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Goal
 Extension of ADHM construction of instantons
to (with full proof).
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1. Introduction

Anti-Self-Dual Yang-Mills (ASDYM) eqs. play
important roles in elementary particle theory,
geometry and integrable systems.

e Finite-action solutions (instantons) reveal
non-perturbative effects in QFT < ADHM

 a master eq. of lower-dim integrable eqs
such as KdV, NLS, Toda, Liouville.........

<twistor theory, Ward’s conjecture

[Mason-Woodhouse,...], [NC extension: MH-Toda, MH,
Gilson-MH-Nimmao,...]

* NC extension €< - background (ele-mag) flux



ASDYM eq. with G=U(N)

e ASDYM eq. (real rep.) w,v=0123
" = ~Fa Fo=0,A-8,A+[A,A]
~w = —Fa Field strength
"3 T T M2, A,.  Gauge field

(N X N anti-Hermitian)

 There are two descripitions of NC extension:
- Moyal-product formalism

- Operator formalism



NC ASDYM eq. with G=U(N) in Moyal
ASDYM eq. (real rep.)

FOl - F23 4 (F,:v ::aﬂA\,_avAﬂ+[Aﬂ1Av]*)
Foo = —Fa, 0 o ]
* % wo -6* 0
~6%* 0 |
Spell:

Under the spell, we get
a theory on spaces:

f(X)*g(x)= f(x) expe Hﬂvéﬁng(x)

= f (X)g(x)+i%ﬂvc’9ﬂ f (x)0,g(x)+0(6%)

[X“,X"], = x* %X =x" «x* =10""



NC ASDYM eq. with G=U(N) in operator

* Take coordinates as operators (in 2dim):
[)'2’ S\/] —i0 complex >[2, %] —20 rescale )[é, é+] ~1

r/ \
Ann.op. Cre. Op.

acting on Fock space:

Fields (infiniteoomatrix):
'E(f,f):Zan\an\ H=@&C|n) n=012..

Occupation number basis

ASDYM eq. (real rep.)
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2. ADHM Construction of NC instantons

e ADHM construction is one of the most useful
methods to generate all instanton solutions
just by solving matrix equations.

(ADHM=Atiyah-Drinfeld-Hitchin-Manin)

e ADHM construction is based on a duality
between an instanton moduli space specified

by ASDYM eq. (PDE) and a dual moduli
space specified by ADHM eq. (Matrix eq.)



ADHM construction of (NC) instantons
[Atiyah—Drinfeld—Hitchin—Manin]

ADHM eq. (G=""U(k) ): k X k matrix eq.

B,,B;]+[B,,B;]+11" =33 =0
B,,B,]+1J =0

ADHM data B, , 1k xk,
. | :kxN, J:Nxk
1:1

Instantons A, :N xN
ASDYM eq. (G=U(N), C2=-k): N X N PDE

129 - !




D-brane interpretation of ADHM construction

B,,B;]+[B,,B;]+11" =33 =0
B,,B,]+1J =0

ADHM data B, , 1k xk,
. | :kxN
11 ’

Instantons A, :N xN

[Witten, Douglas]

ADHM eq. (G=""U(k)’): k X k matrix eq.  0-Ostrings < kxk: By »

0-4 strings < kKX N:1,J

w conditions
k DO branes

J N xk

ASDYM eq. (G=U(N), C2=-k): N X N PDE N D4 branes

SUSY trf. of gaugino

String theory is a
treasure house of duality!




ADHM construction of (NC) instantons

ADHM eq. (G=""U(k) ): k X k matrix eq.

Strategy:

(i) Solve ADHM eq.

(i1) Solve dualty map eq.
(ii1) Construct gauge fields

() ADHM data By, :kxk, I:kxN, J:Nsxk

B,,B;]+[B,,B;]+11" =31 =0
B,,B,]+1J =0

K J
(11) Duality map v'v=0, V'V=1, vy-|z-BS -(z-B)
| ;B  7,-B,
(iii) Instantons A, =V 0,V :NxN (N + 2k) x 2k
ASDYM eq. (G=U(N), C2=-k): N X N PDE




ADHM construction of BPST instanton (N=2,k=1)

ADHM eq. (G=""U(1)") Final remark: matrices B and
coords. z always appear
[B, B 1+[B, B;]+117-3"J =0 in pair: z-B
[B,,B,]+1J =0
0
N 0
N B o= | = —
(I) 1,2 = 1,21 (,0), J (pj <
} ¢ } of
position size
o, =Dyl 2ip? o P20 .
N R (Y L I » singular

ASDYM eq. (G=U(2), C2=-1)
Small instanton «— p=0

singulality




ADHM construction of NC BPST instanton (N=2,k=1)

[Nekrasov&Schwarz,

ADHM eq. (G="U(1)") 1 X 1 matrix eq. hep—th/9802068]

[B,B]1+[B,,B;]+11"-J"J=¢ <t+— const. in RHS comes from
[B,,B,]+ 13 =0 -[z,,7]-1z,,Z,]

Bl,2 =9, | = (\/,02+_§’0)’ J = (2)
! !
position  size = slightly fat?

| Regular!
| AsF.  :something smooth —0' (UQ1) instanton!)
£ —>
ASDYM eq. (G=U(2), C2=-1) [Hiraku Nakajima]
M
Resolution of e =0

the singulality



ADHM construction of NC U(1) instanton (N=1,k=1

ADHM eq. (G="U(1)") 1 X 1 matrix eq.

[B,, B ]+[B,,B/]+117=3"3=¢
[B,,B,]+1J =0

A, F, :something smooth Regular U(1) instanton
ASDYM eq. (G=U(1), C2=-1)

! M
Resolution of
the singulality




Look more closely on the duality map

ADHM eq. (G=""U(1)") 1 X 1 matrix eq.

[B,, B ]+[B,,B/]+1 173" =¢
[B,,B,]+1J =0

B, =a,, I:\/E’\]:O
| Duality map §+j =0, V=1 V|4 -4

A,=V'oV Oy
Naive (unnormalized) solution:
ASDYM eq. (G=U(1), C2=-1) PN
e a, a, +a,4,

| - 8 |

b

Vo=| —.¢8&, |[0,0) Vohas

_ [ra zero-mode!
L VER ) Gnhappy)



Look more closely on the duality map

ADHM eq. (G=""U(1)") 1 X 1 matrix eq.

[B,, B 1+[B,, B ]+ 11" =" ] =7 (Ex) 2-dim case &+ I S
[B,,B,]+1J =0 2 2)
38+ St ||S
B, =a,, IZ\/E’JZO SASA_l _H_0>
_ S*S =1-]0)(0] lSA
l Duality map
X V has no zero-mode! (happy(’\-’\))
A, =V7ON V =V,N,S, SS*=1,5S=1-]0,0%0,0]
ASDYM eq. (G=U(1), C2=-1) Shift operator
(474, +4;4,
V,=| —+£8, [0,0) Vohas
A zero-mode!
_\/Za1 )

(unhappy)



* Furuuchi-san first pointed out such problem
on operator zero-modes for V and solved it
by using the shift operators.

[hep-th/9912047], [hep-th/0005199]

 We apply Furuuchi-san’s observation and
other properties on NC field theories to all
ingredients in the ADHM construction and
prove several missing pieces to complete the
beautiful NC ADHM duality.



3. Origin of instanton number from ADHM

We can prove the following NC formula:
[d*xTryF,, *F* =—[d*x0%0,Tr, f *xo"f
( 0—0 yTr. F F,UV — _8282 |Og det f) [Corrigan—Goddard-

N" uv Osborn-Templeton]

f = (V+V)‘1 We can get this in_verse _in the whole
Fock space by using shift operators !

Then we have:

_ 1 4 v _ 1 4., A2 -1
Cz——167[2j'd xTryF, *F* _—167[2jd X0°0,Tr f=+0"f
8
=67 ) 4Tl =

comes from the size of ADHM data!



4. Conclusion

k=0, VTV =1
T =1-V=* f*V~

V %8 VL --------------- \jdix{x.u,y/- *'//}*

= <4

Instantons 4, 1:1 ADHM data S,T#
*ASDYM eq.< *ADHM eq.<
[O',uaD**ly)]*’zo <D*V':z//'*V‘> [0, V7 *V].=0
G(x, )= Y'*‘| O f =y ry

S

[MH-Nakatsu, arXiv:1208.nnnn [hep-th]]

4-dim Dirac eq.
D™ =y =0, J‘d“xz;/'*w=l

W (x)*y(y) =6(x-y)-D,*G(x-y)*D,



