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TOPOLOGICAL STREINGS
- A-model

Twisted topological sigma-model on Riemann surface whose target space is Calabi-Yau
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= {Q,V(X,p,%)} + /2 X*(w)

!

SUSY localization XN X =1

Thus A-model topological string theory counts holomorphic maps from worldsheets
to the Calabi-Yau.
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-+ Topological vertex method

-+ Refined topological vertex

-~ Applications




1. Topological Vertex

- Topological Strings

We want to compute A-model topological string amplitudes for Calabi-Yau X

Fg = Z Ng,ge_tz

XEH>(X,7) \ Gromov-Witten invariant
f:3, —-3XCX

Z =exp Y h*972F,(t)
g=0

h : topological string coupling constant




Thus fopological string theory is constructed as a model of strings which
propagate on Calabi-Yau 3-fold. In general, it is very hard fo get the full
partition function via straightforward computation. However, for the certain

class of Calabi-Yaus, we can compute the partition function exactly using
dualities !

Example : topological vertex




- Modern “definition” of topological strings [Gopakumar-Vafa, ‘98]

What is the meaning of fopogical strings in the context of superstrings ?

== BPS state counting

O e T q F-terms of effective theory of Type IIA

superstrings compactified on X

embedding
[BCOV]

The general form of the effective action is
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effective coupling of massless U (1) gauge fields

F a,;ajFO (tz)

free energy = prepotential




It was argued that vector multiplets and hyper multiplets are decoupled in
the effective action ( up to two derivative ).

prepotential === Kahler moduli fields === vector mult.

IIA dilaton ===  hyper mult.

We can evaluate it in strong superstring coupling limit gs — OO
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# BPS states coming from D2-branes wrapping 2-cycles
inside X become massless

infegrating out these BPS
particles with small masses

effective action (F-terms)




Topological strings count degeneracies of wrapped M2-branes ( dimensions
of M2-brane moduli space with spins (j.,jr) )
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1-loop amplitude of BPS particles
K coupling to the background field
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Gopakumar-Vafa invariants



World volume fields on a single wrapped M2-brane are

SO8)r — SU(2)r X SU(2)r X SU(2)nr
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Calabi-Yau

SU(2)n
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superdeformation

deformation

Mg a

the moduli space
of deformations




=3 supersymmetric sigma model on Mg 4 . We can count boundstates by
quantizing these zero modes.

—=3 The degeneracies of bound states of wrapped M2-branes are extracted from
the Hilbert space H* (M, 4)

t

The Hilbert space is graded with SU(2)r R-charge of fermi fields. We
take trace over the charges with the weight (2j% + 1)(—1)29% .

Let us consider curves inside the C-Y mfd in class 3 = Z d;[3;]

Then the Gopakumar-Vafa invariants are given by <

ng = (_1)dimM9’dX(Mg,d)




- Local Calabi-Yau manifolds & toric Calabi-Yau manifolds

Uses of toric Calabi-Yau

® Total space which realize a Calabi-Yau manifold as a hypersurface
inside it
(generalization of quintic for CP? )

* Construction of mirror pair (Batyrev)

® Local models of Calabi-Yau manifolds
(describe the structure in the neighborhood of singurarity)

* Geometric engineering

AdS/CFT




- Toric Calabi-Yau manifold

o (1




We are focusing on T2 -action

are+0rs . Xo" —1 —itx+1
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® Resolved conifold (’)(—1)@ (’)(—1) -

w(f B)=o = (B ()=

Bl Bz Bl B2 )\2

conifold (singular) resolved conifold




O(n) — CP!

{0} 12}

- Geometric transition

closed A-model on
resolved conifold

open A-model on
deformed conifold

——>» Chern-Simons theory
[Witten, 93]




- Topological Vetex & toric Calabi-Yau manifolds

How to compute topological string amplitudes for toric Calabi-Yau manifolds ?

S

\

Locally they look like a conifold

\4

Geometric transition enable us to calculate
these amplitudes using Chern-Simons theory

==3 Topological vertex [AMKYV, ‘03]

1. Decompose a toric web-diagram into vertices and propagators

2. Assign Young diagrams for each edges of these parts

N:{“iQZZO|U12N2>“-

3. Glue them to get topological string partition function
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A Decomposition of toric web-diagram

LL : trivalent vertex . . . local & patch sy CA,[J,,V

vertex function

cedes ... CPl = fu(CI)n(—l)l“le_tlm5ﬂa 5

framing factor & propagator




Gluing along a leg is done by the following procedure

b Z C)\“,/(—]_)lvle_th/'(f,/)nC}\/u'yt S
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vertex function propagator framing factro
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- Schur functions & free fermions

The modes of free fermions in 2-dim is given by

{vi, 3} = 8iys00 {Wirw5} = {wl, 07} =0,

Bozonization of these fermions gives

xp — Z g 77b—j—|—'n,/¢;'< :

JEZH1/2

[amv an] = m5m+n,0

Vi(x;) = exp

Vertex operators




Let us introduce the Frobenius coordinate

a;(R) = R; —i, b;(R)=R; —1

r(R)
r(r— S 24
. e = = T o i

j=1

They satisfies the completeness relation Z e ==l
n

sr/Q(x:i) = (R|V_(2:)|Q) = (Q|V4 (i) | R)




- Conventions

Coauw (@) = @ 5,0 (a7°) ) sxe /(@) sp/m(a™" ~°)
Y
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i=1,2,3,-
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Ex: Conifold

Z =) Cpp(—Q)"Cpput

=3 5.(a ") (=Q) s, (q™*)

= || @ -Qg¢")"

Formulae
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- Duality to Crystal melting [Okounkov-Leshetikin-Vafa, ‘04]

| %4

C3 -patch melting crystal corner

grand-canonical ensemble melting crystals topological vertex !

Z)\,p,,u: Z e—h#(boxes) S C)\

crystals

s by V
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From the melting crystals picture, there exist cyclic symmetries

Cruv(@) = Cuua(q) = Cuau(q)




- Geometric Engineering [Igbal-KashaniPoor, '04],[Eguchi-Kanno, '04]

Local Hirzhebruch : K — Pl X Pl
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Let us extract the instanton part from the above partition function

Z(Qr,QB) = Z°"“(Qr)Z™" (Qr,QB)

= 1
ZPErs =K = —
(Qr) = Ko¢ (Qr) Q =




Then we obtain

t||2

Z,.(q) Z1(q) Z.(q) Zo2(q)

ZinSt'(QF, QB) Z QB|H|+|V| q”#” +||v
v

Identification with gauge theory parameters
G e e e

Under this identification, this topological string partition function is precisely the
Nekrasov partition function of SU(2) gauge theory on R* x 515

Zinst. =2 Z 4k(6_’8a6A)4k

k=0 :
X Z Wj(q)WEt (q) H (1 = 6—2[3(2a—|—nh))_20n(u,y )
||+ |v|=k ne?

W.(q) = su(q”)




2. Refined Topological Vertex

- Seiberg-Witten theory

Low energy effective action of N =2 gauge theory is described by Seiberg-
Witten prepotential

Seff — /TijFZVFj“Vd4ZB —|— T
82

Tij — ]:(aa A)

8(1,,,;8(1,3'
Low energy effective theory is Higgsed SU(N) — U(1)™V~! by vev

<(I)> = diag(ala —— 9a'N)

.+ ,N —1 are Cartans U(1)N_1




- Nekrasov formulae [Nekrasov, '02]

Nekrasov gave the generating function of Seiberg-Witten prepotential via instanton
caluculus

s\ = Z =T la, N)

g=0

Fota A=k (G- = = im e fop e

h—0

It is given by a specific sigma model on instanton moduli space

ZNek. = io: A2Nka
k=0

Z :/ Du e=F
M(N, k)

In general, Nekrasov formula has two parameters h — €7, €2




Explicit expression for Nekrasov partition function is

ZNek',.((—i, A, 61,62) S Z e—%N|ﬁ|(€1—|—€2)A2N|X|
{na}
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11

a,B=1 Hseﬂa(l =
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Recall that the partition function is precisely the topological string partition
function of SU(N)-geometry for €1 = —€g = h

ZNek.(a*, A, e i — h) == ZA_mOdel(ti, h)

So it is very natural to expect that there exist the extension of topological string
which recover the Nekrasovs partition function for €1 7% —€s




- Refinement in superstrings

Let us consider BPS state counting under non self-dual background in order to “refine”
the generating function

e Z S‘ S‘ N(jL’JR) logdet; ; (A +msn)’ +2ms ) o (Fy + F2))
ZEHQ(M Z) nEZ]L,]R

=
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) This is the refine partition function in the context of superstring
theory.




- Refined Topological Vertex

It is very hard to find a guiding star for refining the topological vertex formalism

- Awata-Kannos idea

The Macdonald functions are a multi-parameter extension of the Schur functions.

2
[[*]]

SoEer im0

\

P,(t";q,t) = t%llleZV(t’ = H i tu;?—z’—l—lqu,;—j)—l
(3,J)€EV
Macdonald function
t — q

Zu(ta g)—> Z“(q)

So we may obtain a refined vertex by replacing the Schur functions with the
specialized Macdonald functions !




[Awata-Kanno, ‘05, ‘08]
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skew Macdonald function

The framing factor is [M.T. ‘07]

t)2 2
|lv || [zl
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For the geometric engineering Calabi-Yaus, the amplitudes computed using the vertex
give the Nekrasovs partition functions [Awata-Kanno, '08].




Awata-Kanno's refined vertex possesses nice symmetries.

CA¢¢(t9 Q) == C¢A¢(t7 Q) = C¢¢>\(t9 Q)fA(tv (I)

Cucpy(t, Q)fy (t, CI) = Cud)”(tv Q).fu (tv C.I)

Cqb)\y(tv C.I)fu (tv CI) == Cqbv)\(tv C.I)fA (ta CI)

But it doesnt have a cyclic symmetry.




- Igbal-Kozcaz-Vafa's idea

crystals
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[Igbal-Kozcaz-Vafad]

Crult,d) = (3)

t

lell2+1v )2 FIESENES M
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Fu s q —p —U —vt —
el (=g ey (t) sxt/n(tPq™")8u/m(t™ q7°)
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IKVS refined vertex breaks the cyclic symmetry for three legs of the vertex !

CA?F”?’/(t’ q) # C 7V9A(t7 q) # CV,A,M(t’ q)

| 4

— preferred direction

q t additional rule
/ \ take all the direction

A H parallel (same CP')

There exists the ambiguity about a choice of preferred direction
when one construct the amplitudes using the refined vertex !




For the toric Calabi-Yaus corresponding to AN = 2 gauge theory,
it is proposed that the amplitudes are independent of the choices of
their preferred directions !

Slicing invariance (conjecture !)

B o g niRaloas ) Rl CI= 0 e
v (7'9.7)61/

ﬁ et
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1,J=1

New formula for Macdonald function ( For Q2 = 0, see [Macdonald, ‘95] )




Flop invariance [M.T, '08]




- Refined Vertex & Hilbert Scheme [Igbal-Kozcaz-Shabbir, '08]

® Hilb™[C?] = Hilbert scheme of n points on C?

C2 with the choice of n points on it

® Xy - genus

(M) = [ ehA, (T"M)td(0)

d JJ‘
= [ T[a-ye=y—=
Mi:l E

l Localization formula under U(1)" — M

=—ye=Tex)
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\ weights of forus action

fixed points of forus action




T*(Hilb"[C?*]) = B,, ® B*

The torus action on C? lifts to an action on Hilb™[C?] and their weights had
been obtained in [Nakajima, '95]. Thus we get

O XO(Bn)lu = Zu(ta q) = |V‘

e

LV : fixed point of torus action (z1,22) — (tz1,q9" " 22)

= Cooul(lsq)
The rest one-leg vertices are also interpreted as Xy -genus

o XO(Bn)|u = Su(q_p) (zla Z2) P (q_lzla q22)

(21,22) — (tz1,t " 22)







- Homological Link Invariants

- Chern-Simons invariants in topological strings [Ooguri-Vafa]

A-Branes
S3

Z =

CP? geometric transition

Boundaries of worldsheets make Wilson loop in S°

e

Hopf link



Z =) Zxu(g;Q)TraViTraV;
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pn NV Z3u(@6:Q) = D Coue(@)(—Q)*'C.r . 5(0)

l Q=q"

W oo S e =g ) g = ey
(1,3)EX

Hopf link invariant !




- Homological link invariants

Polynomial invariants of knots and links

B (o= e il el e ) Euler characteristic
1,] €L

Conjectural cohomology

Homological invariant

Poincare characteristic

Mathematical theory of homological link invariant is formulated for some
representations.

Gukov-Igbal-Kozcaz-Vafa embedded it into refined topological strings expecting
that it gives some insights info their formulation.




Zxu(t, q,Q) = Z(_Q)|V|C¢uv (t, @) Crgpu (g, t)

¢

7

Recall the refined topological vertex

lell2+1vll? FIESEN M

q 2 Ep = q 2
Ckuu(ta Q) = (t) = Put(t p?‘]at) E (t)
n

S\t /n (t_pq_y)su/n )

From the partition function we get the superpolynomial

Gukov-Iqbal-Kozcaz-Vafa

Prula,t,a) =) (-l gzl Z (g, 4)Z,. (¢, @)sa(tPg™ )su(t g
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- Superpolynomial proposal of Gukov-Igbal-Kozcaz-Vafa

Superpolynomial [Gukov-Igbal-Kozcaz-Vafa, '07]

Paplat,a) =) (—Q)MealF g2l Z (g, 2, (2, @)sa(t™Pg™ )su(tPg™)

v | A4 1]

X 7:l_:[fl — Qtl—l/qu—l/Q)—l(_1)|>\|-|—|,u| (Q_l\/g> 2 (%) Al

New parameters

\/%:qa \/az _tq7 Q: _t/a2'

a=q" ( Large-N duality )

Homological link invariants for Hopf link

~sl(N
PRl(,---),Rk; (qat)

They must give homological invariants




- Example

Hopf link

A q2t2

P (q,t,a) = s 1_q2_|_q4t2—a21_|_q%2_qh_qlltz+a
= =gy (1-a?)?

(*) gives the Kovanov-Rozansky invariant for Hopf link

Po.o(qt,a=q")=q 2 KhR(2})

Polynomial !

KhRNZS(Q%) e e T e e T e

R e e e P P e et 2 i e e S S i

—|—2q12t2 HE q14t2




BPS state counting in non-self dual backgrouond

Non-SUSY attractor and OSV-SV conjecture




Summary

-~ We review topological vertex method of A-model
caluculation

-~ We also see the proposal of refined topological
vertex

-+ We apply the refined vertex for homological link
Invariants




Future Directions

-~ More applications of refined topological vertex
and BPS states counting

-+ Rigorous definition of refined vertex and it’s
mathematical structure




