G /G Gauged WZW Higgs system, Bethe ansatz for Q-boson
and a deformed Verlinde formula
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The G/G Gauged WZW Model on the genus h Riemann surface Y,

ref) M.Blau and G.Thompson ("93)
Matter contents A.Gerasimov ('93)

e g(z.72): scalar field (3, — G, 0-form ,Grassman even)
e A : gauge field (a connection on a principal G-bundle over ¥, ,Grasmann even)

e )\ : fermion (adjoint rep of GG, 1-form, Grassmann odd)

Partition function: Zawzw(Zh) = | DgDADN eFdcwzw
>h
where
1/ L B
Sara(9, AN awzw = Swzw(g)—%/ d*2Tr(ALg™ 0z + 90,9~ ' Az
Zh,
1
+gA,g A, — ALAL) + — Tr(AAN)
27 2h
1 . - i
Swzw(g) = s d*2Tr(g ' 0.9 g~ ' 0z9)
_?E/ d’ye* Trg~'0i9 - 97'0;9 - 9~ ' Onyg
WZ-term

* The G/G Gauged WZW model is a topological field theory.



Partition function of G/G Gauged WZW model =

f of conformal block of level £ G WZW model on a genus h Riemann surface:

Zawzw (Xp) = dimV}, = Z |SO,R|_2(h_1)
R



The Partition Function of the G/G Gauged WZW Model on ¥,

G =U(N)

» Gauge fixing: ¢ € U(N) — Maximal Torus

N
g(z,z) = exp | 2mi Z ?i(z, Z)H? | where H’ are Cartan subalgebra of u(N)
j=1

» Effective abeliannized GWZW action

N N
— . ' 27T7:(¢a—¢b) 1—h+‘€a—‘€b Imik Z:;VZI fE q')JF(J)
Zawzw (Xn) = Z H Do, DA; H 1—e e h
(L1, EN)EZN " J=1 a,b=1
a#b
1 ,
where U(1)-charge of the backgound gauge field ¢; = ¢1(£;) = oy / FU)
T )3
—

N .
27i(N—1)¢,
(n1, nN)EZN "~ =1 Ha:le = =1

—

N | A (e?miPa — g2midn) o N N N_1
ZeWwEn = ke 3 [[Lde 82 I1¢ ((N TR Y bt g - n)

. TTE bor (27ia — e2mion) B i -
_ kh a#b —
=  (k+N) > f I ¢ e, II¢ ((N + k)¢, — ; o+ ——— nj)

(n1, i) ELL j=1 1=1



The g-boson Model and Phase Model

ref)N.M.Bogoliubov, A.G.Izergin, N.A.Kitanine('98)

The g-boson model (the phase model) is the quantm integrable field theory on the lattice.

the Hamiltonian

1 N

H =23 (BBl + BinB])

=1
tbﬁ_q;bason_Lq;QscﬂJai@JL)_anﬁbLa{qiN,B,ﬁT},
N=g NN =1, ¢"B=p8¢""", BT =757V,
Bt - 3818 =(1-¢*N, BB - B3 =1-¢°

where ¢™% denote generators and ¢*?V+? is shorthand for (¢=V)P¢".
g

N q

- ¢ serve a coupling constant. (¢ = ¢')

Comment
g-boson algebra <« free boson algebra

b= Lo g [
J 1_|_N7 7 J J 1_|_Nj

free boson algebra




Various limits

¢ — 1 Limit: g-boson model —— free boson model

« Continuum Limit: g-boson model — non-linear Schrodinger model

"strong coupling” limit

* ¢ — 0 Limit: g-boson model —— phase model

N
1
H = —5 Z(‘Pi‘fo;‘r+1 + QO??+199}£L)

1=1

_ 1 i1

Bi — p; = —F—0ayj, 5; —W’;r' =0
1+ N; \/1+ N;

q—0:



The Algebraic Bethe Ansatz Of The Phase Model

Fock space of the phase model (0= N, Ex. [0)p = |0)n)

® 0)i, @il0) =0, |0} =10)0 @ |0)1 ® -+ ® (T0)); @+ @ |0)y_1
Algebraic Bethe Ansatz
1 pep]
* L-matrix:  L;(p) = '1 where p € C 18 a spectral parameter.
wi  p

L matrix satisfy the Yang-Baxter eq:  R(p, v)(L(p) @ L(v)) = (L(v) @

7
(i 00 0
0 4 1 0
with R-matrix is R(u,v) = p—v
0 0 L 0
pw—v
i
\ 00 0 )

* Monodoromy matrix: T'(p) = ( Alp) BEH) ) = Ly (p) L1 (p) -

» Transfer matrix:  7(p) = tr7'(p) = A(p) + D(p)

*B(p) = creation operator, ('(x) = annihilation operator

L{p)) Ry, v)



* Yang-Baxter eq — R(p, v) (1T () @ T'(v)) = (T'(v) @ T'(p)) R(p, v)
(h=v)A(uw)B(v) = v(=B)A(p)+ B(p)Av))
— (w=v)D(w)B¥) = pB)D(u) —vB(u)Dv)
(h=v)C(p)B) = v(AW)D(u) = A(p)D(v))
* Suppose that [¢p({A}r)) H ;)|0) is the eigenstate of the transfer matrix:

:k' k
_H = A(u, {A}) H

— Bethe eqs:  (—1)F"1. )\j_(NJrk) : H Ao =1
a=1

k k Hk /\k—l
* Bethe norm: (0| H C(A H A)[0) = Hk b:(1/\ b ; )N(N n k)k_l
= j=1 a,b=1\ g — Ap

aFxb

where {\} satisfy the Bethe egs.



The G/G Gauged WZW Model and The Phase Model

G =U(N)
. . 1—-h
N o | Hg,b:1 (€2m¢>a N €2m¢b)
Zewzw (Xn) = (k> > ) e :
+ N (Sorution} (k+ N)F-IN [1F_, e2mitk—1)sa
with constraints (N + k)¢ Zgbg —— —n; =0 forj=1,-
N :  Site number = Rank of Guage group U(N)
k :  Particle number = Level of su(N)y
A = 2™, Bethe eqs — (N + k)¢ Z¢€ — Ny =

(N N\ 1P k k t=h
2w =(ry) X (@IIeonTIE00)

{Bethe roots} Jj=1 ji=1

U(1) part
G = SU(N)

1-h
ZowawEn) = Y (oHc ) [1 5 >o>)

{Bethe roots}



Fock space of the phase model and affine weights of athne Lie algebra
ref)C.Korff , C.Stroppel('10)

Fock space of the phase model (N = 0)

N-1
0) == ) 10)i.  @il0) =0, |0} =10)o® @ (0)); @+ @[0)ny_1 =1 [0} @+ @[1); @+ @ |0)y_1
i=0
N-—1 A )
H (@j) 10) = [XAo)o® | A1)1 @+ @ |AN—1)N=1 = |A)
1=0
N-—-1
* total particle number: £ = Z A
1=0

Affine dominant integral weight of level k affine Lie algebra su(N ).

N—-1 N—-1
P;_{;\—Z)\id)i d A=k, AieZ>o}

=0 =0

where @, are affine fundamental weights and \; are Dinkin labels.

Identify a Fock space on the i-th site |0); and an affine fundamental weight w;: |0); = @;

A =@y, if AN € PE,

— ol PP = Ph, eld=A+a 5 e BB pld= .
0o otherwise




B(zy)B(x3") - B(zph)|0) = Y sielaptagt oA
Aept
where s5. (21,22, -+, %) = Schur polynomial

* Suppose that {J‘}le satisfy the Bethe equations of the phase model.

* Sol(N, k) := {m € R*|x solve Bethe egs and the z; are pairwise distinct}

Pan_1,6 = Sol(N, k),

1 lo
O Ty ::zI{’CN (Cll,...,CIk)

271

k_I_NandI:I(at):

k k
(B4 o — b, B 4 o = 1)

where ( = exp

- Character:  x,(¢7") = (0|C(x7 YO (x5 ) - Cla; D) for pe PF

k k
» Modular S-matrix: Sz s = Sosxu(z™!), and Sps = | (0] H Cx: ") H B(z:1)]0)

J
j:l j:l



Summary and Discussion
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ZENTEDLZ TR,
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