Topological Supersymmetry in
()-deformed N = 4 Super Yang-Mills

Hiroaki Nakajima

(KIAS — National Taiwan Univ. from August)

In collaboration with

Katsushi Ito (Tokyo Tech) and Shin Sasaki (Kitasato Univ.)

July 26, 2012 @ YITP



1. Introduction

Nonperturbative effect in supersymmetric field theory

— BPS soliton and instanton are important.

Contribution to physical quantities
~ (path-)integral on the moduli space

~ “volume” of the moduli space — difficult to evaluate.

e |localization formula

existence of BRST supercharge Q (Q? = 0 or gauge transf.)
— Integration is localized to the fixed point set of Q).
(exact WKB or saddle point method)



instanton in 4D N = 2 supersymmetric gauge theory
— There exists () (topological twist).
— However, the fixed point set of () is basically U(1) instanton.

still hard to compute for large instanton number

()-background deformation [Moore-Nekrasov-Shatashvili]

o ) — Qo Q2% = (undeformed) + (U(1)? rotation by €1,es
0

()-background for N' = 2 theory

= 6D gravitational background + SU(2) R-symmetry Wilson line
to introduce €7, € to preserve SUSY




Generalization of 2-background for N' = 4 super Yang-Mills theory
[Ito-H.N.-Saka-Sasaki 2011]

generalized 2-background
= 10D gravitational background + SU(4) R-symmetry Wilson line

By introducing R-symmetry Wilson line, supersymmetry is preserved
for generic €; and es.

In 10D, SU(4) = SO(6) R-symmetry is the subgroup of local
Lorentz symmetry (No R-symmetry in 10D SYM).

= contribution to spin (and Affine) connection (~ torsion)

WM.NP — WMNP=wWMNP+EKumnNp



= deformation of parallel (or Killing) spinor equation

~ 1
Vme=0 — VMC:<VM‘|‘Z M,NPFNP)CZO-

Classification of parallel spinors and supersymmetry in the theory

advantage of 10D formalism with torsion
e Calculation is easier than 4D. Geometrical meaning is clear.
disadvantage

e Construction of off-shell SUSY is not easy in general.
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2. 10D SYM in curved background with torsion

e curved background with torsion  (M: curved, M: tangent)

P

e%l: vielbein Ty n~ : torsion

Waqnyp: SPIN connection Iy ¢ Affine connection

decomposition of connections: (vielbein part)+(torsion part)

omne =wmnNe +FKune, Tun” =Ty, + K" w,

contorsion

Ky np = _Q(TMN,P —Tnpv +TrPunN).



e 10D SYM in curved background with torsion

1 1
L=—Tr|—2e (Fapn — TunT Ap)’ ——e\IfFMV(G)\IJ
kg 4 2

VO = VW + i[Apg, ]
1
= DV + Z(wM’NP + KM,NP)FNP\I/.
Explicit dependence on A g (mass term of A )

— No (10D) gauge invariance unless torsion = 0

— No (10D) SUSY invariance unless torsion = 0

supersymmetry after dimensional reduction?
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3. SUSY in dimensionally reduced theory

dimensional reduction (to 4D) and gauge invariance

™M = (z, :UA), 04 =0,

A/\/l — (A,ua SO,A)a v = (A§7 AdA)?

vielbein and torsion: independent of 2.
a, & SU(2)r, x SU(2)g indices, A =1,...,4: 4 repr.of SO(6)
e gauge invariance in dimensionally reduced theory

~Ton" Ap = —Tan" A, — Tan™ o

— Tun" = 0.



e SUSY invariance of dimensionally reduced theory

SUSY transformation in 10D notation (ansatz)

1
ST = —56%6% (Fpan — Toan” Ap)TMNC.

SUSY variation of £ (should be total dertivative)

1
0L = —Tr|+= Lo GTMPN P Fnp (Vi)
kg2 2
+ ;e\IfFMN PV Brrp)
_ ZeV(G)(\IJPN PEM¢ Eap) |



first term
@MC — (0 : parallel spinor condition
second term
%/(\;A) Frrpr = —(0uAp) Tp) — (D4Ap) Tarpy™
— (O mTnp ™~ + Tmun °Tr10 %) AR
= O pmInp)™ + Tun<Tr1o~ = 0.
third term
e@MVM = (e VM) — e TN VM

= TMN‘N = 0.
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4. ()-background and SUSY condition

()-background for N' = 2 theory
= 6D gravitational background + SU(2) R-symmetry Wilson line

generalized (2-background
= 10D gravitational background + SU(4) R-symmetry Wilson line
torsion

e 10D metric for generalized Q-background (on R* x T°)
dsiop = (dz™ + Q"dx®)? + dzdz®, Q" = Q™2™

Here €2,,,,a = —$),,,,, are constant and commute with each other.
(m, n,...: flat 4D, a, b, . . . : flat 6D)
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[0 o O 0 )
1 | —€w 0 0 0

221 0 0 0 —e
\ 0 0 e, 0 )

spin connection from {2-background metric

Wa.mn = Qmna, (other components) = 0.

contorsion — R-symmetry Wilson line
—> K, constant, (other components) = 0.

gauge invariance condition

(Ka,bc — Kb,ac)ﬂmnc =0 (from T_/\/l_/\/"u — O)
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4D action

1 1 1
L 4 mn n\ 2
SQ — /d L 92 I [ZanF T §(Dm90a — anQa)

1 . .ymn
-+Zh¢m¢d+¢Q?IM#%—ZQ?Dm¢a—ZQaQvﬂml

2
_ i(Ka,,bC _ ijac) SOCi| + (fermions)] :

gauge invariance and SUSY condition

(Ka,bc — Kb,aC)anc — 07

6/\4 C — 0,
CZ—W[abalizﬂc]de = 0,
T..° = 0.
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e parallel spinor condition and topological twist
V¢ = i&j‘g(ﬂmmrm” + K, p) ¢ = 0.

— 4D and 6D rotation should be canceled.

Wa,mn = Qmna € U(1)r x U(1)r C SU(2), x SU(2)R.
Reducing SO(6)

SO(6) D SO(4) x SO(2) =SU2) x SUR)r x U(1)E

We can restrict contorsion s.t.

Kape = K 3, € U(L) x U(1) g C SU(2) 1 X SU(2) R

Here a = (a, a’), a =5,...,8, a’ =9, 10.
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¢ £l 0 0 +1
a0 £ 0 + 0
% 0 +1 0 +1
Y0 + + 0

cancellation of U(1) charges
— identification of SU(2)'s

— topological twist

15



SUSY condition can be solved for each topological twist.
(We assume generic Q0 = Qnny Qnn- )

e half twist (SU(2)r ~SU(2)rr) = N =27 theory
parameters : Q. 0, K, ~ M, M (N = 2" mass)

one scalar and one tensor supercharges are preserved.
e Vafa-Witten twist (SU(2)gr ~ diag(SU(2) . xSU(2)r/))

parameters : 2,4/, €2 ()

two scalar and two tensor supercharges are preserved.

mnd? mn6

e Marcus twist  (SU(2)r ~ SU(2)r/, SU(2)g ~ SU(2)r/)
parameters : ,,,- (special case of half twist)

two scalar and two tensor supercharges are preserved.
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5. Summary

summary

1. Correspondence between torsion and R-symmetry Wilson line in
generalized €2-background

2. SUSY condition can be solved for each topological twist and
supercharges are obtained (on shell).

3. In Nekrasov-Shatashvili limit (e;, = 0 or e, = 0), Some of
supersymmetry are restored. (skip)

17



future work

e off-shell BRST superchage
(done for half and VW twists.)

e extension to more complicated backgrounds
[Festuccia-Seiberg|, [Dumitrescu-Festuccia-Seiberg],

[Hama-Hosomichi], etc.

e embedding to superstring/SUGRA

R-R 3-form (in instanton (D(—1)) effective action)
[Ito-H.N.-Sasaki], [Ito-H.N.-Saka-Sasaki}

(cf. [Hellerman-Orlando-Reffert], [Reffert], [Nakayama-Ooguri|)
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