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‘ 1. Introduction

Similarity between 4d gauge theory and 2d sigma model

asymptotically free, anomaly, mass gap,

m # non-perturbative effects
4d gauge theory 2d sigma model

e Yang-Mills instantons e sigma model instantons

# exact results in supersymmetric theories




‘ instanton/vortex conting in 4d/2d supersymmetric gauge theories

4d N/ = 2 instanton counting, [Nekrasov, 2002], etc

e instanton partition function 7, . (7, a, m, €;)

l

e prepotential -F:inst(T , @, m) = liin>0 €1€2 log Zinst(Ta a,m, €z‘)
€;

sl 2d N = (2,2) vortex counting

e vortex partition function Zvortea: (T, m, 6)

4

e twisted superpotential Wortes (T, m) = lil%e 10g Zyortes (T, M, €)
€E—




2d N/ = (2, 2) non-linear sigma model
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‘ 2d N = (2, 2) non-linear sigma model

o small instanton singularity
low energy imit

2d N = (2, 2) gauged linear sigma model m

non-singular

‘I Fayet-lliopoulos parameter and 2d theta angle

0 n A
(1) or T 13 57 108 y A : dynamical scale
' on-shell value of twisted superpotential
W = i{o)T + Waortes W4 — Wg| : BPS kink mass

/\ VEV of vector multiplet scalar




‘ 2. CP ™! sigma model

U(1) gauge theory with N charged chiral multiplets

H = (H17H27'” 7HN)

mmml classical vacua

HH' =¢
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‘ neighborhood around the fixed point

SHo = (p1,p2, - ,pN)  Pa(2) = Y cCaj?’

“ invariant k-vortex moduli matrix

VEHo(cz)e™ Wiy Cos = exp [i(ma —ma) + ik — §)e] ca,

B Kk-vortex contribution

1
Zk:l:[Hmal—(k—j)e Ma1 = Mg — My




N &k 1
‘I k vortex contribution Z = H H

a=1j=1 Mtal — J€
“ vortex counting parameter AN = N e2mim

- kN mal N A N

k=0

vortex partition function in b-th vacua of
CP"~1 sigma model

Mab AY
Zvorteap = oFn-1 | {} , {1 ~ } ? <_>
a#b €

€




‘ twisted superpotential ﬁ//,u(,rtem,b(f7 m) = lir% €10g Zyortew (T, M, €)
~ , €e—
integrating out - —~ 1 Y oc—m
(1) W=ior— 5= a;(a —m) [log — 1]

L

W=%Zma3’;+u]___[e @

- a=1 a=1




‘ twisted superpotential Woortezp(T,m) = 1in(1) €108 Zyortesp(T, M, €)
€E—

— N N

—~— 1

@ W= mYat+p]]e
integrating in L 27 —1 i

N
(1) W=i07—%;(a—m)[loga ,um—l]




~

twisted superpotential Woortees(T,m) = lir% €10g Zyortexp(T, M, €)
€E—

. : — N —

(1) W=i07—%;(a—m)[logalum—1]
1 N N

— | o LS ]

integrating in _ =1 iy

N
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‘ twisted superpotential Woortees(T,m) = lir% €10g Zyortexp(T, M, €)
. €E—

— (2) _ 1 N N
W=— meYy + W eYe

N
(1) W=io¢—%;(a—m)[log0;m—1]

N

‘ recursion relation H [Map — k€] Zip = Zi—10
a=1
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‘ twisted superpotential Woortezp(T,m) = 1in(1) €108 Zyortesp(T, M, €)
€E—

— N N

—~— 1

@) W=_—-3 " mYo+p]]e
integrating in L 27 —1 i

N
' recursion relation H (Map — k€] Zkp = Zi—1p

N
(1) W=i07—%;(a—m)[loga ,um—l]

0 e O
‘ differential operator & = eAN— =




‘ twisted superpotential Woortez p(T,m) = lir% €log Zyortes p(T, M, €)
€E—

N N
) @ ol mY, + u T

N
(1) W=i07—%;(a—m)[log0;m—1]

N

' recursion relation H Mab — k€] Zip = Zi—10
a=1

o e O

differential operator 5 = eAN—— — —

‘ I a7 op d € OAN 211 OT

differential equation for Z,rte b

N

oo N
H [mab — 6-] Z'vorte:r,b = Z H [mab — kE] ANka,b

a=1 k=0 a=1




‘ twisted superpotential Woortez p(T, M) = ling €log Zyortes p(T, M, €)
€E—

— N N
(2) W=i meY, + e¥e

. 1 X _
(1) W=i07—%az=;(a—m)[loga ,um—l]

N

' recursion relation H [map — k€] Zep = Zp—14
a=1

o e O

differential operator 5 = eAN—— — —

‘ b g ‘ OAN 211 OT

N o0

H [mab - 5] Zvo'rtem,b = Z ANka—Lb

a=1 k=0




‘ twisted superpotential Woortez p(T, M) = ling €log Zyortes p(T, M, €)
e~

: . B — 1 N —

O Wior =523 (o —m)|log ==~ 1
B N N

— @ W= mYotu]]e"

integrating in

N

' recursion relation H [Map — k€] Zp = Zi—1p
a=1

o e O

differential operator b= eNN— = ——

‘ P OAN 211 OT

differential equation for Z,rte b

N
A N
H [mab - U] Zvo'rtem,b = A Z'vo'rte;v,b

a=1




full partition function

Zb = €Xp (27T7’_b7-) Zvortew,b

/ perturbative part

m
€

differential equation for full partition function

P(6) Zy = 0, P(5) =] [(ma — 6) — AN
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full partition function /
m

Zb = €Xp (27T7’_b7-) Zvortew,b
€

differential equation for full partition function

P(6) Zy = 0, P(5) =] [(ma — 6) — AN

a=1

oP(0) is independent of choice of vacuum

4

Zy (b=1,---,N) are linearly independent
solutions of P(6) Zp =0




2m ~
| classical limit” [SD/ARAER (?We,b




‘ differential equation




‘ differential equation

e — 0




‘ differential equation 0 = P(6)Zy, = P(—iaTWG,b)—l—(’)(e)

e — 0

mm) 0 = P(—id. W)

N
W =ioT — %;(a—ma)[loga—“m“ —1] —— P(o)=0




‘ differential equation 0 = P(6)Zy, = P(—iaTWe,b)—k(’)(e)

e — 0

mm) 0 = P(—id. W)

N
W =ioT — %;(a—ma)[loga—“m“ —1] —— P(o)=0

“quantized” F-term condition
- P(O’) Zy =0 € '
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<

+ )V chiral multiplets of charge -1

\

N &
‘ k-vortex contribution | Z, = H H X H H Ma1 — J€)
Ma1 — 7 € a=1 j=1

a=1 j=1




U(1) gauge theory with N chiral multiplets of charge +1

v,

+ [V chiral multiplets of charge -1

\

N &
‘ k-vortex contribution | Z, = H H X H H Ma1 — J€)
Ma1 — 7 € a=1 j=1

a=1 j=1

N &k N &k
' recursion relation IT1[(mer —ke)Ze = []]1] (a1 — ke) Zi—s

a=1 j=1 a=1 j=1




U(1) gauge theory with N chiral multiplets of charge +1

+ [V chiral multiplets of charge -1
N &k
‘ k-vortex contribution 7 = v Frng — ]e
H H mal — ag U a

a=1 j=1

N &k N &k
' recursion relation IT1[(mer —ke)Ze = []]1] (a1 — ke) Zi—s

a=1 j=1 a=1 j=1

‘ differential equation P(6) Z, =0,

P(8) = [[(ma — 6) — ANV ][ (0 — 6)

a=1 a=1




masses of BPS kinks in 2d ' = (2, 2) theory

masses of BPS monopoles in 4d N = 2 SU(N) gauge theory
with /V fund.and )y anti-fund. hypermultiplets

‘ root of Higgs branch a; = m; (classical)
N N )
F(t,v) = [t TT(w—ma) - [J(w - ma)] (t— ANy =0
a=1 a=1

[Dorey, 1998], [Shifman-Yung, 2004], [Hanany-Tong, 2004], etc




4d gauge theory at root of Higgs branch

iy m F(t,v) = A()t* + B(v)t + C(v) =0
ai . 7
: L Aw) = AVF T (w - )
rfh . my—-1 N a=1
N °
an B(v) = [J(v—a)
X4 ; my =1
X N
‘ i NS5 NS5 C() = [J(v — ma)
a=1

D4,NS5 EEp M5 U = T4+ 15, t=exp(ze+ iT10)/R,

NDA @ @ O O
NS @ @O O O O O




4d gauge theory at root of Higgs branch

N
My m B? —4AC = H(v —eq)?
. a=1
* N D4 l
Fun mN-1 . N
s my  F&0) = [t [0 - ) - 1:[1@ —m,)]

X7 a=1 a=
|i NS5 NS5 x(t—AN"N)=0

%6
# two M5
-ﬂﬂﬂﬂﬂﬂﬂ-ﬂﬂ

NDA @ O O O
NS @ @O O O O O




‘ 4d gauge theory at root of Higgs branch

P mi Az} g5 o< 4d Fl parameter
: N D4 # Higgs phase
- MN-1 )
N
X4,5 mN
N
| i NS5

NS5

ND4 @ @ O ©O
NSS @ @ O O O ©o




‘ 4d gauge theory at root of Higgs branch

P mi Az} g5 o< 4d Fl parameter
: N D4 > Higgs phase
) my-1
N
A5 D2 M D2: vortex (2d theory)
X7
| i NS5
NS5

ND4 @ @ O ©
NS @ @ O O O O
D2 ® O ®




4d gauge theory at root of Higgs branch

M m Azl ss X 4d Fl parameter
L # Higgs phase
N
545 D2 M D2: vortex (2d theory)
X/ | |
‘ i NS5 DO: vortices on vortex
NS5 |

[Eto-Isozumi-Nitta-Ohashi-Sakai, 2005] BRI E LIl ERTE o) oLl BT (o [SRAV0[R {5) ¢

NDA @ @ O O
NS @ @O O O O O
bz @ @ o




4d gauge theory at root of Higgs branch

; + N D4 4 &= a=1
° N_N J—
- DO my—1 t—A =0
N -
X4 D2 mpy » P(’U) =
x7
‘i NS5 g:vof M2 7 :logt of M2
NC NS5 [A A] €
O, T| = — : non-commutativit
) o utativity

ND4d @ @ O O
NSS @ @& O O O ©o
D2 () ® ®




3. Grassmaniann sigma model

U(N) gauge theory with Nf charged chiral multiplets

‘ fixed point HE =

‘ tangent space

( k1 kn k1 k1 \
§ : —1 § : —1 § : —1 § : j—1
011,.7'Z'7 s ClN,jZJ dll,jzj R leZJ
Jj=1 j=1 j=1 j=1

SHY =

k1
- - - -
\ Y eni @7 e Y e ) AT e ) dyg? )
= . .




‘ ‘ contribution from the fixed point

N N kn N N K 1
Ly, kn) = (HHHmml+ kl_]‘|‘1)) HHHmn+s,l—|—(kl—j—|—1)€

=1 m=1 I=1 s=1 j=1




‘ ‘ contribution from the fixed point

oo ()

=1 m=1

‘ vortex counting parameters

A :overall U(1) — A;: U(l)N “ 6; = eAMr

N N Kk

I —

=1 s=1 j=1

1
(ki — 7+ 1)e




‘ ‘ contribution from the fixed point

N N km N N
Z(k1 kn) T (HHHmml+ kl—]—i—l)) (HH]].‘_Imn+s,l—|—

=1 m=1

' vortex counting parameters

A :overall U(l) — A;: U(l)N

vortex partition function of

Grassmaniann sigma model

= ANF 0 e o
' H Afv F 211 O,
mla } A;vf
€ Ja#tl €




‘ ‘ recursion relation

N

1 Muni + (ki — km + 1)e
Z... —1)" -t A




‘ ‘ recursion relation

Ny N
1 Hmm,—l—(kz—k‘m—l—l)e

. _1\n—1

differential equation for /

Pi(a'h"' 76N)Z=0 (7':19 7N)

(. kg o)
m#i




‘ ‘ recursion relation

Ny N

_ 1 mmz—l—(kz—km—l—l)e
Zio b1y = (1)1 ] Zoo kg
e = L e L s a2

differential equation for /7

'Pi(a'h"' 76N)Z=O (7':19 7N)

Np N

P61, ,6n) = [[ (6s+mm) [] (a b e) + (=N AN ﬁ (0 - e)

m=1 m#i m#i




‘ ‘ recursion relation

N
7 1"1|| || AT
(ki) = (= ks Mumi + (ki + 1)e i Mumi + (ki — km )€ (s ki)

differential equation for /7

'Pi(a'h"' 76N)Z=O (7':19 7N)

N N
A A A A A N
Pi(o'la"'ao'n)=H(Ui+mm)]___[(0'i_0'm_€) NAfH( _O'm+€)
m=1 m#i m#i

20 By =TT (- on) [ﬁ (00 ) + (1A




'I recursion relation

N
1 Mo + (kz - k'm + 1)6
Z 1)~ _
(ki) = (= 1__[1 ot (T 1e nl;[ o+ o — F)e 20 ki)
R,(&la ,&N)Z=O (Z= ) 7N)
Np N N
P61, 16n) = [ (6i+mm) [] (a G — e) + (=1)NAN (az - &m-l—e)
m=1 m#i m#i
—0 al ali
€ Pz(ala 7Un) = H <Gz 0m> l H (a-z + mm) + ( 1)NAin]
m#i m=1
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‘ 4. summary

o Twisted superpotential from vortex partition function

o differential equation for vortex partition function
P(6,m,T,€) Z(m,T,€) =0, [6,%]=—

»“classical limit” : >
P(o,m,7,0) =0  --- agreement with known results

o Abelian case: YM instantons trapped inside vortex worldvolume

o hon-Abelian case: worldvolume theory of multiple vortices?




‘ vortex worldvolume theory

2d N=(2,2) U(k) theory with N fund. + N anti-fund. + one adjoint

I J B
€1 : mass for B (vortex position) €o :2d Q-deformation
k1 D2
N D4
DO
k2 D2
NG

N
‘ f NS5 k3 D2
NS5







