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 Topological Vertex



Topological Strings

Thus A-model topological string theory counts holomorphic maps from worldsheets 
to the Calabi-Yau.

Twisted topological sigma-model on Riemann surface whose target space is Calabi-Yau

SUSY localization

- A-model 

SA =
∫

Σg

d2z
√

gGij̄g
µν∂µXi∂νX j̄ + iεµν∂µXi∂νX j̄ + · · ·

∂z̄Xi = ∂zX ī = 0

= {Q, V (X, ρ, χ)} +
∫

Σg

X∗(ω)
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1. Topological Vertex

We want to compute A-model topological string amplitudes for Calabi-Yau

Gromov-Witten invariant

f : Σg → Σ ⊂ X

X

Fg =
∑

Σ∈H2(X,Z)

Ng,Σe−tΣ

Z = exp
∞∑

g=0

!2g−2Fg(t)

! : topological string coupling constant

- Topological Strings



Thus topological string theory is constructed as a model of strings which 
propagate on Calabi-Yau 3-fold. In general, it is very hard to get the full 
partition function via straightforward computation. However, for the certain 
class of Calabi-Yau’s, we can compute the partition function exactly using 
dualities !!

Example : topological vertex



- Modern “definition” of topological strings [Gopakumar-Vafa, ‘98]

What is the meaning of topogical strings in the context of superstrings ?

BPS state counting  

A-model on 
F-terms of effective theory of Type IIA 
superstrings compactified on    

embedding
[BCOV]

graviphoton

X
X

∞∑

g=0

∫
d4 x d4 θ W 2g Fg(ti) =

∫
d4 x

[
τij F i

µν F jµν +
∞∑

g=1

Fg(ti) R+
2 F+

2g−2

]
The general form of the effective action is

effective coupling of massless       gauge fieldsU(1)

τij = ∂i∂jF0(ti)

free energy = prepotential



BPS states coming from D2-branes wrapping 2-cycles 
inside      become masslessX

We can evaluate it in strong superstring coupling limit

mΣ =
tΣ

gs
massless

It was argued that vector multiplets and hyper multiplets are decoupled in 
the effective action ( up to two derivative ).

prepotential          Kahler moduli fields            vector mult.

IIA dilaton              hyper mult.

integrating out these BPS 
particles with small masses

effective action (F-terms)

gs → ∞



F =
∑

Σ∈H2(M,Z)

∑

n∈Z

∑

jL,jR

N
(jL,jR)
Σ log det(jL,jR)

(
∆ + m(Σ,n)

2 +2m(Σ,n) σL F+

)

=
∑

Σ∈H2(M,Z)

∞∑

k=1

∑

jL

N
jL
Σ (−1)−2 jL e−k TΣ

∑jL
l=− jL

q−2kl

k
(
qk/2− q−k/2

)2

(jL, jR)
Topological strings count degeneracies of wrapped M2-branes ( dimensions 
of M2-brane moduli space with spins            )

N
jL
Σ =

∑

jR

(−1)−2 jR(2 jR +1)N
(jL,jR)
Σ

F+ = −!

∑

jL

N jL

Σ [jL] =
∞∑

g=0

ng
Σ[2(0) + (1/2)]

N
g change of representation 

basis

Gopakumar-Vafa invariants

1-loop amplitude of BPS particles
coupling to the background field 



SO(8)R → SU(2)L × SU(2)R × SU(2)N

ψ

φ

(0,
1
2
) ⊗ (

1
2
)

(0, 0) ⊗ (
1
2
)

8s →

8v → deformation

superdeformation

the moduli space 
of deformations

Mg,d

SU(2)N

Calabi-Yau

World volume fields on a single wrapped M2-brane are



Let us consider curves inside the C-Y mfd in class Σ =
∑

i

di[Σi]
Then the Gopakumar-Vafa invariants are given by

ng
d = (−1)dim Mg,dχ(Mg,d)

Mg,dsupersymmetric sigma model on            . We can count boundstates by 
quantizing these zero modes.

The degeneracies of bound states of wrapped M2-branes are extracted from 
the Hilbert space H∗(Mg,d)

The Hilbert space is graded with               R-charge of fermi fields. We 
take trace over the charges with the weight                      .

SU(2)R

(2j3
R + 1)(−1)2j3

R



- Local Calabi-Yau manifolds & toric Calabi-Yau manifolds

Uses of toric Calabi-Yau

Total space which realize a Calabi-Yau manifold as a hypersurface 
inside it
(generalization of quintic for        )CP4

Local models of Calabi-Yau manifolds
(describe the structure in the neighborhood of singurarity)

Construction of mirror pair (Batyrev) 

Geometric engineering 

AdS/CFT

. . . . . 



- Toric Calabi-Yau manifold

C1

z = |z|eiθ R(|z|)T 1(θ) fibration over



C3

We are focusing on      -actionT 2

eαrα+βrβ : (z1, z2, z3) → (eiαz1, e−iβz2, e−iα+iβz3)

(0, 1)

(1, 0)

(−1, −1)



Resolved conifold

t

O(−1) O(−1) → P1⊕

A1 A2

B1 B2

λ1

λ2
( () )= 0

A1 A2

B1 B2
( )= 0det

resolved conifoldconifold (singular)

CP1



O(n) → CP1 zS =
1

zN

φS = (zN)nφN{φ} {z}

- Geometric transition

closed A-model on 
resolved conifold

open A-model on 
deformed conifold

Chern-Simons theory
[Witten, ’93]



2. Assign Young diagrams for each edges of these parts

µ =
{
µi ∈ Z≥0 | µ1 ≥ µ2 ≥ · · ·

}

1. Decompose a toric web-diagram into vertices and propagators

3. Glue them to get topological string partition function

- Topological Vetex & toric Calabi-Yau manifolds

How to compute topological string amplitudes for toric Calabi-Yau manifolds ?

Locally they look like a conifold

Geometric transition enable us to calculate 
these amplitudes using Chern-Simons theory

Topological vertex [AMKV, ‘03]



Decomposition of toric web-diagram

Parts

: trivalent vertex . . . local     patch

: edes . . .

1.

2. CP1

C3 Cλ,µ,ν

fµ(q)n(−1)|µ|e−t|µ|δµ, νt

ν

λ

µ

µ ν

vertex function

framing factor & propagator



Gluing along a leg is done by the following procedure

vertex function propagator framing factro

∑

ν

Cλµν(−1)|ν|e−t|ν|(fν)nCλ′µ′νtZ = · · · · · ·

ν νt

λ

µ′

µ λ′

t

Cλµν(q) = qκµ /2sνt(q−ρ)
∑

η

sλt/η(q−ν−ρ)sµ/η(q−νt−ρ)



- Schur functions & free fermions

Bozonization of these fermions gives

The modes of free fermions in 2-dim is given by

Vertex operators

{
ψi, ψ∗

j

}
= δi+j,0, {ψi, ψj} =

{
ψ∗

i , ψ∗
j

}
= 0, i, j ∈ Z + 1/2.

αn =
∑

j∈Z+1/2

: ψ−j+nψ∗
j :

V±(xi) = exp




∑

i=1,n=1

xn
i

n
α±





[αm, αn] = mδm+n,0



∑

µ

|µ〉〈µ| = 1They satisfies the completeness relation

Let us introduce the Frobenius coordinate

|R〉 = (−1)r(r−1)/2+
Pr(R)

j=1 bj

r(R)∏

j=1

ψ−aj−1/2ψ∗
−bj−1/2|0〉

sR/Q(xi) = 〈R|V−(xi)|Q〉 = 〈Q|V+(xi)|R〉



q−ρ

q−µ−ρ xi = q−µi+i− 1
2

xi = qi− 1
2

κµ =
∑

i

µi(µi + 1 − 2i)

=
∑

i

µi
2 −

∑

j

µt
j
2

|µ| =
∑

i

µi

- Conventions

i = 1, 2, 3, · · ·

||µ||2 =
∑

i

µi
2

= −κµt

Cλµν(q) = qκµ /2sνt(q−ρ)
∑

η

sλt/η(q−ν−ρ)sµ/η(q−νt−ρ)



e
v

v!
0n =

Ex: Conifold

Z =
∑

ν

Cφφν(−Q)|ν|Cφφνt

=
∑

ν

sν(q−ρ)(−Q)|ν|sνt(q−ρ)

=
∞∏

n=1

(1 − Qqn)n
Q = e−t

q = e−!

∑

µ

sµt(x)sµ(y) =
∏

i,j

(1 + xiyj)

sµ(Qx) = Q|µ|sµ(x)

Formulae



λ
λ

µ

µ

ν ν

Zλ,µ,ν =
∑

crystals

e−!#(boxes)
Cλ,µ,ν

1
kBT

= !

C3 melting crystal corner-patch

grand-canonical ensemble melting crystals topological vertex !

- Duality to Crystal melting [Okounkov-Leshetikin-Vafa, ‘04]



From the melting crystals picture, there exist cyclic symmetries

Cλ,µ,ν(q) = Cµ,ν,λ(q) = Cν,λ,µ(q)



Local Hirzhebruch : K → P1 × P1

P1
base

P1
fiber

Z =
∑

µ1,µ2,µ3,µ4

QF
|µ1|+|µ3| QB

|µ2|+|µ4| q−κµ1
/2 +κµ2

/2 −κµ3
/2 −κµ4

/2

× Cφ µ1 µ4
t Cφ µ2

t µ1
t Cµ2 φ µ3 Cφ µ4 µ3

t

=
∑

µ2,µ4

QB
|µ2|+|µ4| q+κµ2

/2 −κµ4
/2 Kµ4 µ2(QF ) Kµ2

t µ4
t(QF )

- Geometric Engineering [Iqbal-KashaniPoor, ‘04],[Eguchi-Kanno, ‘04]



Kµν =
∑

λ

QF
|λ| q− κλ /2 Cφλ µt Cνt λt φ

= sµt(q−ρ) sν(q−ρ)
∑

λ

QF
|λ| sλ(q−µ−ρ) sλ(q− νt −ρ)

= q‖µ‖2 /2+||νt||2/2 Z̃µt(q) Z̃ν(q)
∞∏

i,j=1

1
1 − QF q− µi − νt

j +i+j−1

sµ(q−ρ) = q||µt||2/2
∏

s∈µ

(1 − qhµ(s))
−1

= q||µt||2/2 Z̃µ(q)

Z(QF , QB) = Zpert.(QF )Zinst.(QF , QB)

Zpert.(QF ) ≡ Kφφ (QF )2 =




∞∏

i,j=1

1
1 − QF qi+j−1




2

Let us extract the instanton part from the above partition function



Zinst.(QF , QB)
∑

µ,ν

QB
|µ|+|ν| q‖µ‖2 +||νt||2 Z̃µ(q) Z̃µt(q) Z̃ν(q) Z̃νt(q)




∞∏

i,j=1

1 − QF q+i+j−1

1 − QF q− µi −νt
j+i+j−1




22

Then we obtain

QB = (βΛ)4 QF = e−4βa q = e−2β!
Identification with gauge theory parameters

Under this identification, this topological string partition function is precisely the 
Nekrasov partition function of SU(2) gauge theory on R4 × S1

β

Zinst. =
∞∑

k=0

4k(e−βaβΛ)4k

×
∑

|µ|+|ν|=k

W 2
µ(q)W 2

νt(q)
∏

n∈Z
(1 − e−2β(2a+n!))−2Cn(µ,νt)

Wµ(q) = sµ(qρ)



2. Refined Topological Vertex

- Seiberg-Witten theory

Low energy effective action of           gauge theory is described by Seiberg-
Witten prepotential

N = 2

Seff =
∫

τijF
i
µνF jµνd4x + · · ·

τij =
∂2

∂ai∂aj
F(a, Λ)

〈Φ〉 = diag(a1, · · · , aN)

Low energy effective theory is Higgsed                            by vevSU(N) → U(1)N−1

F i
µν i = 1, · · · , N − 1 are Cartans  U(1)N−1



- Nekrasov formulae [Nekrasov, ‘02]

Nekrasov gave the generating function of Seiberg-Witten prepotential via instanton 
caluculus

ZNek.(a, Λ, !) = exp
∞∑

g=0

!2g−2Fg(a, Λ)

F0(a, Λ) = FSW(a, Λ) FSW = lim
!→0

!2 log ZNek.,

ZNek. =
∞∑

k=0

Λ2NkZk

Zk =
∫

M(N,k)
Dµ e−QΨ

In general, Nekrasov formula has two parameters ! → ε1, ε2

It is given by a specific sigma model on instanton moduli space



ZNek.(!a, Λ, ε1, ε2) =
∑

{µα}

e− 1
2N |!µ|(ε1+ε2)Λ2N |!λ|

ZNek.(!a, Λ, ε1 = −ε2 = !) = ZA−model(ti, !)

N∏

α,β=1

1
∏

s∈µα
(1 − e−(aµα+1)ε1+lµβ

ε2+aα−aβ)

1
∏

t∈µβ
(1 − eaµβ

ε1−(lµα+1)ε2+aα−aβ)

Explicit expression for Nekrasov partition function is

Recall that the partition function is precisely the topological string partition 
function of SU(N)-geometry for ε1 = −ε2 = !

So it is very natural to expect that there exist the extension of topological string 
which recover the Nekrasov’s partition function for ε1 != −ε2



F =
∑

Σ∈H2(M,Z)

∑

n∈Z

∑

jL,jR

N
(jL,jR)
Σ log det(jL,jR)

(
∆ + m(Σ,n)

2 +2m(Σ,n) σL (F+ +F−)
)

=
∑

Σ∈H2(M,Z)

∞∑

k=1

∑

jL,jR

N
(jL,jR)
Σ (−1)−2(jL + jR) e−k TΣ

(∑jL
l=− jL

(tq)−2kl
) (∑jR

m=− jR
(t/q)−2km

)

k
(
tk/2− t−k/2

) (
qk/2− q−k/2

)

q = eF+ t = eF−

Let us consider BPS state counting under non self-dual background in order to “refine” 
the generating function

This is the refine partition function in the context of superstring
theory.

Let us consider non self-dual background in order to “refine” the generating function

- Refinement in superstrings



It is very hard to find a guiding star for refining the topological vertex formalism

- Awata-Kanno’s idea

- Refined Topological Vertex

Z̃µ(t, q) → Z̃µ(q)

sµ(q−ρ) = q
‖µt‖2

2 Z̃µ(q)

Pνt(t−ρ; q, t) = t
1
2 ||ν||2Z̃ν(t, q), Z̃µ(t, q) =

∏

(i,j)∈ν

(1 − tνt
j −i+1qνi−j)−1

Macdonald function

The Macdonald functions are a multi-parameter extension of the Schur functions.

So we may obtain a refined vertex by replacing the Schur functions with the 
specialized Macdonald functions !

t → q



skew Macdonald function

[Awata-Kanno, ’05, ’08]

Cλµ
ν(t, q) = fν(t, q)−1Pµt(tρ; q, t)

∑

η

(
q

t

) |η|
2

(−1)|λ|+|η|ιPλt/ηt(tµt

qρ; t, q)Pν/η(tρqν ; q, t)×

For the geometric engineering Calabi-Yau’s, the amplitudes computed using the vertex 
give the Nekrasov’s partition functions [Awata-Kanno, ‘08]. 

The framing factor is [M.T. ’07]

fν(t, q) = (−1)|ν|t− ||νt||2
2 q

||ν||2
2



Awata-Kanno’s refined vertex possesses nice symmetries.

Cµφ
ν(t, q)fν(t, q) = Cνφ

µ(t, q)fµ(t, q)

Cφλ
ν(t, q)fν(t, q) = Cφν

λ(t, q)fλ(t, q)

Cλφ
φ(t, q) = Cφλ

φ(t, q) = Cφφ
λ(t, q)fλ(t, q)

But it doesn’t have a cyclic symmetry.



Zλ,µ,ν(t, q) =
∑

crystals

t#(blue)q#(yellow)
Cλ,µ,ν(t, q)

- Iqbal-Kozcaz-Vafa’s idea



V+(1)

V+(1)
V−(1)

V−(1)
V−(1)
V−(1)

V−(1)|µ〉 =
∑

ν>µ

|ν〉

V+(1)|µ〉 =
∑

ν<µ

|ν〉

L0|µ〉 = |µ||µ〉

|µ〉

|0〉
Zν = 〈0|qL0V+qL0V+tL0V− · · · qL0V+tL0V−tL0 |0〉

= 〈0| · · · V+(qi−1t−νt
i ) · · · V−(tjq−νj) · · · |0〉

=
∞∏

i,j=1

(1 − tj−νt
i qi−1−νj)

V−(x)V+(y) =
∞∏

i,j=1

(1 − xiyj)V+(y)V−(x)

Macdonald function !!



[Iqbal-Kozcaz-Vafa]

Cλµν(t, q) =
(

q

t

) ‖µ‖2+‖ν‖2

2

t
κµ
2 Pνt(t−ρ; q, t)

∑

η

(
q

t

) |η|+|λ|−|µ|
2

sλt/η(t−ρq−ν)sµ/η(t−νt

q−ρ)

preferred direction

There exists the ambiguity about a choice of preferred direction 
when one construct the amplitudes using the refined vertex !

take all the direction 
parallel (same     )CP1

IKV’s refined vertex breaks the cyclic symmetry for three legs of the vertex ! 

additional ruleq t

λ µ

ν

Cλ,µ,ν(t, q) != Cµ,ν,λ(t, q) != Cν,λ,µ(t, q)



For the toric Calabi-Yau’s corresponding to              gauge theory,
it is proposed that the amplitudes are independent of the choices of
their preferred directions !

Slicing invariance (conjecture !)

N = 2

==

∑

ν

Pν(−Q1t−ρ; q, t)Pνt(q−ρ; t, q)
∏

(i,j)∈ν

(1 − Q2ti−1/2qj−1/2−νi)

=
∞∏

i,j=1

1 − Q1ti−1/2qj−1/2

1 − Q1Q2tiqj−1

New formula for Macdonald function ( For          , see [Macdonald, ’95] )Q2 = 0



Flop invariance [M.T, ‘08]

=

t → −t



=   Hilbert scheme of n points on C2

C2=         with the choice of n points on it

Hilbn[C2]

- Refined Vertex & Hilbert Scheme  [Iqbal-Kozcaz-Shabbir, ‘08]

      - genus χy

χy(M) =
∫

M
chΛ−y(T ∗M)td(M)

=
∫

M

d∏

i=1

(1 − ye−xi)
xi

1 − e−xi

Localization formula under

=
n∑

p=1

d∏

i=1

(1 − ye−wp,i)
1 − e−wp,i

U(1)n → M

weights of torus action

fixed points of torus action



T ∗(Hilbn[C2]) = Bn ⊕ B∗
n

χ0(Bn)|ν = Z̃ν(t, q) n = |ν|

C2The torus action on       lifts to an action on                and their weights had 
been obtained in [Nakajima, ‘95]. Thus we get

Hilbn[C2]

: fixed point of torus action (z1, z2) → (tz1, q−1z2)ν

The rest one-leg vertices are also interpreted as       -genus χy

χ0(Bn)|µ = sµ(q−ρ)

χ0(Bn)|λ = sλ(t−ρ)

(z1, z2) → (q−1z1, qz2)

(z1, z2) → (tz1, t−1z2)

Cφφν(t, q)

Cφµφ(t, q)

Cλφφ(t, q)



Hilb·[C2]

Hilb·[C3]

Hilb·[C2]

Hilb·[C2]
(z1, z2, z3) →

(tz1, q−1z2, t−1qz3)

(z1, z2) → (tz1, q−1z2)

(z1, z3) → (tz1, t−1z3)

(z2, z3) → (q−1z2, qz3)
z1 = 0

z2 = 0

z3 = 0



- Homological Link Invariants

geometric transition

- Chern-Simons invariants in topological strings [Ooguri-Vafa]

Boundaries of worldsheets make Wilson loop in

Hopf link

λ µ

S3

S3

CP1

A-Branes



λ

µ

φ

φ

Zλ,µ(q; Q) =
∑

ν

Cλ,ν,φ(q)(−Q)|ν|Cνt,µ,φ(q)

Q = qN

Z =
∑

λ,µ

Zλ,µ(q; Q)TrλV1TrλV2

V1

V2

Wλµ = qκµ/2sλ(q−ρ)sµ(q−ρ−λ, q−N+ρ)
∏

(i,j)∈λ

(1 − q−N+i−j)

Hopf link invariant !!



Polynomial invariants of knots and links

Conjectural cohomology

Homological invariant

Gukov-Iqbal-Kozcaz-Vafa embedded it into refined topological strings expecting 
that it gives some insights into their formulation.

Mathematical theory of homological link invariant is formulated for some 
representations.

P̄sl(N)
R1,··· ,Rk

(q) =
∑

i,j∈Z
(−1)jqi dimHsl(N),R1,··· ,Rk

i,j (L)

P̄sl(N)
R1,··· ,Rk

(q, t) =
∑

i,j∈Z
qitj dimHsl(N),R1,··· ,Rk

i,j (L)

- Homological link invariants

Euler characteristic

Poincare characteristic



λ

µ

φ

φ

Zλµ(t, q, Q) =
∑

ν

(−Q)|ν|Cφµν(t, q)Cλφνt(q, t)

Cλµν(t, q) =
(

q

t

) ‖µ‖2+‖ν‖2

2

t
κµ
2 Pνt(t−ρ; q, t)

∑

η

(
q

t

) |η|+|λ|−|µ|
2

sλt/η(t−ρq−ν)sµ/η(t−νt

q−ρ)

Recall the refined topological vertex

Gukov-Iqbal-Kozcaz-Vafa

P̄λ.µ(q, t,a) =
∑

ν

(−Q)|ν|t
1
2 ||ν||2q

1
2 ||νt||2Z̃ν(q, t)Z̃νt(t, q)sλ(t−ρq−νt

)sµ(t−ρq−νt

)

From the partition function we get the superpolynomial



Superpolynomial [Gukov-Iqbal-Kozcaz-Vafa, ‘07]

Homological link invariants for Hopf link

a = qN

P̄λ.µ(q, t,a) =
∑

ν

(−Q)|ν|t
1
2 ||ν||2q

1
2 ||νt||2Z̃ν(q, t)Z̃νt(t, q)sλ(t−ρq−νt
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( Large-N duality )

New parameters

They must give homological invariants

- Superpolynomial proposal of Gukov-Iqbal-Kozcaz-Vafa
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Hopf link
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Polynomial !

(∗)

(∗) gives the Kovanov-Rozansky invariant for Hopf link

- Example
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BPS state counting in non-self dual backgrouond

Non-SUSY attractor and OSV-SV conjecture

. . . . . 



Summary

 We also see the proposal of refined topological 
vertex 

 We apply the refined vertex for homological link 
invariants

 We review topological vertex method of A-model 
caluculation



Future Directions 

 More applications of refined topological vertex 
and BPS states counting

 Rigorous definition of refined vertex  and it’s 
mathematical structure
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