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1 Introduction

¢ Lattice Formulation[l Standard method for nonperturbative study of QFT
[Wilson]

Fewer relevant operators to be fine-tuned in the continuum limit

— Practically easier to construct the continuum theory

= Desirable to possess more symmetries at the level of lattice theory

& Extension to SUSY Theories
A part of supercharges can be preserved on the lattice:

2D Wess-Zumino model [Sakai-Sakamoto, Kikukawa-Nakayama, Catterall]
pure SYM models [Kaplan et al, Ishii et al] <« orbifolding,

[F.S., Catterall] «— TFT approach
SYM + matter fields [Endre-Kaplan, Matsuura] <« orbifolding,

[F.S.] This Talk «— TFT approach



~

Here, we construct a lattice model for

2D N = (2,2) SQCD (SYM + (anti-)fundamental matters)
with G = U(IN) (or SU(N))

2D regular lattice

compact gauge fields

general matter superpotential,

\keeping one of the supercharge Q.




2 SYM part of the Lattice Action

4D N =1SYM = (dim. red.) = 2D N = (2,2) SYM
A, (p=0,1) A, = U,(x) (link variables on the lattice)
A, Aj o (x), p(x) (site variables[]

Fermions : 4-component Majorana spinor
T . .
U(r) = (wg(a:),'tpl(m),x(m), ;n(m)> O (site variables[]

Q-SUSY on the lattice
For admissible gauge fields (||1 — Upi(x)]|| < €)

QU,(x) = 1, (x)U,(x)

Quu(w) = ity (@) (@) + 8D, (2)

Qeo(r) =0

Qd(2) =n(x), Qnx) = [6(x), ()

Qx(z) = iD(2) + L B(z), QD(x) = — QB() — ilp(@),x(=)], (21

where D, ¢(x) = U, (z)d(x + 1)U,(x)' — ¢(x) (covariant differencel ,

B(2) = — W) -Un@)
@) = -t ~ 2Fo




= @Q? = (infinitesimal gauge tr. with the parameter ¢(x))

Lattice Action: Q-exact form = Exact Q-SUSY
For admissible gauge fields (||1 — Uy («)|| < € for Vz),

X(@) |~ 8(@) +iD(@)| + [1(@)[6(2), $(a)] - i5 4,(x) Do)

a 1
SélYg\)/I = Qg2%:tr
0

1 1_ - _
— E %j tr 4<I>(ac)2 4 %j D, ¢(x)D, () + ix(x)QP(x) + z%j Y (x)D,n(x)
0
1 — 1
+[0(2), 3@ — x(2)[$(2), x(2)] — ,n(@)[ (), n()]
— S u(@)u(@) (3() + Up(@)d(@ + 1)Uu(@) ") - D(@Z] , (2.2)
For other cases, Sél{a}tl\)/[ = +o00. (i.e. The Boltzmann weight is zero.)
Note
Without the admissibility and the denominator of ®, the configurations
+1
Uoi(x) = .. (up to gauge tr.) (2.3)
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for Vax give the vacua of the action.
To get the target theory, we should consider excitations around the single

vacuum Uy, (x) = 1.

The admissibility and the denominator of ® smoothly remove the
degenerated vacua Ug;(x)? = 1,Up(x) # 1. [Liischer],
et t>0

cf. f(t) = 0 0 with ¢ > 0 is smooth and infinitely differentiable
t <

w.r.t. t € R

= (Q-SUSY is preserved.
(Take the traceless part of the numerator of ® for G = SU(N) casel]

The Q-SUSY forbids the mass term ¢¢ appearing in the radiative correction.
= The continuum theory can be constructed without any fine-tuning.
(Checked in the lattice perturbation. Computer simulation will give the

nonperturbative check.)



3 Matter part of the Lattice Action

®,; : Dim. Red. of 4D N = 1 chiral superfield (fundamental repre.)
(Flavors: I =1,---,ny)

®_; : Dim. Red. of 4D N = 1 chiral superfield (anti-fundamental repre.)
(Flavors: I =1,---,n_)

The continuum theory is

n —~ n_ —

‘cmat = Z (I)LIBV_V‘H(I)_FI -+ Z (I)_IG_V+V_I‘I)JF_I] L (31)
I=1 I=1 06000

Lpot = W(Py, ®_)[pe + W((I):_, (I)T—)‘gg (3.2)

where Vi, = 20z0;, M. + 29L§Rm*ﬂ: twisted masses.

Note

Two kinds of fermion mass can be introduced.

e Complex mass terms (C W, W):
mr (Y_1pr1r — Y—1rY11z) + M} ($irrp—_10 — Y109 -1R)
e Twisted mass terms (¢ W, W):
My rpPyrr + M7 PR 1 + MY pY_L + M Y _gg
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& Flavor symmetry of Lya: U(ng) X U(n-) (m4r = m}; = 0 casel]
= U(1)"+ x U(1)"- (generic m+j, m’; case)

> Let us consider the latticization, introducing the forward (backward)

covariant differences D, (D},)0

D@ 1(x) = Up(x)®ir(z+i) — Pyr(x)

D@ (x) = @yr(x) — Up(z — ) '@y p(z—f)
D,®_r(z) = ®_1(z+)Uu(z)" — @_1(z)
D@ _i(x) = ®_1(v) — P_1(z—)Uu(z — f1)
: (3.3)
and
D} = ; (D, + D2), Df = ; (D, — D2). (3.4)



Q-SUSY on the lattice [Consider the case n,. = n_ = n]

Qoir(x) = —Yir(x), Quirn(x) = —(P(x) — mir)pir(x)
Qv 11r(x) = (D§ + iDY) d1r(x) + Fri(z) + > ;D;‘qb_l(a:)T — Wilson term (r > 0)

QF 1(x) = (¢(x) — myn)Yiir(T) + (Dbg + @Df) Yiro(z) + %: ;D;:‘(E—IR(m)
"; ($o(2)Us(2)$1.1(x + 0) + Uo(x — 0) *4ho(x — 0)p.1(x — 0))
—I—; (1(2)Ur(@)pyr(z 4+ 1) + Ur(w — 1) s (x — D)1 (x — 1))

! %:; <"vbu(w)Uu(w)¢—I(fc + )" — Un(x — ﬂ)_lwu(w — p)o_1(z — '&)T) ’
(3.5)

Note
Qv¥_1r(x) = —(¢(x) — m_r)¢_1(z)". (3.6)

Q*Fi1(z) = (¢(z) — myr)Fir(x)—(myr — m_y) éﬂ raD,¢_r(z)'.  (37)



When m_|_1 = m_I(E mI)a

= @? = (infinitesimal gauge tr. with the parameter ¢(z))

+ (infinitesimal flavor rotation with the parameter mjy) (3.8)

J(I):tj = :FmI(I)+I, (SCI)E:I = ﬂ:qu):_I

Lattice Action: Q-exact form

S(lat)

n la la

I=1

1 _
Sr(rllz?,u = QX [2¢+1L(CL’) {(Dbg + sz) ¢i1(x) — Fyp(x) + %ﬁ ;qub_l(a:)T}

—|—1 {(Dbg — iD}) ¢pyr(x)’ — Fip(x)t + %: ;DﬁlQb—I(m)} Yi1r(x)

2
‘|‘;"15—|—IR(37)(§5($) —m )oyr(x) — ;¢+I($)T(€5(w) — M) Y+rn(e)
+igi(@) X (@) 41()] (3.9)

1 _
Stwir = QX |, {(D§ +iDf) ¢-1(@) = Fs(@) + 3 Dds(@)'} $o11(@)
1
+-v-mn(@) {(D§ = iD§) ¢-1(2)! — Foi(@)' +3 " D6 11(2)]
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ot (@) (B() — m ) 1(@)! — b 1) (B(z) — m* Vb rn(e)
— ig_1(@)x(@)p-1(@)') (3.10)

Superpotential terms: (i: gauge group index)

ow

8 —_
—8¢+H(w)¢+1m(w) N 8¢-zi(w)¢_IRi(w)
w

@) ) 2
+IL2 8¢1IZ($) —IL2 aqbih(m)

N
Sl = QY Yy ¥

T I =1

(3.11)
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Note

Due to the Wilson term, the flavor symmetry of Sr(rlli? is down to U (1)"
(diagonal subgroup of U (1)™ x U(1)").

= The lattice action is Q-SUSY invariant when m_; = m_;(= my)
We will focus on this case.

(We can still choose m” ;, m* ; freely![
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4 U(1)s Anomaly

$ U(1) 4-symmetry with the charges:

+2 :
+1 :
P Xs My Yarr, P4IL

: @,

: the others (4.1)

¢
Yy, V1L, ViIr

is realized in the lattice action when all the twisted masses are zero.

In particular, the Wilson terms are consistent with the U (1)s-symmetry.

Since U (1) 4 transforms the left-handed fermions and the right-handed

fermions differently, it can be anomalous at the quantum level.

Note

e The gaugino fields (v, x,n) belong to the adjoint representation and do

not contribute to the anomaly.

e U(1), is not anomalous when n, = n_. = consistent with our lattice

formulation
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U(1)4-WT identity:
8, (3 (@)) = ( 3 (Muya(@) + M_i(2)), (42)
with
Mir(@) = 2m; (641(2)'$(2)$41(2) + i10(2) 1 1n())
—2m, (p41(2) $(@)$11(2) + Pirn(@) (@) (43

2my (¢-1(x)p(@)p_r(x)" + b _rr(x)h_rr(w))
—2m* ; (p_1(2)p(x)p_1(x)' + ¢ 1 (2)P_1r(w)).  (44)

M_i(x)

We can investigate the general case of n, # n_, if the fields
o, ;. I=n, +1,---,n)and ®_p, ®_p (I'=n_+1,---,n)
are decoupled by sending

mt, —oo (I=ny+1,---,n),m";, o0 (I'=n_+1,---,n).

Regarding U (1) 4-anomaly, we can check that the decoupling is achieved in

the lattice perturbation,
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and the anomalous WT-identity for n, fundamentals and n_

anti-fundamentals is correctly obtained :
. 1 n4 n_
0, <jg(1)A(£B)> = —ﬂ_(nJr — n_)tr Fp1(x) + <I§_:1 Mir(x) + 12—21 M_I(:L*)> . (45)

The anomaly arises from the fermion mass terms via

n 5 [T/a d2q A2

I§1 tr Fo1(x) (ra) /_W/a (271_)2q
X ((jz cos(aqp) cos(aqy) — 2go cos(aqo) — 2q; cos(aql)) (A+I(q)2 — A—I(CI)2) ’
(4.6)

where the lattice spacing a is introduced,

and q,, = %sin(aqu), 4, = %sin(aqu/Z),

Aj:[(q) = _2 ra 29 5 — . (47)
q + (2(1 ) —|_ mIm*:tI

Note

The decoupling is not completely trivial, because the holomorphic parts m;
are kept finite.

The Q-supersymmetry plays an important role to achieve the decoupling.
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5 Summary

{> We have presented a lattice formulation of 2D N = (2,2) SQCD with
exactly keeping Q-SUSY.

e Gauge Group G = U(N) (or SU(N)), Compact link variables U, (x)

e In order to resolve the doubling of the matters, the lattice action is
constructed in the case of the same number of the fundamental matters

and anti-fundamental matters (ny = n_(= n)).

e Regarding the U (1) -anomaly, the case n, # n_ is achieved by
decoupling in the lattice perturbation.

= m, # n_ case from the beginning?, Ginsparg-Wilson?

e In the G = U (V) case, the FI and topological ¥-term for the overall
U (1) can be introduced:
Sl(vlﬁt% = QKX tr (—ix(x)) — "9_22:"“ S tr InUpy ()~ | d?x tr <K,D — i;ZrFOl)
(Gauge field configurations of nontrivial topology can be taken into

account by the admissibility condition with 0 < € < 1.)
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¢ Applications
e Computer simulation for SUSY breaking (c.f.[Kanamori’s Talk])

e Lattice formulation of gauged linear sigma-models (O SQCD models)
= Numerical analysis of phases of Calabi-Yau nonlinear sigma models

[Witten, Hanany-Hori, Hori-Tong]
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