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Introduction



[Fradkin, Tseytlin ‘85]
[Abouelsaood, Callan, Nappi, Yost ‘87]

Dirac-Born-Infeld (DBI) action: [Callan, Lovelace, Nappi, Yost ‘88]
the low-energy effective theory of D-brane

SDBI :/ \/det(cpfp(g—i—B) _F)ab da’ A - A daxP
o ()

We proposed that

DBI action = Generalization of Nambu-Goto action
in the framework of generalized geometry

It is known that

Scalar fields describing transverse displacements
= NG bosons for broken translational symmetries

Broken symmetries are non-linearly realized in NG action.
[Low, Manohar ‘02]



Under T-duality,
exchange

Gauge field Scalar field

We show that

- The gauge field and the scalar fields can be treated on equal
footing in the framework of generalized geometry.

- As scalar fields, the gauge field are interpreted as NG boson for
broken (constant) B-field gauge transformations.

- The DBI action is invariant under non-linearly realized
symmetry for all types of diffeomorphisms and B-field gauge
transfomations over the target space.
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1. What is generalized geometry



What is generalized geometry? [Courant ‘90] [Hitchin ‘03]

Generalized geometry is extension of (usual) differential geometry.
M : D-dimensional manifold (the target space)

Differential geometry Generalized Geometry

TM TM =TM e T*M

Diffeomorphism

Diff. and B-field gauge transf.

Lie derivative:

[fu-l-ﬁ(v T 77) — \Eu(v T 77) — qudf

_T_ v J —\—
Diffeomorphism  B-field gauge
generators transf.



2. D-brane

(Dirac structure)



Dp-brane : (Dirac structure [Courant “90])

A Dp-brane without fluctuations (®, A) can be characterized
as a subbundle

L = {v¥x)0, + &(x)da')
= A ® Ann(A) cT™m

dx’
L aa

Examples of D-branes:

‘T'M : D9-brane
T* M : D(-1)-brane

(M:10 dim manifold)



Dp-brane with fluctuations

Acting a diffeomorphism and a B-field gauge transformation on [, ,
a D-brane with fluctuations can be represented as a subbundle

Lr =e **AL Cc TM
Vi, + F(Vy) = v%(x)(0g + 0,8°0; + Fopda®) + &(z)(dzt — 8,8%dx®) € T'(Ly)

where

1 : : :
F = 5 Wwdr® A dx® + 0,0'dx® A O; : a generalized field strength

Image of L 7, Graphofamap F : L — L™,

dy' = dz* — 0,P'dx®




3. Adding a metric and a B-field
(generalized metric structure)



Generalized metric

Generalized metric is given by a subbundle C. € TM of which
sections are described as a graphof E=¢g+B:TM — T*M or
asagrapht: L — L%,

UIT 7;L
Since these graphs represent the same subbundle, we find the
relation

tw = EZJ) taj — _Eak:Ekja
t', = E%E,, tap = FEap — Eqp E* By,

These relations are similar to the Buscher rule since T-duality ex-
changes vector fields and 1-forms.



Another definition of the generalized metric

We introduce the operation GG : TM — T M given by

—B —1 —1
G = (g B Bf]_lB gng> [Gualtieri ‘03]

Then (L = Ker(1 ¥ G)

1. Restriction of G to L = gives the induced metric on L #:
sp=8—(a—F)s (a—F) ell>xL%)

2. Restriction of GG to C gives a bulk metric:
o e M T

S : symmetric part of { Q : anti-symmetric part of ©



4. Transformation law



Transformation law

Consider an infinitesimal transformation of a diffeomorphism and
a B-field gauge transformation generated by

€=¢ +e€L — %9, + €0,

A= AH + A, = A, dx® + Aydx’

The transformation law for the tensor F e I'(L* @ L*) andt € I'(L* ® L™)
can be found as the transformation of the subbundles L and C. .




Transformation law:

0Fay = —€"OnmFap — 0 Fep — FacOpe® — O Ay Fy + F, O Ay
—FFOke  Fep + FacOre Fhy — F R 0uMy Fly + 0pa A
0F, ) = —6F, = —MOyF,? — 04 F.) + FFOke — F,FOLF, + Oy€
Stay = —€Ortab — Oa€teh — tacObe® + O Moyt + . Oy
—t o Ok ter + LacOet™, — t, O Ayt'y + O0ja gy
St = —eMouty — 0uet) +t, Ope? + Oyt
—t, ORet + tacORet™ —t Oyt + O,¢
5t'y = —eMont'y + Ope't’, — ' Ope® + t" O Ay
—t"F Ot ep + 1 Opeth, — tF Oy Aytty, — Ope’
6t = —eMop it 4 Ot + tFO€

—t"F0et,) + 1 Opet™ — "oy Ayt



0Fap = —EMaM]:ab — Ou€“Fep — FacOpe® — 5’[aAk]Fkb + fak@[k/\b]
—]—"ak(‘?kec chb T ]—"acﬁkec}"kb — Faka[kAl].Flb + (9[aAb]
6F) = —6F =—eMOyF,) — 0ueF,7 + F FOped — F 50, F.7 + 04€

This transformation law can be rewritten as

0Fap = 0Oja0Ay — %0, Fy
SF,) = —0F = 0,00
We can read the non-linear transformation law :
0Aq, = | Ao — €Foy + A0, @"
00! = € — €0, P"

(@', A,) can be interpreted as NG bosons for €' = const. and
A, = const.



4. I|nvariance of the DBI action



In this section, we prove invariance of the DBl action under the full
diffeomorphisms and B-field gauge transformations on the target

space.

Firstly we define the DBI action as an integral over the target
space M as

SpB1 = / Lppr 6P 7PV (2t — d4(22)) dz® A - AdaP
M
Lppr = detTgdetise
This action can be rewritten as a well-known form

SDBIZ/ \/det(gog(g—l—B)—F)ab dz’ A - A daxP
>

The proof of this relation are found in our paper.




Transformation rule:

5v/det s = —eM Oy v/det s+ + /det s {—8Cec + Ope” — 2fck8kﬁc}
6+/det g = —eM Oy /det g + v/det g {—8M6M}

6Lppr = —€M 0y Lppr — (0.6 + 0.9%01e) Lppr.

The delta function is transformed as a density to
5[6P P~ (2" — @7)]
= —eMy [0 PP (28 — B — (Ope’ — D,ecD.PF)6P P~ (28 — BY).

Combining these transformation laws, we get
) [ﬁDBI § PP (g q’z)} = —0m {EMﬁDBI § PP (g — (I’Z)]

(total derivative)




Interpretation as determinant bundles

Vdetg dz® Ao AdxPTt € T(det(T*M))
Vdetszg de’ Ao AdzP ANOpyg A---ANOp_1 € T(det(L*))

The determinant bundle of each structures are decomposed as

det(T"M) = det(A™)® det(Ann(A)),
det(L*) = det(A*)® det(Ann*(A)) = det(A*) @ det™* (Ann(A))
Then

det(T* M) ® det(L*) = det*(A*) @ det(Ann(A)) ® det™ " (Ann(A))

Therefore the DBI Lagrangian can be characterized as a volume
form over a D-brane world-volume as

Loprdz® A -+ AdxP € T'(det A)



Summary

 D-branes are described as a subbundle (Dirac structure), where
scalar fields and a gauge field can be treated on an equal footing.
* As the scalar fields, the gauge fields are interpreted as NG boson

for broken B-field gauge transformations.
 We show that the DBI action is invariant under non-linearly

realized symmetry.

Open guestions

How can we extend these arguments to the following cases?

* Non-Abelian gauge theory
« Ramond-Ramond coupling (especially for A-roof genus)

* The relation with non-geometric fluxes
e M2, M5-brane



