expected to open a new field for

o-model.
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Appendix

A Bosonization of SO(2N+2) Lie operators
Fermion state vector | W > corresponding to a function W(G) in G € SO(2N +2):
(U>= [U(G)|0><0|UNG)|¥>dG = [U(G)|0>W(G)dG. (A1)

The G is given by (3.3) and (3.4) and the dG is an invariant group integration.
When an infinitesimal operator ]Igﬁﬁé and a corresponding infinitesimal unitary
operator U(lon2+0G) is operated on | W >,

using U (1ons0+0G) =U(loy,o—0G), it transforms | U > as

U(lonio — 6G)| ¥> = (Ig — 6G)| U >
= [U(G)]0><0|U((1an+2 + 6G)G)| ¥ >dG (A.2)
= fU ’O>\If 12N+2—|—5g dg fU ]O>(12N+2+5Q) (g) g,

1N_|_1 + (5./4 58 )

Lan+2 +06 = SB 1y +6A

SA = —6A, ttdA=0, 6B = —6B",

~ 1 _
0G = 6" EY, + 5 (6B E? + 6By Eyp)

5G = 6 A% E9 + - (5qu5 + 6BpEap) -

/

The operation of Hg—(SQ\ on the | > in the fermion space corresponds to the
left multiplication by 1oy 940G for the variable of the G of the function W(G).
For a small parameter €, Representation on the W(G) :

pe)U(G) = U(e?9G) = U(G +€dGG) = V(G +dG),  (A4)
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which leads us to a relation dG = €0GgG.

dg— | A AB] _ [JAA+IBB GAB +BA ‘
| dB dA |~ | 6BA+S5AB SAA+ BB |
> (AD)
dA = e%;j = e(6AA + 6BB), dB = E%;j = e(6BA + 0 AB).

Differential representation of p(0G), dp(0G);

A", 9 0B, & OAY, 9 0B, 0

+ - — + -
0c OAY,  Oc OB,, 0e OA, e OB,
U(G).

Explicit forms of the differential representation: dp(dG)V(G) = GV (G).
Each operator in 0G is expressed in a differential form :

dp(0G)V(G) =

(A.6)

_ 0 0 0 o )
p _— - _ __ _ Adq _ p
& =5 " OB, b " OB, Avomm, T A 5 A
> .
_ 0 0 0 0
— AP - _ A9 S
8pq A ranr quaApr ‘A raBpr + BpraAqT )

Definition of the boson operators .qu and flpq, ete.:

-1 (D L 0
““:—Q(Am)’ A (““‘ﬂ)’ Ll (A
[Av AT] — 5 [Aa AT} =1,

A, A=A A =0, [Al, A =[Al, A7 =0
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The differential operators (A.7) can be converted into a boson operator repre-
sentation

EP =B} By —B: By, — AUAP + APT A1 =Bl By — AT AP

(A.9)

817(_1 :AijqT_BérApr_Aq:Bp”’—l_B;;r"zlqr :Ap;qu_Aq;Bp’F?

pT

by using the notation A" n = B;f”, and B! = AP to use a suffix 7,

pr+N
(r =0, 1, -+ 2N). Then we have the boson images of the fermion
SO(2N + 1) Lie operators as
E—B! Bg— A% A, ‘
JEaﬁ:AO;"TBﬁF_ABfFTBaFa ¢ (AlO)

co = AT (A% —Boi) + (A% =Bl )Boi= AT Vi + V1B

T r

This representation involves, in addition to the original AO‘B and Bag bosons,
their complex conjugate bosons and the Y;i bosons. The complex conjugate
bosons arise from the use of matrix G as the variables of representation and the
Yi bosons arise from extension of algebra from SO(2N) to SO(2N + 1) and
embedding of the SO(2N + 1) into SO(2N + 2).

0 0
det A = (A1) 7 det N =—AHATY), (A1l
A, et A= (A7),  det A, (Mpq(/l )i = —(AT)JAT)), (Al
we get the relations which are valid when operated onto functions on the right
coset 222N +2)
SUN+1)
g 1y g 0 )
aqu T Zp>q("4 )r anra
> (A.12)
J 1y g 0 T q(?
8qu o ZT>S QTP(A )S aer 2("4 )p or )
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B Vacuum function for bosons

The function Ppe(G) in G € SO(2N + 2) corresponds to the free fermion
vacuum function in the physial fermion space.

(8pq + %%) Poo(G) = Epg®on(G) = 0, Poo(lani2) = 1. (B.1)

The vacuum function ®g(G) to satisfy (B.1) is given by ®go(G) = [det(A)]2,

The proof:

(5pq + %%) [det(A)]2

= et A)}

+(B S Ay Ay )[det(A)]%

" OB, CUOB, oA, oAl
, (B.2)
1 I -
= Sl (A= At S der( )}
11 1 — 0 -
= Bpldet(A))} - TR Ty AL
L det(AE — A A ), det(A) = 0
2 2 [det(A)]? v |
Epqldet(A))?
(B.3)

0 0 0 1, _
~ (A~ By — A+ By ) et Al =
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The vacuum functions ®go(G), G € SO(2N+1) and Pyy(g), g € SO(2N) satisty

caPo(G) = (Eag + %5045) Ppo(G) = EapPoo(G) =0, Poo(lant1) =1,
B4)

(605,6 + %5a5) q)o()(g) = eaﬁq)()o(g) =0, @()0(12]\[) = 1. (B5)

By using the SO(2N+2) Lie operators EPY, the expression for the SO(2N+1)
WF | G > is converted to a form quite similar to the SO(2N) WF | g> as

1
|G>=<0|U(G)|0>exp <§-ququ) 10>, (B.6)

where we have used the nilpotency relation (E*V)?=0. Equation (B.6) leads
to the property U(G)|0>=U(G)| 0>. On the other hand,

1+ 2z

det A = deta, detB =0. (B.7)

Vacuum function ¢y (G) expressed in terms of the Kahler po-
tential:

ST

Z0JU(G)[0> = Dop(G) = [det(A)]? = e K@ e, (BS)

1 T
det(@)]? = 1/~ Ze K Deis, | (BY)
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C Differential forms for bosons over SO(2N+2)/U(N-+1) coset
space

The boson images of the fermion SO(2N + 2) Lie operators € etc. can
SO(2N+2)
U(N+1)

coset variables (), and the phase variable

be represented by the closed first order differential forms over the
SO(2N+2)
U(N+1)

( L1n [det((A))D of the U(N + 1) as

coset space in terms of the

0 . 0 )

i’ ) 5
50, “rag,

P — () _
E q Qpr anr pana

> (C.1)
0

gpq = Qpr@sanrs - a@pq - ZquE7

EPT = gpqv

J

The phase variable 7 is identical with the phase variable 7 (:% In [if;t(g))b of
the U(N), due to the first equation of (B.7).
The images of the fermion SO(2N + 1) Lie operators:
B =E&%, By =Eap, BV =E
(C.2)
Cn — 8()a — goa, CL = 8a0 — 806

The representations of the SO(2N + 1) Lie operators in terms of the variables

Qop and 7y
P‘O‘—ea—kfi—riea—_ 9 0 — 10 9 )
0T g T Pory 8T 1ags, 1 ag,, — " Var
> (C.3)
= €+ (Tl — ) s €08 =it — 7o il
a3 — Ca «Q - af ) vy Eald— Yo~y — A=  Yap 75>
B B B¢ BYag (97“5 €] Y ﬁaqu GQaﬁ 587_ )
0 0 9, 0 0
a— T «o — Ya o + a~ T = _a. C4
c o Tg(?qa +(rare — ¢ g)a " —q grnaq . r 5 c!l =—¢4. (C4)
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The vacuum function ®oo(G) in G€ SO(2N + 1) is given in (B.4).

Caq)OO(G) = 0, CL(DO()(G) = fa(I)Oo(G), CL = —Ea, (05)

and the property |U(G)|0>=U(G)| 0>

Exact identities:

coU(G)| 0> = (—ra + rargcz — qagcz) -U(G)] 0>,
(C.6)
clUG)0>=—cl - U(G)|0>.

Succesively using these identities, on the U(G)| 0>, operators ¢, and ¢,
are shown to satisfy exactly the anti-commutation relations of the fermion
annihilation-creation operators:

(chep + each) U@ 0> = 6,5~ U(G)] 0>, (ks
(cats + cgca) U(G)| 0> = (cl el + chel )U(G)| 0> =0. (C.8)
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