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1. Introduction 

asymptotically free, anomaly, mass gap,  

instantons 

Similarity between 4d gauge theory and 2d sigma model 

4d gauge theory 

• Yang-Mills instantons 

2d sigma model   

• sigma model instantons  

exact results in supersymmetric theories 

non-perturbative effects 



• instanton partition function 

 
• prepotential 

4d                instanton counting, [Nekrasov, 2002] , etc  

• vortex partition function 

 
• twisted superpotential 

2d                         vortex counting  

instanton/vortex conting in 4d/2d supersymmetric gauge theories  
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sigma model instantons 2d                        non-linear sigma model 

vortices 

low energy imit 
small instanton singularity 

non-singular 

2d                        gauged linear sigma model 

Fayet-Iliopoulos parameter and 2d theta angle  

on-shell value of twisted superpotential 

: dynamical scale 

: BPS kink mass 

VEV of vector multiplet scalar 



2. CP      sigma model N-1 

U(1) gauge theory with N charged chiral multiplets  

classical vacua 

N vacua 

twisted masses 
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invariant k-vortex moduli matrix  

neighborhood around the fixed point 

invariant k-vortex moduli matrix  

k-vortex contribution 



vortex counting parameter 

hypergeometric function 

vortex partition function in b-th vacua of 
𝑪𝑷𝑵−𝟏 sigma model 

k vortex contribution 



twisted superpotential 

integrating out 
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recursion relation 

differential operator 

twisted superpotential 

integrating out 

integrating  in 

(1) 

(2) 
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differential equation for full partition function 
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differential equation for full partition function 

●𝑷 𝝈  is independent of choice of vacuum  

are linearly independent  

                   solutions of 
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“classical limit” 

differential equation 

     F-term condition  

“quantized” F-term condition 
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U(1) gauge theory with N chiral multiplets of charge +1 

  +      chiral multiplets of charge -1 

k-vortex contribution 

recursion relation 

differential equation 



    masses of BPS kinks in 2d                        theory 

masses of BPS monopoles in 4d                 SU(N) gauge theory  
with         fund. and        anti-fund. hypermultiplets 

root of Higgs branch (classical) 

[Dorey, 1998], [Shifman-Yung, 2004], [Hanany-Tong, 2004], etc 



4d gauge theory at root of Higgs branch 

NS5 NS5 

N D4 
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4d gauge theory at root of Higgs branch 

x6 

x7 
x4,5 

NS5 

NS5 

N D4 

D0 

0 1 2 3 4 5 6 7 8 9 

N D4 ● ● ● ● ● 

NS5 ● ● ● ● ● ● 

D2 ● ● ● 

D2: vortex (2d theory)  

D0: vortices on vortex 

D2 

instantons trapped inside vortex 

 4d FI parameter 

Higgs phase 

[Eto-Isozumi-Nitta-Ohashi-Sakai, 2005] 



4d gauge theory at root of Higgs branch 

0 1 2 3 4 5 6 7 8 9 

N D4 ● ● ● ● ● 

NS5 ● ● ● ● ● ● 

D2 ● ● ● 

x6 

x7 
x4,5 

NS5 

NS5 

N D4 

D2 

: non-commutativity 

D0 



3. Grassmaniann sigma model 
U(N) gauge theory with Nf charged chiral multiplets  

fixed point 

tangent space 
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contribution from the fixed point 

:overall  : 

vortex counting parameters 

vortex partition function of  

Grassmaniann sigma model 
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recursion relation 

         differential equation for  

= F-term equation of 
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4. summary 

● Twisted superpotential from vortex partition function 

● differential equation for vortex partition function  

●“classical limit” : 

● Abelian case:  YM instantons trapped inside vortex worldvolume  

differential equation F-term equation 

・・・ agreement with known results 

● non-Abelian case:  worldvolume theory of multiple vortices? 



x6 

x7 
x4,5 

NS5 

NS5 

N D4 

D0 

k2 D2 

k3 D2 

k1 D2 

vortex worldvolume theory  

2d N=(2,2) U(k) theory with 𝑵 fund. + 𝑵  anti-fund. + one adjoint  

: mass for B (vortex position) : 2d Ω-deformation 




