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1. Introduction

non-perturbative properties of supersymmetric gauge theory from

string theory

• Effective field theory on D-brane → U(N) super Yang-Mills

• We turn on the constant closed string backgrounds.

(NS-NS B-field, R-R fields)

− Nekrasov formula for N = 2 super Yang-Mills

− Dijkgraaf-Vafa theory for N = 1 supersymmetric gauge theory

Closed string backgrounds play an important role in these cases.
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⋆ Here we will consider N = 2 super Yang-Mills theories in the

background of R-R 3-form (with fixed (2πα′)1/2F).

[Billo-Frau-Fucito-Lerda, 2006]

− Consider D3-D(−1) system in type IIB on R2 × R4/Z2 with

constant self-dual R-R 3-form. (R2 × R4/Z2 ⇒ N = 2)

− Calculate the deformed effective action of D(−1)-branes

( = instanton from the view point of D3 side).

− And compute the instanton partition function using the

localization technique.

⇒ R-R 3-form = Ω-background{
Derivation from D3 side (the deformed spacetime action)

Extension to the case of N = 4 (and N = 2∗ etc.)
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2. Deformation in N = 2 Super Yang-Mills

Procedure:

− Consider (fractional) D3-brane in type IIB on R2 × R4/Z2.

We forget about Z2-orbifolding for a moment (⇒ N = 4).

− Calculate the disk amplitude with/without the insertion of

the vertex operator for R-R 3-form Fµνa.

VF(z, z̄) = (2πα′)Fµνa(σµν)αβ(Σa)AB

×
[
Sα(z)SA(z)e−

1
2ϕ(z)Sβ(z̄)SB(z̄)e−

1
2ϕ(z̄)

]
.

µ, ν = 1, . . . , 4 : 4D indices, A,B = 1, . . . , 4 : SU(4)R indices,

a, b = 5, . . . , 10 : transverse 6D indices (SO(6)R).
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• N = 4 deformation term (Cµνa ∝ (2πα′)1/2Fµνa kept finite)

LC =

Tr
[
gCµνa

(
iφaFµν − 1

2
(Σ̄a)ABΛAσµνΛB

)
+

g2

2
CµνaCµν

bφaφb

]
.

• orbifolding

N = 4 : type IIB on R4 × R6 ⇒
N = 2 : type IIB on R4 × R2 × R4/Z2

projection of the fields

ΛA
α = 0 for A = 3, 4, φa, Cµνa = 0 for a = 7, . . . , 10.
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Under this reduction, LN=4 becomes LN=2. (A → I = 1, 2)

LN=2 = Tr
[
−1

4
FµνF

µν − iΛIα(σµ)αβ̇DµΛ̄β̇
I − DµφDµφ̄

− i√
2
gΛI[φ̄, ΛI] +

i√
2
gΛ̄I[φ, Λ̄I] − 1

2
g2[φ, φ̄]2

]
.

N = 2 deformation term ([Billo-Frau-Fucito-Lerda] for C̄ = 0)

LC =

Tr
[
ig(Cµνφ̄ + C̄µνφ)Fµν +

i√
2
gC̄µνΛIσµνΛI +

g2

2
(Cµνφ̄ + C̄µνφ)2

]
.

Here Cµν and C̄µν are defined by

Cµν = − i√
2
(Cµν5 + iCµν6), C̄µν =

i√
2
(Cµν5 − iCµν6).
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3. Instanton Solution of
Deformed N = 2 Super Yang-Mills

• gauge field part

LE = Tr
[
1
2(F

−
µν)

2
]
+ · · ·

= Tr
[
1
2

(
F+

µν − ig(Cµνφ̄ + C̄µνφ)
)2] + · · · ,

where F±
µν = 1

2(Fµν ± 1
2ϵµνρσF ρσ). This means that the (anti-)self-

dual equations are

F−
µν = 0 for self-dual case,

F+
µν − ig(Cµνφ̄ + C̄µνφ) = 0 for anti-self-dual case.

7



• weak coupling expansion for self-dual case

Aµ = g−1A(0)
µ + g1A(1)

µ + · · · , Fµν = g−1F (0)
µν + g1F (1)

µν + · · · ,

ΛI = g−
1
2Λ(0)I + g

3
2Λ(1)I + · · · , Λ̄I = g

1
2Λ̄(0)

I + g
5
2Λ̄(1)

I + · · · ,

φ = g0φ(0) + g2φ(1) + · · · , φ̄ = g0φ̄(0) + g2φ̄(1) + · · · .

From this expansion, we obtain the self-dual instanton equation

from the equation of motion.

• self-dual equation for leading-order fields (Λ̄(0)
I is subleading.)

F (0)−
µν = 0, (σ̄µ)α̇βDµΛ(0)I

β = 0,

D2φ(0) + i
√

2Λ(0)IΛ(0)
I + iCµνF (0)

µν = 0,

D2φ̄(0) + iC̄µνF (0)
µν = 0.
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• brief review on ADHM construction

1. ∆α̇ = aα̇ + bασµαα̇xµ : (N + 2k) × 2k matrix

ADHM constraint

∆̄α̇∆β̇ = f−1δα̇
β̇ , f : xµ-dependent k × k matrix.

canonical form of ∆α̇

∆(u+iα),jα̇ =
(

wujα̇

(a′
ij + δijx)αα̇

)
−→

{
(τ⃗)α̇

β̇(w̄β̇wα̇ + ā′β̇αa′
αα̇) = 0,

a′
µ = ā′

µ.

2. U : (N + 2k) × N matrix, zero-mode of ∆̄, i.e. ∆̄U = 0.

self-dual gauge field

A(0)
µ = −iŪ∂µU ⇒ F (0)

µν = −4iŪbα(σµν)α
βf b̄βU : self-dual.
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• fermionic part

ansatz (MI : constant (N + 2k) × k matrix)

Λ(0)I
α = Ū(MIf b̄α − bαfM̄I)U,

⇒ σ̄µα̇αDµΛ(0)I
α = Ūbαf

(
∆̄α̇MI + M̄I∆α̇

)
f b̄αU = 0.

fermionic ADHM constraint

∆̄α̇MI + M̄I∆α̇ = 0.

canonical form

MI
(u+iα),j =

(
µI

uj

(M′I
α )ij

)
−→

{
µ̄Iwα̇ + w̄α̇µI + [M′αI, a′

αα̇] = 0,

M′I
α = M̄′I

α .
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• solution of leading-order self-dual equation from ADHM

A(0)
µ = −iŪ∂µU, Λ(0)I

α = Ū(MIf b̄α − bαfM̄I)U,

φ(0) = i

√
2

4
ϵ

IJ
ŪMIfM̄JU + Ū

(
ϕ 0
0 χ12+1kC

)
U,

φ̄(0) = Ū
(

ϕ̄ 0
0 χ̄12+1kC̄

)
U,

where ϕ = lim
|x|→∞

φ(0), ϕ̄ = lim
|x|→∞

φ̄(0), and

χ = L−1
(
−i

√
2

4 ϵ
IJ
M̄IMJ + w̄α̇ϕwα̇ + Cµν[a′

µ, a′
ν]

)
,

χ̄ = L−1
(
w̄α̇ϕ̄wα̇ + C̄µν[a′

µ, a′
ν]

)
,

L =
1
2
{w̄α̇wα̇, ∗} +

[
a′

µ, [a′µ, ∗ ]
]
.
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comment

1. In the case of ϕ = ϕ̄ = C̄µν = 0, the solution

Aµ = A(0)
µ ,

ΛI
α = Λ(0)I

α , Λ̄Iα̇ = 0,

φ = φ(0)
∣∣∣
ϕ=0

, φ̄ = φ̄(0)
∣∣∣
ϕ̄=C̄µν=0

= 0 ,

is an exact solution of the equation of motion.

2. In the case of C̄µν = 0, the leading-order solution is reduced to

the solution constructed by [Billo et. al.].
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4. Instanton Effective Action

• definition

In the instanton background, the action can be evaluated as

SE =
8π2

g2
k + g0S

(0)
eff + O(g2), k : instanton number.

This S
(0)
eff is called the instanton effective action.

S
(0)
eff =

∫
d4xTr

[(
Dµφ̄(0)

)
Dµφ(0) +

i√
2
Λ(0)αI

[
φ̄(0),Λ(0)

αI

]
− i

(
Cµνφ̄(0) + C̄µνφ(0)

)
F (0)

µν − i√
2
C̄µνΛ(0)IσµνΛ

(0)
I

]
.
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• instanton effective action in terms of ADHM moduli

S
(0)
eff = 4π2trk

[
−i

√
2

4
ϵ

IJ
µ̄Iϕ̄µJ +

1
2
w̄α̇(ϕ̄ϕ + ϕϕ̄)wα̇ − χ̄Lχ

− i

√
2

8
C̄µνϵ

IJ
M′IσµνM′J +

1
4
CµνC̄µνw̄

α̇wα̇

]
.

calculation from D(−1) side in D3-D(−1) system [Billo et. al.]

S
(0)
str = 4π2trk

[
−i

√
2

4
ϵ

IJ
µ̄Iϕ̄µJ +

1
2
w̄α̇(ϕ̄ϕ + ϕϕ̄)wα̇ − χ̄Lχ

− i

√
2

8
C̄µνϵ

IJ
M′IσµνM′J − 1

4
CµνC̄µνa

′
ρa

′ρ
]
.

There is a discrepancy in CC̄-term.
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Then we should have additional contribution to the original

Lagrangian as

L′ = Tr
[
g2Cµρx

ρC̄νσxσFµλF ν
λ

]
→ −π2CµνC̄µνtrk

[
a′

ρa
′ρ + w̄α̇wα̇

]
Since this term depends on xµ explicitly, we cannot calculate it

from the disk amplitude of the open string.

comment

1. L′ does not contribute to the self-dual equation for leading-order

fields. Then the instanton solution is unchanged by L′.

2. L + L′ basically corresponds to the (truncated version of) super

Yang-Mills Lagrangian on the Ω-background.
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5. Summary and Outlook

Summary

1. We have constructed the (constrained) instanton solution of

N = 2 super Yang-Mills theory deformed by R-R 3-form.

2. We have also calculated the instanton effective action. But in

order to compare with the result of the calculation from D(−1)

side in D3-D(−1) system, we should have additional contribution.
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Outlook

1. N = 4 (and N = 2∗ etc.) case

• The instanton solution can be obtained in a similar way.

• The integration over xµ can be performed and we obtain

the similar result.

2. instanton calculus (integration over ADHM moduli)

• (deformed) BRST invariance, localization formula

3. interpretation of the additional term

• second-order interaction between D3-branes and R-R 3-form

(cf. argument from κ-symmetry of DBI + CS)

4. deformation by other R-R fields (other 3-form, 5-form, 1-form)
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