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Our	
  Results	


ABJM	
  theory	
  
	
  on	
  S^3	


Reduced	
  model	
  
(a	
  matrix	
  model)	


S^3上のplanar	
  SUSY(N=2)	
  quiver	
  CS	
  theory	
  (以下ABJM	
  theory)	
  	
  
に対して large-­‐N	
  reduc(onが成り立つことを非摂動的に証明した。	
  

もとの理論のplanar極限を	
  
再現するか？	
  
	
  	
  	
  	


非摂動的証明	
  

pure	
  CS	
  theory:	
  Ishiki-­‐Shimasaki-­‐Tsuchiya	
  
同様の研究:	
  Honda-­‐Yoshida	
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Large-­‐N	
  reduc(on	
  	
  	

主張	
  
	
  large-­‐N	
  gauge	
  theoryと、それをdimensional	
  reduc(onして	
  
得られる行列模型(reduced	
  model)は等価である。	


0	
  dim	
  (matrix	
  model)	


[Eguchi-­‐Kawai,	
  Parisi,	
  Gross-­‐Kitazawa]	


OR	


・large-­‐N	
  gauge	
  theoryの、SUSYを保つ非摂動的定式化 (cf.	
  格子正則化)	
  
	
  
・超弦理論の行列模型による定式化への理解.	
  

-­‐	
  	
  BFSS	
  Matrix	
  model	
  [Banks-­‐Fischler-­‐Shenker-­‐Susskind]	
  
-­‐	
  	
  IIB	
  行列模型	
  [Ishibashi-­‐Kawai-­‐Kitazawa-­‐Tsuchiya]	
  

意義	




Reduc(on	
  for	
  scalar	
  field	
  on	
  	
S3
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Introduce	
  a	
  matrix	
  	


SU(2)	
  generators	
  
in	
  spin	
  	
  	
  	
  	
  	
  rep.	


La =
�/2�

s=��
2

1N � L[js]
a

2js + 1 = n + s
js

[Ishii-­‐Ishiki-­‐Shimasaki-­‐Tsuchiya]	


a = 1, 2, 3

(N×N	
  hermi(an)	




Reduced	
  modelと連続理論は以下の極限で等価	


上のLarge-­‐N	
  reduc(onの主張	


(非可換	
  S2	
  の可換極限)	


(	
  S1	
  fibra(on	
  on	
  S2)	


(planar	
  limit)	


S3

SU(2)	
  generators	
  
in	
  spin	
  	
  	
  	
  	
  	
  rep.	


La =
�/2�

s=��
2

1N � L[js]
a

2js + 1 = n + s
js

S3 � S2 � S1
locally	


Background	


n

�



摂動論に基づく証明	
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Reduced	
  modelにおいて、対応するFeynman図を計算	
  →	
  連続理論の結果を再現	
  

■	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  theory	
  	
�4

連続	
 red	


=	


連続理論	


Reduced	
  model	




Reduc(on	
  for	
  YM	
  theory	
  on	
  S^3	


�
d�3TrF 2

ab =
�

d�3Tr(�abcAc + iLaAb � iLbAa � i[Aa, Ab])2

Sred = Tr(�abcAc + i[La, Ab]� i[Lb, Aa]� i[Aa, Ab])2

= Tr(�abcAc � i[Aa,Ab])2 (Aa � Aa � La)

もとの作用をdimensional	
  reduc(onしたもの	


A = Aaea (expanded	
  in	
  leh	
  inv	
  1-­‐from)	


S3YM	
  ac(on	
  on	


where	


S^3を再現するbackground	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  のまわりで展開する	
Abg
a = �La



Comments	

・　平坦な空間でのlarge-­‐N	
  reduc(onにはU(1)^D対称性の破れの問題がある。	
  

	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ([Bhanot-Heller-Neuberger],	
  [Azeyanagi-Hanada-Unsal-Yacoby])	
  

一般にはLarge-­‐N	
  equivalenceが成り立たない	


・　S＾３上におけるlarge-­‐N	
  reduc(onではこの問題はない	
  

-­‐  Moduliは離散的　（解はsu(2)の表現で指定)	
  
-­‐  Large-­‐Nではtunnelingはない→特定の表現を取り出せる	
  
-­‐  susyによってprotect	
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ABJM	
  theory	
  on	
  S^3	


(Aµ,�, �, D) (Bµ, �, ��, D�)

Fields	


(�i,�i, Fi)i=1,2,3,4

�, D :	
  scalar場	


� :	
  gaugino	


Vector	
  mult.	
 Vector	
  mult.	


chiral	
  mult.	




Reduced	
  model	
  for	
  ABJM	


Dimensional	
  	
  reduc(on	


S = SCS + Smatter

Sred = Sred
CS + Sred

matter

Sred
CS �

Sred
matter � Tr �̄�A,B �� �̄�a�A,B � + · · ·

(Aµ,�, �, D)

�(Bµ, �, ��, D�)+
where	


�A,B� � A�� �Bwhere	


theory on S3. To establish the large-N equivalence, we first studied the integrals in the

perturbation theory. We constructed the Feynman rule from the eigenvalue integrals, and

found that each Feynman diagram in the reduced model coincides with a corresponding

diagram in the ABJM matrix model in the continuum limit. Hence, we conclude that these

supersymmetric quantities are equivalent in two theories to all orders in the perturbative

expansion. Then we considered the saddle point configuration of the eigenvalues in the

reduced model. We found that in the continuum limit the cutoff effect is sufficiently

small and that the eigenvalue densities in the reduced model at the saddle point consist

of infinitely many copies of those in the original theory. This implies that the expectation

values of supersymmetric observables in the reduced model, which are written as the

average over all the copies, agree with those in the original theory in the continuum limit.

Thus the large-N equivalence holds also non-perturbatively. Our result gives a strong

evidence that the non-perturbative formulation for supersymmetric theories based on the

novel large-N reduction works successfully.
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A N = 2 quiver CS theory on S3

In this appendix, we summarize our convention for N = 2 quiver CS theory on S3 [5].

We consider the gauge vector multiplet and the matter chiral multiplets in the adjoint

and in the bifundamental representation.

A gauge multiplet contains fermionic (Grassmaniann) fields {λ, λ̄} as well as bosonic

fields {Aµ,σ, D}. There are two kinds of supersymmetric action for this multiplet: the

CS action and the YM action, which are defined by

SCS = −
∫

d3x tr

[
εµνλ(Aµ∂νAλ −

2i

3
AµAνAλ) +

√
g(−λ̄λ+ 2Dσ)

]
, (A.1)
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SY M =

∫
d3x

√
g tr
[1
4
F µνFµν +

1

2
(σ + D)2 +

1

2
(Dµσ)2 +

i

2
λ̄γµDµλ− 1

4
λ̄λ+

i

2
λ̄[σ,λ]

]
.

(A.2)

The field strength is defined as usual by Fµν = ∂µAν−∂νAµ− i[Aµ, Aν ], and the covariant

derivative contains the gauge and the spin connections,

Dµλ = ∂µλ+
1

4
ω bc

µ γbcλ− i[Aµ,λ]. (A.3)

A matter multiplet in the bifundamental representation consists of bosonic fields

{φ, φ̄, F, F̄} and fermionic fields {ψ, ψ̄}. We assume that they couple to a gauge mul-

tiplet {Aµ,λ,σ, D} as the fundamental representation and to another gauge multiplet

{Bµ, η, ρ, D̃} as the anti-fundamental. The supersymmetric action for this multiplet is

given by9

Smatter =

∫
d3x

√
g tr[Dµφ̄Dµφ− iψ̄γµDµψ + q(2 − q)φ̄φ− 2q − 1

2
ψ̄ψ + i(2q − 1)φ̄∇(σ, ρ)φ

+ iψ̄∇(σ, ρ)ψ + iψ̄∇(λ, η)φ− iφ̄∇(λ̄, η̄)ψ + iφ̄∇(D, D̃)φ+ φ̄∇(σ, ρ)2φ+ F̄F ]. (A.4)

Here, q is the anomalous dimension and ∇(A,B) is defined as the operator which acts as

∇(A,B)φ := Aφ− φB, ∇(A,B)φ̄ := Bφ̄− φ̄A (A.5)

on the bifundamental and on the anti-bifundamental field, respectively. The covariant

derivative acts on the spinors as

Dµψ = ∂µψ +
1

4
ω bc

µ γbcψ − i∇(Aµ, Bµ)ψ. (A.6)

The actions (A.1),(A.2) and (A.4) are invariant under the supersymmetry transfor-

mations,

δAµ =
i

2
(λ̄γµε− ε̄γµλ),

δσ = − 1

2
(λ̄ε− ε̄λ),

δλ =
1

2
γµνεFµν − Dε+ iγµεDµσ +

2i

3
σγµDµε,

δλ̄ =
1

2
γµν ε̄Fµν + Dε̄− iγµε̄Dµσ − 2i

3
σγµDµε̄,

9In general, the theory may have a superpotential. We ignore it in this paper since it is irrelevant for
the localization calculation.
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Large-­‐N	
  equivalenceを非摂動的に証明したい	


ABJM	
  on	
  S^3	
 ABJM	
  Matrix	
  model	


Reduced	
  model	
 Localized	
  	
  
reduced	
  model	


Dimensional	
  	
  
reduc(on	


localiza(on	


localiza(on	


[Kapus(n,	
  Willek,	
  Yaakov]	




Localiza(onの一般論 	


	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  を最小にする場の配位に``localize’’。 1-­‐loop	
  exact。	
  
	
  	
  

�
D� exp(�S)

deform	


Z(t) �

Z(t = 0) = Z(t��)

�S = 0 �2 = LB �(D�) = 0with	
 �V |boson � 0



Localiza(on	
  in	
  reduced	
  model	


を最小にする配位にlocalize	
  

S^3上の	
  quiver	
  CS理論から得たreduced	
  modelでは・・・ 	


　　　　　 SUSY-­‐exactなdeforma(on　　　　　　　　　　　　　	


Fab � 2�abcA
c � i[Aa, Ab]where	


Sred = Sred
CS + Sred

matter

Sred = Sred
CS + Sred

matter + tQV

QV |boson =
1
4
F 2

ab + (� + D)2 � [Aa,�]2+ · · ·



Localizing	
  point	


解	
 (su(2)の任意の表現行列)_a	


Λ＋１個のN×N行列	


このlocalizing	
  pointのまわりで1-­‐loop積分を実行。	
  

S^3に対応する背景を選ぶ:	


Λ＋１個のN×N行列	


このlocalizing	
  pointのまわりで1-­‐loop積分を実行。	
  

(maker場=0)	


Aa = �2�



Localized	
  reduced	
  model	
  for	
  ABJM	
  theory	


where	


� =
�/2�

s=��/2

12js+1 � �s

scalar場	
 scalar場	


N1 �N1 行列	
Λ+1個の	
   行列	
Λ+1個の	
  N2 �N2moduli	
 &	
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ABJM	
  theory	
 ABJM	
  matrix	
  model	


Reduced	
  model	
 Localized	
  reduced	
  
model	


Dim	
  red	


localiza(on	


localiza(on	

Localized	
  reduced	
  modelは	
  
ABJM	
  MMを再現しているか？	
  
	
  -­‐	
  	
  free	
  energy	
  
	
  -­‐	
  	
  Wilson	
  loops	
  	
  

Large−N	
  reduc(onの非摂動的証明	




ABJM	
  matrix	
  model	


Localized	
  reduced	
  model	
 	
  	
  	
  Λ+1個の行列 	


� N1�

i=1

d�i

N2�

�=1

d��

�
i<j sinh2(�(�i � �j))

�
�<� sinh2(�(�� � ��))

�
i,� cosh2(�(�i � ��))

e�
2�2
gs

P
i �2

i + 2�2
gs

P
� �2

�



固有値密度	


Saddle	
  point方程式に基づく議論	

　Saddle	
  point方程式を比較。(注:Large-­‐N	
  limitではsaddle	
  point	
  による評価がexactに.)	
  

	


固有値密度	
 �̃(x) � 1
N2

N2�

�=1

�(x� ��)

0 =
1

��1
x� P

�
dy coth{�(x� y)} �(y) + · · ·

解	
(�, �̃) = (�0, �̃0)

�[s](x) =
1

N1

N1�

i=1

�(x� �si), �̃[s](x) =
1

N2

N2�

�=1

�(x� �s�)

ABJM	
  MM	


Localized	
  reduced	
  Model	


0 =
1
t1

x� P

�
dy

1
x� y

�[s](y)�
�

t( �=s)

�
dy

x� y

(s� t)2 + (x� y)2
�[t](y) + · · ·

は	
  reduced	
  model	
  の解に	
(�[s], �̃[s]) = (�0, �̃0) �s(for	
  	
  	
  	
  	
  	
  	
  	
  )	


�(x) � 1
N1

N1�

i=1

�(x� �i)

�0(y) �0(y)

1
�

��

n=��

x� y

n2 + (x� y)2
= coth �(x� y)



Large-­‐N	
  equivalenceの証明	


ABJM	
  matrix	
  
model	


Localized	
  
reduced	
  model	


両理論で同一の固有値分布	
  
であることがわかった	


Reduced	
  modelの自由エネルギーは	
  
ABJM	
  theoryに一致にすることがわかる	


Fred =
1

� + 1

�/2�

s=��/2

�
dx

x2

t
�[s](x) + · · ·

����
(�[s],�̃[s])=(�0,�̃0)

=
�

dx
x2

t
�0(x) + · · ·

= FABJM (証明終わり)	




Conclusion	


・曲がった時空のlarge-­‐N	
  reduc(onを（超対称な物理量に関して）	
  
	
  	
  非摂動的に証明	
  
	
  
・一般のN=2	
  quiver	
  CS	
  theoryに対しても証明できる。	
  
	
  
・Wilson	
  loopに関しても証明できる。	
  
	
  
・ほかの物理量	
  (	
  indexなど	
  )。	
  
	
  
・ほかの多様体。	
  


