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Supergravity on (twisted) torus with B-field

Start from low energy effective field theory for ten-dimensional string theory including

1
S = / dl%\/—ge—ﬂ’{n + 4(V®)? — EHMNPHMNP}

H = dB

Consider the field theory compactified on (twisted) torus in the presence of B-field.

- motivation N

flux compactifications

duality relations among flux vacua

N. Kaloper, R.C. Myers hep-th/9901045
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Reduced D-dim. action compactified on a flat d-torus (1D = 10 — d):
S = /dD:U\/—g e_2¢{R + 4(V)® — %HWPHWP

1 1
-+ gL[JvuMJK LKLVMMLI — ZFJVL]JMJKLKLFLMV

This theory has U (1)?? gauge symmetry and a manifest global O(d, d) symmetry with

ii — Bir 9" Bij B g™ O(d, d
My = i .kk g kg : moduli, taking values in (d, d)
—g"" By, g O(d) x O(d)
%4 3
I I I 7 I J
F — dA y A’u — ) H,Lbl/p — 3 a[MBVp] -_— — A[,u L|IJ| pr]
B, 2
[ 04 1y4 O(d, d) invariant metric s.t.
-\ 1a 04 VM € O(d,d), MLM" = L
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Non-abelian gauge symmetry from a 2d-dimensional subgroup G of O(d, d):
Fundamental repr. of O(d, d) becomes adjoint repr. of G under embedding
K 1o K
17,75 = tr;" T, 17 = 561 myK

Ty : generators of G with structure constant t; ;%

{ myg: generators of O(d,d)

©;7% . embedding tensor
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T are (non-)abelian generators for gauge fields A/{L = (Viu, BW;)T:

Z;: generators for V', | ] fig" Zk ik
I35 4 XL X9 =0
X*: generators for B,; o i i
[X 7Zj_ — f ij

fijk © structure constant of twisted torus
hijk: (minus) VEV of three-form H,y

Twisted torus is introduced by vielbein dy* — ™ = €™;(y)dy":

gij(x) — Gii(z,y) = gma(x) e (y)e';(y)

9ij(x) (dyi + Viudx“) (dyj + Vj,/dac”) —  gmn(z) (" (y) + V" dz") (¢"(y) + V", dz")

We often switch off 4-dim. fluctuations: gyn(z) — dmn, Bmn(x) — 0, Gii(x,y) — Gi;(y).
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Extension of the Lie algebra

[Zmp Zn — fmnp Zp =+ hmnp XP
(X" X" =0
[Xma Zn — fmnp XP
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Extension of the Lie algebra

[Z’I’I’HZTL — fmanp+hmanp
X7 X" = 0
[Xmazn: — fmanp

Y

[Zma Zn — fmnp Zp + hmnp XP
[Xm’Xn — anp XP + R™Mnp Zp
[Xma Z'n — fm'np XP— Qmpn Zp

Why should we study additional structure constants ()", and R"™"'P?
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Extension of the Lie algebra

[Z’I’I’HZTL — fmanp+hmanp
X7 X" = 0
[Xmazn: — fmanp

Y

[Zma Zn — fmnp Zp + hmnp XP
[Xm’Xn — anp XP + R™Mnp Zp
[Xma Z'n — fm'np XP— Qmpn Zp

Why should we study additional structure constants ()", and R"™"'P?

l

Because they are related via T-duality transformations

J. Shelton, W. Taylor, B. Wecht hep-th/0508133 A. Dabholkar, C.M. Hull hep-th /0512005
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hmnp

anp

Rmnp

Geometries generated by T-duality transformations: an example

T-duality transformation

T-duality transformation

T-duality transformation
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hmnp

anp

Rmnp

Geometries generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation

T-duality transformation

T-duality transformation
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hmnp

anp

Rmnp

Geometries generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation
Twisted torus with non-trivial isometry group

T-duality transformation

T-duality transformation
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anp

Rmnp

Geometries generated by T-duality transformations: an example

Flat torus with three-form flux
T-duality transformation

Twisted torus with non-trivial isometry group

T-duality transformation
T-fold globally nongeometric, locally geometric: stringy

T-duality transformation
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hmnp

anp

Rmnp

Geometries generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation

Twisted torus with non-trivial isometry group

T-duality transformation

T-fold globally nongeometric, locally geometric: stringy

T-duality transformation

Nongeometric background even locally: stringy
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Geometries generated by T-duality transformations: an example

hmnp | Flat torus with three-form flux

l T-duality transformation

f™np | Twisted torus with non-trivial isometry group
l T-duality transformation

Q™™, | T-fold globally nongeometric, locally geometric: stringy
l T-duality transformation

R™™P | Nongeometric background even locally: stringy

In order to include the above information,

we double the compactified geometry My to Moy = My X JVEd

and study an extended sigma model on it. --+ Doubled Formalism

C.M. Hull hep-th/0406102 hep-th/0605149 C.M. Hull, R.A. Reid-Edwards hep-th /0503114 arXiv:0711.4818

C.M. Hull
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Doubled sigma model with Wess-Zumino term

Start with a sigma model on a space M, with metric G;;(y) and B-field B;;(y):

1 . . . .
Sc — 5/ ( G@'j dYZ A\ *dYJ -+ Bz'j dY?' N dY]>
b))
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Doubled sigma model with Wess-Zumino term

Start with a sigma model on a space M, with metric G;;(y) and B-field B;;(y):

1 . . . .
Sc — 5/ ( G’ij dY* A\ >l<de‘7 -+ Bz'j dYZ N dY‘7>
b))

Extend to the action with the Wess-Zumino term on a doubled space My, (= G/T)

1 1
S = —/MMNPMA*PN+—/tMNpPM/\PN/\PP
4 /s 12 J,

string worldsheet (without boundary)
an extension of X s.t. OV = X
2d-dim. (non-)compact Lie group w/ [Tas, Tn] = tyntTp

= QM

a discrete subgroup of GG chosen s.t. My, is compact

for doubled sigma model with BOUNDARY: C.Albertsson's POSTER
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. . 1 1
Constituents of the action S = 1/ My~ PM A *PNJrE/ tunp PMYAPY APE
> v
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. . 1 1
Constituents of the action S = 1/ MuynPM A *PNJrE/ tunp PMYAPY APE
> v

/" Scalar fields of doubled coordinates and doubled vielbeins:

Y'; P =gldg = PM(rTa)dY' , w/geGCO(dd)
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. . 1 1
Constituents of the action S = 1/ MuynPM A *PNJrE/ tunp PMYAPY APE
> v

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y'; P =gldg = PM(rTa)dY' , w/geGCO(dd)

/" Bianchi identity (Maurer-Cartan eq.):

P =~ tnp PN AP
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. . 1 1
Constituents of the action S = 1/ MuynPM A *PNJrE/ tunp PMYAPY APE
> v

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y'; P =gldg = PM(rTa)dY' , w/geGCO(dd)

/" Bianchi identity (Maurer-Cartan eq.):

P =~ tnp PN AP

/" Doubled metric from doubled vielbeins:

O(d, d)
O(d) x O(d)

Muyn =Pyl Mg P N, My takes values in a coset
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. . 1 1
Constituents of the action S = 1/ MuynPM A *PNJrE/ tunp PMYAPY APE
> v

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y'; P =gldg = PM(rTa)dY' , w/geGCO(dd)

/" Bianchi identity (Maurer-Cartan eq.):

P =~ tnp PN AP

/" Doubled metric from doubled vielbeins:

O(d, d)
O(d) x O(d)

Muyn =Pyl Mg P N, My takes values in a coset

/" Self-duality constraint (to go back to conventional system):

PM = LMN Myp + PP
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Polarization to decompose doubled space into physical /dual spaces

Generators of the Lie algebra T given by 2d x 2d matrix projectors TIM , TIM y:

MM NI p = TTMp, TMMIIVp = 0, TMy4+TMy = My

I ~ 0
HMN = N , HMN = ~
0 HmN

~

xm = Uy LMYy, Z,, = U LMNTyN

Then doubled coordinates, vielbeins and metric are polarized as

Y? ~ ~ 0
Yi = 11,Y/ = Y =1y = | -
0 Y;

Gij — Bix G*' B Bix GV
My, = ! )
G By, G
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O(d, d) transformation including T-duality

peO(dd);, Y — Y!'=p,¥/ PMUY) = PM(Y)=p"qP?(Y)p’s
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O(d, d) transformation including T-duality

peO(dd), Y — Y'=p,;¥/, PMIY) — PMY)=p"qP?(Y)p's
~—— A realization of fractional transformation of M;; = G;; + B;; ——
A B

— . M— (DM+0)(BM+ A"
P o b (DM+ ©)(BM+ A)

© : gauge transformation of B-field B — B+ ©
{ D,A: diffeomorphism
B3 : duality transformation with mixing Y* and Y;
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O(d, d) transformation including T-duality

peO(dd), Y — Y'=p,;¥/, PMIY) — PMY)=p"qP?(Y)p's

~—— A realization of fractional transformation of M;; = G;; + B;; ——

p:<g g>; M—>(DM+@)(6/\/I—|—A)_1

( © : gauge transformation of B-field B — B+ ©
{ D,A: diffeomorphism

B3 : duality transformation with mixing Y* and Y;

N J
T-duality transformation (ex. d = 3 case):

I3 —T; T;
T, 13— T,

() () ()

This action exchanges physical coordinates Y* with dual coordinates 172
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: A simple example: a flat torus with flux

Start from a flat three-torus T with a three-form flux H given by the following forms:

ds?> = (dz)’+ (dy)* + (d2)®,  H = dB = mdz Ady Adz

with a symmetric gauge B = k(a:dy/\derydz/\da:Jrzda:/\dy), k:%
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A simple example: a flat torus with flux

Start from a flat three-torus T with a three-form flux H given by the following forms:

ds?> = (dz)’+ (dy)* + (d2)®,  H = dB = mdz Ady Adz

with a symmetric gauge B = k(a:dy/\derydz/\da:Jrzda:/\dy), k:%

Doubled vielbein PM;

[ 1 0 0 10 0 0 \
0 1 0 '0 0 0
oM e 0 _ 0 0 1 10 0 0
T\ —endB emt ) 0 —kz ky 11 0 0
kz 0 —kx 0 1 O
—ky  kzx 0O +0 0 1 )
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A simple example: a flat torus with flux

Start from a flat three-torus T with a three-form flux H given by the following forms:

ds?> = (dz)’+ (dy)* + (d2)®,  H = dB = mdz Ady Adz

with a symmetric gauge B = k(a:dy/\derydz/\da:Jrzdx/\dy), k:%

Doubled vielbein P ; and doubled metric M;; = PrMéynPYN s are given as

( 1 0 O +0 0 O \
0 1 O 0 0 O
M ( S ) |00 1 i0 0 0
—em? Bji  em” 0 —kz ky E 1 0 0
kz 0 —kx 0 1 O
—ky  kzx 0O +0 0 1 )
( 1—|—k:2y2—|—k2z2 kZ:By —k2zz : 0 kz —ky \
—k2xy 1+ k222 + k222 kz2yz L —kz 0 kx
My = | —klzx —Kyz 1+ k% + K%y 0 ky  —kx 0
0 —k=z ky | 0 0
kz 0 —kx .0 1 0
\ —ky ke 0 0 0 1)
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: . . . : P .
Bianchi identity of doubled vielbein P = ( 5 ) gives a structure constant £y, n':
~ 2m o 3 ~ 2m 3 1 ~ 2m __9 3
dpl — ?P /\P 5 dPQ — ?P /\73 s dPg — ?P /\P
dP™ = 0, dP, = —gtmin”/\Pp
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m

Bianchi identity of doubled vielbein P = ( 5 ) gives a structure constant £y, n':
~ 2m o 3 = 2m __3 1 = 2m o 3
dp1:?73 /\P, dPQZ—P /\73, dP3:?P /\7)
m ~ r n

Then we can read the structure constant ¢,,,,,, = ;. Of the Lie algebra as

2m
[Zmyzn] — hmanpa h123 — _§ = _H123

We can also fix the scaling factor in the Bianchi identity:

1
r o= 3 dpM = —gthMPN/\PP

Tetsuji KIMURA: Supergravity and doubled geometry



Periodicity of physical coordinates Y* and dual coordinates 17@

(z,9,2) ~ (x+ 1,7+ kz,z — ky) o~ T4
(y,2,%) ~ (y+ 1,2+ ka, T — kz) 7o~ 41
(z,%,79) ~ (z+1,Z + ky,y — kx) T~ 341

This does not change the metric G;; and the B-field B;;.
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Periodicity of physical coordinates Y* and dual coordinates ﬁ

(y,2,%) ~ (y+ 1,2+ ka, T — kz) 7o~ 41
(2,%,9) ~ (z+ 1, + ky,y — kx) T~ 341

This does not change the metric G;; and the B-field B;;.

Self-duality constraint: Y’ = (z.,y,2), Y, = (2,7,2) and o =o' + o'

{ 0+Y; = (Bi;(Y) F ;) 5’in}

We can completely take the projection onto the physical space

--+» geometric background
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Nilmanifold as a twisted torus

[ 1 0 0:;0 0 0 Y\
0 1 0:'0 O O
M M N J ~ky kxr 1'0 0 O
(Pf) I = (Pz) NP J(Pz) I = "_(_)""_—_152:"(_)_:"1_"(_)"_7<;_y_“
kz 0 0.0 1 —kz
\ 0 0o 010 0 1 )

G, —B,6:'B, B,G;!
(Myg)ry = (Pz)IKMKL(pz)LJ / Vs S

—1 —1
—Gf B, Gf

“Metric” Gy and “B-field” B¢ can be read from the doubled metric as

1+ k2y2 —kzxy —ky 0 kz O
(Grlij = —K’xy 1+ k%2®  ka , (Bp)ij = —kz 0 O
—ky kx 1 0 0 0
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m

Bianchi identity of doubled vielbein P = ( 5 ) gives a structure constant £y, n':
~ 2m 2 ~ ~ 2m ~ 1 3 2m, 1 2
dP; = ?'P A Ps, dPy = ?733/\73 , dP” = ?'P NP
m 1 m n ~ 1 n ~

Then we can read the structure constant ¢,,,,” = [,,.” as

[Zmazn] — fmanpa [Xmazn] = fmanp7 f123 = —m

Tetsuji KIMURA: Supergravity and doubled geometry



Periodicity of physical coordinates Y* and dual coordinates 17@

(x,y,2z) ~ (x+ 1,y + kz,z — ky) T ~ T4+1
(y,2,2) ~ (y+1,z+ kx,z — kz) g o~ g+1

ds? = (dz)’ + (dy)” + (dz — kydz + kazdy)®, B = kzdzAdy

The metric is invariant and the B-field is shifted via this periodic shift.
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Periodicity of physical coordinates Y* and dual coordinates 17@

(x,y,2z) ~ (x+ 1,y + kz,z — ky) T ~ T4+1
(y,2,2) ~ (y+1,z+ kx,z — kz) g o~ g+1

ds? = (dz)’ + (dy)” + (dz — kydz + kazdy)®, B = kzdzAdy

The metric is invariant and the B-field is shifted via this periodic shift.

Self-duality constraint is 8il7i = (Bw(f/) T Gij(Y)) 0LY7
We can completely take the projection on the physical space

--+ geometric background

i
-
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G — B,G:'B, B,G:!
(M@Q);; = (PypZ)IKMKL(pzpy)LJ = ¢ —Q1 . Q—?
_GQ BQ GQ

The “metric” Gg and “B-field” Bg are
14+ k%2> + 32 +2%) kzZ —ky

1 _
Q)i = T2 k2 L0
kY 0 1
) 0 —k:2x§ — k2%
_ 2~
k’zZ kx 0

Tetsuji KIMURA: Supergravity and doubled geometry



m

Bianchi identity of doubled vielbein P = ( 72 ) gives a structure constant ¢,y

m

~ 2m ~ ~ 2 2m 1 3 2m 1
dplz?Pg/\Pg, dP :?Pg/\’]), dP :?P /\7)2

m 1 mn 1y 1 np 4~ ~
dP" = —3t p Pu APP, AP, = —5tm PPn APy

Then we can read the structure constant ¢"", = ™", as

X" X" = Q™ XP,  [Zm, X" = Qn""Z,, Q%3 = —m
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Periodicity of physical coordinates Y* and dual ones 172

y o~ y+1 (7,2,8) ~ (F+1,2+ ks, 7 — k3)
z ~ z+1 (z,z,y) ~ (z+ 1,2+ ky,y — kx)

9 2 1 N2 N2
ds® = (daz) + ey {(dy + kz daz) + (dz — ky dx) }
This periodic shift yields a G-trsf: duality trsf. --» globally nongeometric
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Periodicity of physical coordinates Y* and dual ones 17@

y o~ y+1 (7,2,8) ~ (F+1,2+ ks, 7 — k3)
z ~ z+1 (z,z,y) ~ (z+ 1,2+ ky,y — kx)

9 2 1 N2 N2
ds® = (daz) + ey {(dy + kz dx) + (dz — ky dx) }
This periodic shift yields a G-trsf: duality trsf. --» globally nongeometric

However, imposing the self-duality constraint,
we see that this duality transformation is interpreted as T-duality on fibred 72

in terms of only the physical coordinate objects --+ locally geometric
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Nongeometric background

Doubled vielbein by T-duality along (x, ¥, z)-directions:

(1 0 0' 0 —k¥ Ky
0 1 0 k¥ 0 —k&
0 0 1:—ky ki O
(Pr)" 1 = (papypz)"' N PNy (pzpypa)’t = --d--b---o--i---l-y-----g ----- 5
0 0 0! 0 1 0
\o 0o 0l 0 0o 1 )

Gnr— BLGa'B, BpGLl
(MR);, = (Pwpypz)IKMKL(pzpypm)LJ _ rR — PRUR Pr PROUR
—G.'B G-1

R R R

The “metric” Gr and “B-field” Bg can be read from the doubled metric as

1+ k272 K23y k’z%
(GR)ii = - K7y 1+ K252 K%yz
“ 1+ k222 + k232 4 k222 ) ) >
k’Z% K25z 1+ k%2
) 0 —kz kg
(BR)ij = kz 0 —kx

1+ k222 4 k252 + K222
—ky kT 0
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: . . . : P .
Bianchi identity of doubled vielbein P = ( 5 ) gives a structure constant £y, n':
AP’ = —=P> AP, dP* = —=Ps AP1, dP* = —=Pi AP
m m  mnp ~ ~

Then we can read the structure constant t""""P = R™"P 3s

[Xm,Xn] — Rmanp’ R123 — —m
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Periodicity of physical coordinates Y* and dual coordinates ﬁ

r ~ x+1 (z,y,2) ~ (x+1,y+kz,z — ky)

y ~ y+1 (y,z,x) ~ (y+1,z+ kx,x — kZ2)

z ~ z+4+1 (z,z,y) ~ (Z+ 1,z + ky,y — k)
1

ds® =

[ LR e [(dx)2 + (dy)? + (d2)? + K*(Tde + g dy + zdz)ﬂ

This periodic shift yields a g-trsf: duality trsf. --» globally nongeometric

The self-duality constraint does not yield a well-defined projection

--+ locally nongeometric
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Summary of example

T-dual T-dual T-dual
—_ —_— —_—
mn mn
Ry fmnp Q P R™"P
flat-torus nilmanifold T-fold nongeometric
stringy stringy

T-duality in the presence of B-field generates geometric/nongeometric backgrounds.
They also have to be investigated as low energy stringy geometries.
Extended formalism can proceed the analysis.

Generalized geometry would also know the existence of ()- and R-fluxes.

M. Grafa, J. Louis, D. Waldram hep-th /0612237
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Summary and Discussions

» Start from scalar moduli matrix in supergravity on My
» Introduce doubled space My, induced by B-field
» Perform T-duality transformations

» Evaluate Lie algebra and geometries

Introduction of D-branes in the doubled geometry
C. Albertsson’'s POSTER

Extend to U-fold endowed with U-duality transformation (hidden symmetry)
?  Supersymmetry on doubled geometry 7

? Investigate quantum aspects of the doubled sigma model 7
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Physical fields compactified on d-torus

Decomposition of fields by Kaluza-Klein compactification on a flat d-torus

d82 — g,ul/(x7 y)dxﬂ ® dx’/ + gij(x’ y) (dyz + Viu(xa y)dxu) X (dyj + le/(x7 y)dxy)

1 -1 . .
B = EBW(:B, y)dz" AN dz” + Bi(x, y)dz" A dy" + iBij(a}, y)dy" A dy’

with Ansatz (truncation of massive Kaluza-Klein modes)

G (z,y) = gu(z), Gij(z,y) = gi;(z), Vi(zy) = Vi)

Bw(z,y) = Bu(z),  Bu(z,y) = Bul(z), Bij(z,y) = Bij(z)

B(z,y) = gb(a:)—l—ilog’det 9i;(2)|

Reduced degrees of freedom to demonstrate manifest gauge invariance:

B,uz' — B,uz' + Bijvju

B, = Bu + VB, — BV, V7,

Tetsuji KIMURA: Supergravity and doubled geometry



Global/local symmetry in doubled formalism

O(d, d)
O(d) x O(d)

M takes values in a coset

This sigma model on the doubled space M5, has

O(d,d) global symmetry by p € O(d,d) w/ pMpLT? poN = LMN:

YI _ Y/I _ plij
PM(Y) — PM(Y) =p o PYi(Y)p’s
Mps(Y) = M (Y) =pr™ Mgr(Y)p"s

O(d) x O(d) local symmetry: PM(Y) — P'"M (V) = hM 5 (Y) PN (V)
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Self-duality constraint

Using the worldsheet coordinates ¢, we see the self-duality constraint as

PY = LMYMypxP” — dY' = LMk« dY"

Nay = diag.(+, —)

€01 — 1 2810

<8QYI — \/—nsab LY M g 8bYK> do® = 0 w/ {

Taking the polarization, we obtain a set of non-trivial equations:

(80 + ({91)172 = (sz(Y, 17) + Gij(Y, )7)) (00 + 5’1)Yj

Then the dual coordinates Y; are related to the physical coordinates Y.
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Role of L in doubled space

Reduction of (co)tangent bundle of doubled space My,

LMN _ <PM,PN> _ <(I?d (:I])-d>7 LIJ — <dYI,dYJ> _ PIMLMNPNJ
d d

This implies T"Mog = TMyg B 1My s.t.

i v i v 0
(Av*%,dy;) = 65— dY; = o
pM _ pM gyl — imz' dy™ _ e, dY”
en! (dY; — B;; dYY) em' (397 — Bij dY7)

a connection to Generalized Geometry
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Three-form flux in doubled space

v a flat three-torus: introduction
H = dB = mdxz ANdy Adz

v/ a nilmanifold given by T-duality along z-direction of the three-torus

- m
H = kdx Ndy Adz, k:§

/" a T-fold given by T-duality along (v, z)-directions of the three-torus
_ k(—1+ K*z?) k*x ki

dz Ady Adz — ————dz Ady A dj + ———dz A dx A dZ
(1 a2z WA WA e AN AT e A e A ez

/" a nongeometric space given by T-duality along (x,y, z)-directions of the three-torus

H = X2{2k255’5dx Ady AdT — (x ' — 2k’3%)dy A dz A dZ + 2k°TG dz A da A dE
+2k*gZdx Ady A dY + 2k°Fgdy Adz AdY — (x7' — 2k°57)dz A dz A dg
— (x 7' = 2k%Z%)dx A dy A dZ + 2k°FZdy A dz A dZ + 2k°gZdz A da A dz}

X — 1—|—k2(§2—i—§2—|—'52)
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