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The contents

2,10 = [ Doexp(~Siol =T - 9)

Gradulal integration of higher momentum modes defines a RG flow

When a symmetry exits, we find an expression, 5 = 0.

— Yp = 0 is the cutoff dependent Ward-Takahashi identity.
>:p changes along the flow as a composite operator.

If anomalous, we find ¥4 ~ ghost X anomaly.

— We study it in a typical example.
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The cutoff function
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Introduce a cutoff A(< Ag) with K(p/A), and decompose ¢* into IR fields ®4 and UV
fields y:
KoD~' = KD~' + (K — Ko)D™!

Integration over the UV fields gives

Zy|J] = NjZo|J],

Za|J] = /DCD exp (—S[®;A] — K~ 'J - @)

The Wilson action with the cutoff A S[®;A] =10 - K~'D - & + S;[®; A]

its interaction part S;[®; A]

1
exp (—S7[P; A]) = /Dxexp [—§X (Ko —K)™'D-x —8;7[® + x; Ag|
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The normalization factor N; is given by

— €A
InN; = ! 2) JAK; 'K Y (Ko — K) (D7) J5 .
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The gradual integration gives a RG flow, or the Polchinski equation

N 0'S
N7 /p<K K [q)A(p) 0¢A<p>]

€Al T —1 AB 9's 9”5 _ 0'0"S
+§/p(—) (KD~ (p)) [aq)B(—p)c?ch(p) 0D (—p)94(p)

with the initial condition

S[(I),A — Ao] - S[(I),AO]

The functional integration and solving the Polchinski equation are equivallent; two
different languages to describe the same.
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The composite operator is a useful notion

Equivallent definitions for the composite operator O[®; A]

1. Via the linearized Polchinski equation, with an initial condition at Ag

Ast a O[®; A] = —D O[®; Al

o' L AB S 1 o
—1 A €A —1 _
b= /[ K)ot sz + (O ED ) (S5 56 28(1)38¢A)]O

2. Given an operator O|¢; Ag] at the UV scale Ay, the corresponding IR composite
operator O[®; A| may be constructed as

O[®; A] e 51T = /DX O[® + ; Ag| e~ 2X (Ko=K) T D-x=S1[®+x.6%:A0]

3. The expectation values in the presence of arbitrary sources satisfy

(O]®; A]>c1>,K—1J — J_l (O] A0]>¢,KO_1J
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Consider some transformation

o — ¢ =g L o0t 6 = 6N = KoRA[¢; Ag] A

[ Do (1517504 Slo:A0l) exp (~Slos Aol ~ Ki'T - 6) =0

where the quantity 3[¢; Ao is given as

oS 9
0¢A5¢
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7007 -

0
Y:[¢, Ap| is the sum of the change of the original gauge fixed action S[¢; Ag]

2|5 Ao| =

0'S
NS = Y
and that of the functional measure D¢
L0 o"
5xInDgp = AN
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e X|p; Ag] = 0 implies that the UV action S|¢; Ag] is invariant under d¢

e Appropriate to call 3[¢; Ag| as the WT operator

Let us see how the transformation and the WT operator changes as the scale changes.

We have the relation

(X[ AO]>¢, K\ T _Ko_lj‘ <5(/5>¢, KytJ
= —J - (Rl¢; AO]>¢, Kl
= —J-R[K¢0%; Ao] Z4[J]

Using the relation Z4|J] = N;Zg|.J], we may rewrite the above for Zg|J].
Then, we expect to find a similar relation for the lower scale A.
e Important to note that 0; acts on N
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To find 0® and X at the scale A, use (cf. the definition of composite operator)
(K~160M g -1y = NJ_1<K0_15¢A>¢,KO—1J
<E[CI); A]><I>,K—1J — N}%Z[gb; A0]>¢,KO_1J

As for the transformation K '6¢ = R[¢; Ag)

N;YK ™) oKL = N7IRA[K0OY; Ao) Z4[J] = N 'RA[Ko0Y; Ao] Ny Zo[J]

Note here 9% acts on N;, that produces the scale change of the transformation.

Equating the above expression with the following
<K_15(I)A><I>,K—1J — NJ_1<K0_15¢A>¢,KO—1J — RA[Ka,lﬁ A Zs|J]
we find the transformation of the IR fields

SOA[D; A] = KRA[®; A]
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For the WT operator, we find
(B[®;A)g -1, = —J - RIKOY; A Zp|J]

Therefore

IS® A 4 O

A
oPA 8<I>A5(I)

[P Al =

The relation

(E[®;AD e x-15 = N;1<E[(b; AO]>¢,KO—1J
implies that if the WT operator vanishes at the scale Ay, it does at any lower scale.

A different way to observe the same property: the WT operator flows as a composite
operator

3,
A7 5[®; A = —D S[@; A]
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Where to find an anomaly?

e The vanishing of the WT operator implies symmetry: > # 0 for an anomalous theory.

e The WT operator > evolves as a composite operator.
> may contain the information of anomaly, that also follows the flow equation.

e The well-known form of anomay may be observed in the limit of A — oc.

We will see in an example
Y[®@; A] — ghost x anomaly

as A — o
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An example
U(1l)y x U(1)a gauge theory: WT identities and BRS transformations

two sets of gauge sector: (A, hy,cv,cy) and (B, ha,ca,ca)

S[é5 Mo] = 56Ks ' D6+ Sils Ao

K Do = | Ko [o(-ppio)

p

1 . _ .

+ 514”(1#5“1/ — p,upl/)Ay — hV (Zp - A+ %hV) + CVZPZCV
1 2 . gA - . 9

+ §B,u(p 5/“/ — p,upu)BV —ha (Zp B+ 9 hA) T CAlp CA}
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The BRS transformation for axial gauge symmetry

6aB.(p) = —iKo(p)puca(p), daca =1iKo(p)ha(p), daca(p)=daha(p)=
Sablp) = —ieaolp) [ 0(p— v (b)

Sab(—p) = —ieako(p) / B(—p — K)ea(k)rs.

04Au(p) = 0ahv(p) =dacy(p) = dacv(p) =0

Similar transformation for vector gauge symmetry.

With the following part of the interaction aciton
Sifoidol ~ = | Bp= 1) (ev AK) + eaB(k)25) b0
p’

we find the contribution of order e? relevant for anomalies
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Calculate X 4[®; A] in the limit of Ag — o0

Y4 = (—ieAe%// ca(—q — k)
p;q,k

>ded¢+¢+@A%)

+ieAe%// ) ca(—q—k)
>deM¢—¢—MA%)

+ <€V — €A,

Similar expression for X/ [®; A]

Kp)(1-K(p+q+k))

(p+q+ k)2
1-Kp+q)p+q)
Kp)(1-K(p—q—k))
(p—q—k)?
(1-Kp-k)@P-§
) AWJ)
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The results in the limits of Ag, A — oo are summarized as

o2
Y4 = T [CCA($) €10 po (FXV(:E)FX,(:U) —|—F£,(:13)Fpﬁ‘,(aj))
6A6%
Z]V = —12 X 1972 Cuvpo C (_q _ k)kuBl/(k)QPA (Q)
q,k

Add the following counter term to the Wilson action

S — S+ 5.

S. = @ cupo / Bu(k) Au(—k — 0)a,As (q)
q,k

where a 1a a constant to be determined below.
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Choose the parameter a as

GAG%

6772

a —= —

so that the vector gauge symmetry is preserved Xy = 0, while, the anomaly in the axial
gauge symmetry is shifted to

eqe?
Sa = i [ eal-a - WA KA
4 q,k
€5
@12 2€,uvpa CA(_q_k)k,uBu(k)QPB (Q)
Q q,k
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Summary

2,10 = [ Doexp(~Siol =T - 9)

Gradulal integration of higher momentum modes defines a RG flow

When a symmetry exits, we find an expression, 5 = 0.

— For a gauge symmetry, X4 = 0 is the Ward-Takahashi identity (cutoff dependent).

>:p changes along the flow as a composite operator.

For anomalous symmetry, we have seen >4 ~ ghost X anomaly in the limit of A — oc.
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