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Embedding Tensors, Dualities,
and Auxiliary Fields

in 4D N = 2 Supergravity
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4D N = 2 system

Magnetic gauge fields

Tensor gauge fields
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Embedding tensor formalism

by B. de Wit, H. Samtleben, M. Trigiante, etc.

BRRKEENEHR (maximal-SUGRA) TIE3XRTTH 5 9RITE TR
0212239, 0507289, 0805.4767, 0901.2054;
0209205, 1106.1760 (9D); 0306179, 1110.2886 (8D); 0506237 (7D); 0712.4277 (6D);
0412173 (5D); 0705.2101 (4D); 0103032, 0801.1294 (3D); etc.

(U-)duality Z#EIEDT — VRN [T —JVEROEIEI BOEZX D
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Embedding tensor formalism

7' =469 B124F : embedding tensor ©,,“ ZEA

to € LieGy global

T € LieG local
au — D,u = 8H—gwyTM

Th = Ot

Tr, Tn] = —TuntTep, Tun® = Oy “(ta)n'
D, D] = —gFM Ty

Fr = oW —o,W + gTinp)™ WY W)

137

closure constraint: 0 = f,3” Oy*ON” + (ta)NP@Ma@;ﬂ
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Embedding tensor formalism

T(MN)PTP — O

< VAN T(MN)P = 0 &EFRSEL

M M M 1x7P Q
5?1“/ — ZD[MM/VV] _QgT(PQ) W[M5WV]

B — I SWN = D, AM (EH L THETR>EL

tensor gauge fields Bl "~ wBA L THZEL
M _ M M (N P)
H,uu — fuy_l_gT(NP) B,ul/
SWM = DAM — o T ypyMEN

(NP) =(NP) (N, ,P) (N P)
0B = 2D Z0 — 2M ) 4 2w VoW
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Embedding tensor formalism

L (W)

gauging | Go-covariant

LWM 0y, B

ZWM ey, BUD) & ERIE Go #E
Z Oy DIEC E(C, —DDYIEM Lagrangian 52X %

FNEFNDOYIEMNL Lagrangian R L[
Ou® & Go-Bf (MNE#R) T3 ETDEMNS
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EBTE:ADN =2 w

Embedding tensor formalism
N J

Embedding tensor formalism D&, BENERE LN HAB(CESKRI CLILH B,

CHOFEN4RTN = 2BENERCEHATETZDE 2011 ETH B,
RABENERERED, 4RTN = 2BENEREINT MUBEVEZNESZEIRICERT 3726,
HECHRSMEEZRFS, EHL,

B. de Wit and M. van Zalk, arXiv:1107.3305



http://arxiv.org/abs/1107.3305

Setup: 4D N =2

4D N = 2 system DMFD global symmetry group Gy (&

Go = Gsymp X Ghyper

vector ZEIAN 5 hyper ZEIEMN 5

0, X% = D, X% = 9, X"+ gWNTnp X" vector ZBENDINS—15

0,0 — Dup™ = 9,0 — WYy hyper ZBIEND X 15 —15
Tunt = 012 (t) T (Tar, Tn] = —TantTp
k4 = OumkA, kB Ok n — kBN Ok = TunTk?p

Tun®Qpig = 0, Tun“Qpyg = 0
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Duality covariant Lagrangian

g(@Ma) — gvector + o%cop + o%hyper + o%onf + ...

1
6_1ogvector = _Z N> IHQVHMVE -

i
-1 AN 2/
—e TP RAS HA D 4

1
6_19%[0p = g ge—lg,uypa(@AaB'uya + @AmB,u,um> eraA — %(@Abeab + @AanJn)} + ...

1
e_1«:§/ﬂhyper — _5 JAB D,u¢A D'qubB + ...

1 1
e ' Lont = E(K +x)R — 5(2K —x)D+ ...

HE, = FA 4 %(@AaBWa +0MB )

Dl#g, EBfiEEE(CT 726 (C abelian gauging #& 2 %
ENTE Ty FEBEF>RS GV
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Vectors, tensors, and scalars

fields ” before
wa dynamical ny + 1
______ lectric
Wa auxiliary ny + 1
magnetic
Buva auxiliary na = dim Gsymp
Bum auxiliary Nm = dim Ghyper
P4 dynamical 4(ng+1)
hyper

@Ma, @Mm @EU‘\E;Q%_C\
dynamical fields HNVBE SN S (dualize TNB) C &L ZHERI D
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Magnetic gauge fields

Tensor gauge fields™
N

Embedding tensor formalism $58 0 7 > YV JLEBNZE DR WITEE T B,

BRI TIEEENG(OBTIEVLWEBE D,
BRSHIEEN [N T BBCEEAENERNBICHEB C EFEBIHT B,
WHEBICPWTAAS—BENT VYV IBICEBRIND CE", D formalism THEERIRETTH D,



Electric frame

Embedding tensors ©,,%, O™ OBV AT, BHE frame HNRFE D

Purely electric configuration (BXBHEEDHD [EED] T —I1b) .

@Ma _ (@Aaj@/\a) _ (@Aaao)
@Mm _ (@Am,@/\m) _ (@Am,o)

azl,...,dimGSymp, m:17-°°7dimGhyper

BEE D electric gauging (T n)" =0) (CE3
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A magnetic frame

BUIANERIN, TVVIVBHIEIZT DR
R. D’Auria, et. al., hep-th /0312210, hep-th /0409097, etc.

XD embedding tensors DIKRZE X 3 :
A= {,U), a=(a,a), m=(m

oM UM MEBF(CH: 2 DL YIBNES
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http://arxiv.org/abs/hep-th/0312210
http://arxiv.org/abs/hep-th/0409097

Vectors, tensors, and scalars

fields ” before
ol .
A Wﬂ ______ dynamical ) .
0 .
electric 1 W | dynamical (ny +1) — nt
W.r auxiliary nr
W,uA e | 1
magnetic | W,.u auxiliary (nv+1) —nr
B,,» | auxiliary nT
Buua i """""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
B,z auxiliary Ng — NT
" B, || auxiliary nt (def.)
Buum i """""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
- Bum auxiliary Nm — NT
o3 o dynamical 4(ng+ 1)
hyper |

vectors W2, Wya & tensors By, Buym D3R
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Integrating out B,

¢0'" B, = B, OEBHHERREMRL

B!, = T! {ieeuypajfa +o(rT Y JKJWK},
j,uu[ — 2(‘3[MW,,]I + ...,
CNZE Liector) ZLiop ICRALUT By ZEWVWHE L. W, DEHRZERSTI S .

e ! (o%vector + O%cop)

]_ /\IJ ~ ~ U /\I ~ A~ I/V A /\U N I/V
= [T F T 2T Bt P + Ty FL P
i AN AN AN AN AN AN AN P P
e et R F 1 F s + 2R Pt Py + R FU,

8
i — Vpo m/ 1 — Vpo m’ n’
+2ge terrre@timp o bl — 5 o2 et P OV Oy B,y Boow + - - - -
= _ g~ m U U, 8~Um
F,LLVI = 26[MWV]I - 5@] B/Lvm’ 3 ‘/—_:LLV f— 2({9[MWV] —|_ 5@ B,ul/m’

T VYV IIGDHEEG (Stiickelberg-type) Z &5 A E BHIR
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Integrating out W,y

c%op ([CADTLD B,uz/m’-FpO'U IE@Bb\(f-C\
W, OBBARRERL &, RSB o7 B, NEBEEEETS

5(6_1$) 1 /
0 = 7 — JM/ —e ! MVPUHV om’ — m’n’Wlm )
(5W[{‘ ot 126 £ p M
W' = gWHEU™ = MY | e T e Hyps + Tl

H,uz/pm’ - Ba[qup]m’a Mm’n’ = JAB kAm’ an’: Jr/nl/ = (gABkAm’> 13“¢B + ...

/ 1 / ]_ / /
e L = e L+ Wi+ e e Hy oW = W My WHT

12
1 /1
-1 v
= € cgo - mHMme/Mm " Hr/f’ P
1 —1 _pvpo m’n’ 1 m’n’ T
—|_ Ee 8 Jum/M Hl/pO'n/ _|_ §Jum/M Jn/ .

MY BTG B EE(C LA (CHT BEIBRNEI NS
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fields “ before after { #
A | Wlf dynamical (gauged away by dB,,,./) nr
VV,u e I
L Cleatde | Wy | dynamical | dynamical | (D omr
- War auxiliary dynamical nT
W,uA e |
magnetic | W,uU auxiliary (integrated-out to make B,,,,,y dynamical) (nV + 1) — Nt
i B,va auxiliary (integrated-out to make W, ; dynamical) nT
B pura |
i B pva auxiliary (decoupled) Ny — Nt
B auxiliary dynamical* nt (def.)
B purm I e
i B pum auxiliary (decoupled) NMm — N1
A gbA’ dynamical (dualized to B,,ny) nr
¢ | I S
hyper | ¢4 dynamical dynamical d(ngg+ 1) — n
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Relations

a mixed systenl
U A
ME Wjif . Buum’ : ¢'

duality covariant form
:}: W;Lha @JUQ: B_u.ua; ‘?5’

rlectricaﬂy gauged system‘ r;uagnetica'll}f gauged system‘
A A
Wp 3 ¢' Wpﬁ: B;_mrn
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' Summary and Discussions

o BHE%
T =3I SN BE N DRI > I2EHR

0 EE
Embedding tensor formalism in 4D N = 2

O FENT
Magnetic gauge fields
Tensor gauge fields™

® Comment
Embedding tensor formalism (& global SUSY THEZ 35
B. de Wit and M. de Vroome, arXiv:0707.2717
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Discussions

@ Tensor gauge fields B,y ODEBXMMER(IBREFOEDICEITS (139)7?

@ Scalar-tensor ZEIH|(cTEHEND ?
Hyper ZEIHN X 15 —15 ¢ (& Hyper-Kéhler Cone (C{BZ D

HKC hSHEE(IC TeIhik< | &L ?

/
¢4 — B, : nrtensors

¢* : 4(ng + 1) scalars (HKC) = { bA: (3nr— 1) + 1 scalars — 1

¢4 1 4(ng+ 1) — 4ng scalars (HKC)

@ Non-abelian gaugings
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Discussions

@ RS —IBEERLT. 75V O XOV/IT MEICHPFAD

Embedding tensors {@Um/, oY m/} ~ RR-flux charges {eg;, my }

10D type ITA

torsmnful mamfold
Generallzed Geometry

ADN =2 ADN =2
abelian gauged SUGRA _ ) Non-abelian gauged SUGRA

embedding tensor

Mixing NSNS and RR
(Exceptional Generalized Geometry 7)

AXY b
CY, SU(3)-structure manifolds, SU(3) x SU(3) generalized geometries T(&
BOWEWAHRT — IR UHRE LU

e.g., D. Cassani, arXiv:0804.0595
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http://arxiv.org/abs/0804.0595

nE:

Duality groups in (half-)maximal SUGRA

Global symmetry groups in 4D N = 2 conformal SUGRA
Duality covariant gauged conformal SUGRA

Gauged conformal SUGRA in a magnetic frame

4D N = 2 SUGRA via compactifications




Duality groups in (half-)maximal SUGRA

scalar field space : M = Gy/K

maximal SUGRA half-maximal SUGRA
Go i K Go i K

=~ ot o = 00 ©

GL2) | SO(@2) GL(1) x SO(1,1+n)
SL(2) x SL(3) | SO(2) x S0(3) | GL(1) x SO
< SO(3,3+ 1) |
(
(

(
. (
SL(B) 1 SO(5) GL(1
(
( 5,0+n
(

) )

) ) 1 50(2) (2+n)

) ) 1 S0(3) (3 +n)
S0(5,5) | SO(5) x SO(5) | GL(1) x SO(4,4 +n) SO(4) x SO(4 + n)

) ) 1 50(5) (5+n)

) ) 1 SO(6) (6 +n)

Erry g SU(8) SL(2) x SO(6,6 4+ n

U-duality S-duality x T-duality

see, for instance, arXiv:0808.4076
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Global symmetry groups in 4D A/ = 2 conformal SUGRA

Go = Gsymp X Ghyper

@ Gsymp : invariance group in the vector multiplets sector

XA jZA UAZ ZAZ XZ
— — —
Fy Fp Was  Va~ Fy

with F(X) = F(X)

ie., Gsymp C Sp(2ny + 2;R)

® Ghyper : the part of the isometry group of the space of hypermultiplets
hyper
G.oP = SU(2) x Ghyper

isometry

generated by the tri-holomorphic Killing vectors k4,

space of VM : rigid special Kdhler geometry space of HM : hyper-Kdhler cone
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Duality covariant gauged conformal SUGRA

B. de Wit and M. van Zalk, arXiv:1107.3305

1 2
Z = k(in) + gk(in) + ZLeont + gH,conf - o%op + ZLaux + gg T $g2 )
e 'LV = —iQunD, XM DMXN

1 koY e} 0
+ Q[ 2V PQY - @) PR
1 [—i v — i

— §QMN _¢MZDXM’YMQ£V — i PX Y AQ N] )

— 1 v 1 vpo
e 19%1((;) = _ZIAZH;/}VHM > _ ge 18” p RAzHﬁnya

1% 1 — 1%
+”Hﬁu05{ _E[I 1]AEOWAO§ )
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-1 1 1 - o 1__. 1__ _
€ gconf — EK [R + (6 5MVPU¢L’YVD;O¢JZ' - wﬂwiTW@j + (hc))] — K [D + EIPL’Y“XZ' + Ewmfy’u’xz]

I 1
- [KA(4 Mypo-":b,uz’yl/w DUX + wuz'y 'VpJQ TpUZj) + (hc)]

_ [KA<;QA HYD bt — O ) 4 (h.c.)] ,

1 1 1 — 1—; 1 1—,; 1— ;
ZH,conf = EX [R + (e 5MVpU¢L'7VDP¢Ji - szwzjjTW/ij + (hc))] + EX [D + 5¢L'Y“Xi + E@%ﬂ“xz]

1 ~a —1B >«
- QQABD,uﬁbADM‘bB + [— GapC P + gapTa CA P by + (h-C-)}

I - vpo ] —1 A 1 —a =
=5 eI A (D)X Dod” — (Wagys (CTru¢) ()

— xa [ (T Dl + X~ S T ) + ()]

FON B

15 v, (T B, iy T
+ [ oz,BC ,LLI/Z]‘E C Ca'V Y %D,u; (¢VGQBC5 + € JQaﬁ¢ujCB) + (h-C-)} )

~1 L A A M 1 1
¢ Ziop = g8e e (0™ Buva + 07" Buym) (QGpWaA + e T NiaW, W, — 18 ONBpob — 18 @Aanan)

i

—1 M5, N Al Ayg P
+ee T AW (apWU + 58 Tpg" W, W(?)

R | Ay Mg, N 1 P
toge " TN Wy Wy, (3pWaA + 18 TP AWy Wf) )
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—1
€ gaux
e_lgg
—1
e &
g2

I Ax r 1 T I = =kl I
N [NAI‘Y;‘j‘I‘E(FAFHQin — Farnf™ €z‘k:€jl)]

R = —
X [NEEY,LJH — —(FEEAQL_'QJA — FEEAQ

5 Qﬁsimsjn)] ,

—
—

=

m

1 i A—
_Eg [iQMQTpNstXNQy (Qf + ’y’UqujXP) + (hC)]

+ 28 [kanize VT (@) + 4" X M) + (he)

+g [MijMEW; (’Y”LQ?/[ + ’waijM) + (h-C-)]

+2¢ [ XM Ty 708,87 4 XM T 1505077
1

JASEST | = ASiS jT
—Zg[FAEFM” Q;°Q; + Fasrpi; Q79 ]

+gY" [MjA + §(FAE + FAs)1ij ] ,

. 2 M P~ N<R~-S 2, A B M<N
ie? Qv (Tpo™ XTX9) (Tre VX X)) — 262k kP ygapX™MX
1

2 A
— 38 Nas pij

i3
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Gauged conformal SUGRA in a magnetic frame

ogmagnetic o%k(lil) =+ o%aux + o%onf + Z (1c)onf + gg + $g2

+ %+ LY Conf s+ LB+ L+ Lvow,
_ 11~ ~ ~ ~TT =~
e Ay = =3 [T Bt B 22y Bt PV 4 Ty FLFY]
i _ ~T ] =~ ~
o ge 1€,ul/p0 [RIJ ‘F,UJ/IF oJ T QR V]: .7'— o T RUV fgyfgfa] ,
-1 2 1 5 ARup B ~ A
gP(I,C)onf,J = —594BDu¢ DF¢" + [ Gapl P + 54Tl (CO4 7" ,i) Dud —I—(h.c.)]
L 1 ki AS B
— e e 8 ap (Vo) X Dot
e—lg _ 1 H Mm/n/Hqu_i_ i —1 ,uupaJ an H
B = 2. 4! l“/Pm/ n’ 12 Vpan ’

-1 1 2 3 4 iy 2 3 4
ey = S[(I2, 4T+ (he)) + I0) MM (I + I 1 (he)) + 5]
- 2 L —1.A% =T ~ 1. K~ -
e Anw = Fl,0f = ST 0,008 + 20, [0 - T FY) + 6T K (R - R )]

1 ~ ~ ~ _
e IO |(Fpos = RavFpe) = 0T )5 (0o = TkuFpy) |
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Moy = gapk” k",

gt = Y 4 [P 4 g ()] + T,
T = gapk® D",

TN = Gaa(te)’5(CC)

TN = —gapk” 7L (CV Y i) |

1 _ vpo ] K
Ju,(4) _ _56 1 _nvp sikaJAB (’(py’}/plpaj)XAkBm/-

!/
m n
S4aB = gaB — gAm’M 9n'B >

kj _ 1kj kj m’n’
d7ap = J7ap—J Am/M agnn -
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Equation of motion for B,,, .

)~ 1 / 1 1 /
0 = _@Ia \7/.LVA + 5613 [RAZBEV - 56 g,ul/paIAEBpo-E] + §@Ia B/iz/ )
j,uz/A = F,LLVA — [RAE-FW/ — 56 guupaIAE-F ] — leg,uupaOA ’

AN AN

AN 1 AN
ya — F FA — /TA BA
prA = 17777, S §B,UJ/A ) wry — Y ouv 5 I

B = ¢0"B,,., Bﬁy = ¢0"Bm, B = 207" B,

)

B'LI“/ = :/Z\-IJ{iGFJMVpO—jfa + Q(TI_l)JKj\MVK} ,

AN

VY = (T4 r27 )Y, e = R1J+(@—1)a,I@Ja’.

Tetsuji KIMURA : Embedding Tensors in 4D N=2 SUGRA



Geometric flux compactifications in type IIA

10D type IIA action SI(%KD) = Sns + §R = Sns + SR + Scs: (democratic form)

1

1 _ 1
Sne = §/e_2¢{R*1+4dgb/\>x<dq5—§H3/\*H3}, Sk = —g/[F/\*FLO

with “constraint F = A(xF)” and “EoM (Bianchi) (d+ HA)«*F =0< (d — HA)F = 0"
J, SU (3)-structure with mi = 0
4D N = 2 abelian gauged SUGRA (with ¢ = (¢/,¢,)7):

pv po . o
SUD) — / d*zv/—g [ R+ ImNAgFA FEW—S6 gReNAgFIfVFpEG 905 0ut? 0" — gi3 0,2 0"
e O I J\2 i
—0upd"p + —(Mn) 1y D, DVET — T(Dua—ﬁ (C)raD,€")" = Vit tq)
4 . N

o (eal,enr): geometric flux charges & egp : RR-flux charges — onCY data
(with constraints e, ’es;; — epresy! = 0)

e (% cSKGyand z' € SKGy C HM are ungauged (in general)

o D=0, —erNAY & DM& Dulr — enrAl)

e D,a=09,a— (2erp — &7 eA]+§jeA )Aﬁ

e V(¢ q): scalar potential D. Cassani, arXiv:0804.0595
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4D N = 2 gauged SUGRA with B-field via compactifications

Non-vanishing mj{ dualizes the axion field a in standard SUGRA to B-field.

4D gauged action is different from the standard one:

1 1 1 = . _
SUD) / [5 R(x1) + §IH]JVAE FMN\xFy + 5Re/\/AEFQA AFy — gz dt® Axdt — gi;dz" A xdZ?
—4p 2¢

—dp A xdp — - 1 Hy NxHgy — e7(MH)IJD§I A xDET — V(x1)

1 ~ 1
+§dB A [€I<CH)IJD§J + (2era — Eear + §I€AI)A/}] — §mﬁ6RABz N By

Constraints among flux charges:

1 A

I _ I _ n —
exn et —earess = 0, mgepr” = 0 = mgear
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Flux compactifications on SU(3) x SU(3) generalized geometry

e.g., D. Cassani, arXiv:0804.0595

1 _ T . _
4(PH/J,1/pHMVp — 9.7 autaalitb — 9i7 8,1,2:%8“_‘7 -V

1 1 1~ -
+ / [EImNAEFA AxFZ 4 §ReNAZFA AFZ 4+ 5877 dE" A xdé
L —1\AX -
+ 5(A ) (dCQA + ¢AdB) A #(dCayx + (xdB)
bl I 1 ~ ~
+ (dCop + ¢adB) A (22 A7 U TMy)  1dEl + SdB A el (cy)psd€’

- 1 ~ . 1
+ (CzA - €RAB) A {dA/f + §(UV)AEC22 + EmﬁB}] ;

F» = g+ GiB = dA) + (OV)MCyx + mi B,
e = @)yt 0= ()8, = WUTCaE
Apsy = U MU s, Ary = P (Mp — MpUAT U My) 15,
G = —(A—l)AE[*dOQE+g2*dB+e2‘P(UTMH)ZIdEI} . GA = A ohE.
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