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1. Introduction

Nonperturbative effect in supersymmetric field theory

→ BPS soliton and instanton are important.

Contribution to physical quantities

∼ (path-)integral on the moduli space

∼ “volume” of the moduli space → difficult to evaluate.

• localization formula

existence of BRST supercharge Q̄ (Q̄2 = 0 or gauge transf.)

→ Integration is localized to the fixed point set of Q̄.

(exact WKB or saddle point method)
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instanton in 4D N = 2 supersymmetric gauge theory

− There exists Q̄ (topological twist).

− However, the fixed point set of Q̄ is basically U(1) instanton.

still hard to compute for large instanton number

Ω-background deformation [Moore-Nekrasov-Shatashvili]

• Q̄ → Q̄Ω, Q̄2
Ω = (undeformed)+ (U(1)2 rotation by ϵ1,ϵ2)

• S = Q̄Ξ0 → SΩ = Q̄ΩΞ = Q̄Ω(Ξ0 + · · · )

Ω-background for N = 2 theory

= 6D gravitational background
to introduce ϵ1, ϵ2

+SU(2) R-symmetry Wilson line

to preserve SUSY
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Generalization of Ω-background for N = 4 super Yang-Mills theory

[Ito-H.N.-Saka-Sasaki 2011]

generalized Ω-background

= 10D gravitational background + SU(4) R-symmetry Wilson line

By introducing R-symmetry Wilson line, supersymmetry is preserved

for generic ϵ1 and ϵ2.

In 10D, SU(4) = SO(6) R-symmetry is the subgroup of local

Lorentz symmetry (No R-symmetry in 10D SYM).

⇒ contribution to spin (and Affine) connection (∼ torsion)

ωM,NP −→ ω̂M,NP = ωM,NP +KM,NP
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⇒ deformation of parallel (or Killing) spinor equation

∇M ζ = 0 −→ ∇̂M ζ =

(
∇M +

1

4
KM,NPΓ

NP

)
ζ = 0.

Classification of parallel spinors and supersymmetry in the theory

advantage of 10D formalism with torsion

• Calculation is easier than 4D. Geometrical meaning is clear.

disadvantage

• Construction of off-shell SUSY is not easy in general.
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2. 10D SYM in curved background with torsion

• curved background with torsion (M: curved, M : tangent)

eMM : vielbein TMN
P : torsion

ω̂M,NP : spin connection Γ̂MN
P : Affine connection

decomposition of connections: (vielbein part)+(torsion part)

ω̂M,NP = ωM,NP +KM,NP , Γ̂MN
P = ΓMN

P +KM,
P
N ,

contorsion

KM,NP = −1

2

(
TMN,P − TNP,M + TPM,N

)
.
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• 10D SYM in curved background with torsion

L̂ =
1

κg2
Tr

[
−1

4
e
(
FMN − TMN

PAP
)2 − i

2
e Ψ̄ΓM∇̂(G)

M Ψ

]
,

∇̂(G)
M Ψ = ∇̂MΨ+ i[AM,Ψ]

= DMΨ+
1

4

(
ωM,NP +KM,NP

)
ΓNPΨ.

Explicit dependence on AM (mass term of AM)

→ No (10D) gauge invariance unless torsion = 0

→ No (10D) SUSY invariance unless torsion = 0

supersymmetry after dimensional reduction?
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3. SUSY in dimensionally reduced theory

dimensional reduction (to 4D) and gauge invariance

xM = (xµ, xA), ∂A = 0,

AM = (Aµ, φA), Ψ = (ΛA
α , Λ̄α̇A),

vielbein and torsion: independent of xA.

α, α̇: SU(2)L × SU(2)R indices, A = 1, . . . , 4: 4 repr. of SO(6)

• gauge invariance in dimensionally reduced theory

−TMN
PAP = −TMN

µAµ − TMN
AφA

=⇒ TMN
µ = 0.
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• SUSY invariance of dimensionally reduced theory

SUSY transformation in 10D notation (ansatz)

δAM = ieMM ζ̄ ΓMΨ,

δΨ = −1

2
eMM eNN

(
FMN − TMN

PAP
)
ΓMNζ.

SUSY variation of L̂ (should be total dertivative)

δL̂ =
1

κg2
Tr

[
+
i

2
eΨ̄ΓMΓNPF̂NP(∇̂Mζ)

+
i

2
eΨ̄ΓMNPζ(∇̂(G)

M F̂NP)

− i

4
e∇̂(G)

M (Ψ̄ΓNPΓMζ F̂NP)

]
.
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first term

∇̂Mζ = 0 : parallel spinor condition

second term

∇̂(G)
[M F̂NP] = −(∂µA[M)TNP]

µ − (∂AA[M)TNP]
A

− (∂[MTNP]
R + T[MN

QTP]Q
R)AR

⇒ ∂[MTNP]
R + T[MN

QTP]Q
R = 0.

third term

e ∇̂MV M = ∂M(e V M)− e TMN
NV M

⇒ TMN
N = 0.
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4. Ω-background and SUSY condition

Ω-background for N = 2 theory

= 6D gravitational background + SU(2) R-symmetry Wilson line

generalized Ω-background

= 10D gravitational background + SU(4) R-symmetry Wilson line

torsion

• 10D metric for generalized Ω-background (on R4 × T6)

ds210D = (dxm +Ωm
a dxa)2 + dxadxa, Ωm

a = Ωm
nax

n.

Here Ωmna = −Ωnma are constant and commute with each other.

(m, n, . . . : flat 4D, a, b, . . . : flat 6D)
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commuting Ωmna −→ Ωmna =
1

2
√
2


0 ϵ1a 0 0

−ϵ1a 0 0 0

0 0 0 −ϵ2a

0 0 ϵ2a 0

 .

spin connection from Ω-background metric

ωa,mn = Ωmna, (other components) = 0.

contorsion → R-symmetry Wilson line

=⇒ Ka,bc : constant, (other components) = 0.

gauge invariance condition

(Ka,b
c −Kb,a

c)Ωmnc = 0 (from TMN
µ = 0)
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4D action

SΩ =

∫
d4x

1

g2
Tr

[
1

4
FmnF

mn +
1

2
(Dmφa − FmnΩ

n
a)

2

+
1

4

[
[φa, φb] + iΩm

a Dmφb − iΩm
b Dmφa − iΩm

a Ωn
bFmn

− i
(
Ka,b

c −Kb,a
c
)
φc

]2
+ (fermions)

]
.

gauge invariance and SUSY condition

(Ka,b
c −Kb,a

c)Ωmnc = 0,

∇̂M ζ = 0,

T[ab
dTc]d

e = 0,

Tab
b = 0.
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• parallel spinor condition and topological twist

∇̂A ζ =
1

4
δaA

(
ΩmnaΓ

mn +Ka,bcΓ
bc
)
ζ = 0.

=⇒ 4D and 6D rotation should be canceled.

ωa,mn = Ωmna ∈ U(1)L × U(1)R ⊂ SU(2)L × SU(2)R.

Reducing SO(6)

SO(6) ⊃ SO(4)′ × SO(2) = SU(2)L′ × SU(2)R′ × U(1)E

We can restrict contorsion s.t.

Ka,bc → Ka,b̂ĉ ∈ U(1)L′ × U(1)R′ ⊂ SU(2)L′ × SU(2)R′.

Here a = (â, a′), â = 5, . . . , 8, a′ = 9, 10.
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U(1)L U(1)R U(1)L′ U(1)R′

ζA
′

α ±1
2 0 0 ±1

2

ζÂα ±1
2 0 ±1

2 0

ζ̄α̇A′ 0 ±1
2 0 ±1

2

ζ̄α̇
Â

0 ±1
2 ±1

2 0

cancellation of U(1) charges

→ identification of SU(2)’s

→ topological twist
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SUSY condition can be solved for each topological twist.

(We assume generic Ωmna′ = Ωmn, Ω̄mn. )

• half twist (SU(2)R ∼ SU(2)R′) ⇒ N = 2∗ theory

parameters : Ωmna′, K+
a′ ∼ M, M̄ (N = 2∗ mass)

one scalar and one tensor supercharges are preserved.

• Vafa-Witten twist (SU(2)R ∼ diag(SU(2)L′×SU(2)R′))

parameters : Ωmna′, Ωmn5̂, Ωmn6̂

two scalar and two tensor supercharges are preserved.

• Marcus twist (SU(2)L ∼ SU(2)L′ , SU(2)R ∼ SU(2)R′)

parameters : Ωmna′ (special case of half twist)

two scalar and two tensor supercharges are preserved.
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5. Summary

summary

1. Correspondence between torsion and R-symmetry Wilson line in

generalized Ω-background

2. SUSY condition can be solved for each topological twist and

supercharges are obtained (on shell).

3. In Nekrasov-Shatashvili limit (ϵ1a = 0 or ϵ2a = 0), Some of

supersymmetry are restored. (skip)

17



future work

• off-shell BRST superchage

(done for half and VW twists.)

• extension to more complicated backgrounds

[Festuccia-Seiberg], [Dumitrescu-Festuccia-Seiberg],

[Hama-Hosomichi], etc.

• embedding to superstring/SUGRA

R-R 3-form (in instanton (D(−1)) effective action)

[Ito-H.N.-Sasaki], [Ito-H.N.-Saka-Sasaki]

(cf. [Hellerman-Orlando-Reffert], [Reffert], [Nakayama-Ooguri])
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