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Abstract

Non-local operators play a crucial role to test the AdS/CFT correspondence. In this
paper we use the two types of such operators— 3-dimensional non-local operator called an
“interface” and a “’t-Hooft operator.” We consider a system to realize the ’t-Hooft operator
embedded in the interface. This corresponds to a bound state of D5 and D1 branes in AdS5×
S5 spacetime in the string theory description. Consequently, we derive a set of differential
equations which is the sufficient and necessary condition for realizing the 1/4 SUSY. The
configuration of the D5-brane deformed by the embedded D1-brane can be investigated from
these equations. N = 4 SYM
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calculated examples for a D5-brane and for a D1-brane in Appandix B and we use the relations
from these examples in the following calculation.

We calculated the kappa symmetry projection operator Γ defined above under our ansatz
defined in section 3.2.

Γ =
1
W

{
s sin θ AΓ62K(−i)Γ04 + sin θ B(−i)Γ60 − s C(−i)Γ20 + DK(−i)Γ04

}
. (13)

For the detailed calculation, see Appendix C. Here we defined the y independent function W
as

W := y2
√

−det(Gind + F) (14)

The induced metric for the D5-brane is

ds2 = − 1
y2

dt2 + s2dψ2 + sin2 θdφ2 +
β

y2
dy2 + hijduiduj +

∂aβ

y
duady, (15)

β := 1 + s2 + z2, hij :=
∑

λ=s,z,θ

∂iλ∂jλ,

In the expression (13), A, · · · ,D are the following matrices.

A := −{s, z}Γ13 − {s, θ}Γ15 − {z, θ}Γ35 + s2{z

s
, θ}Γ1345, (16–i)

B := −{P,
z

s
}Γ13 + {P, s}Γ14 + {P, z}Γ34 − s{P, θ}Γ15 − z{P, θ}Γ35 − {P, θ}Γ45, (16–ii)

C := −{Q,
z

s
}Γ13 + {Q, s}Γ14 + {Q, z}Γ34 − s{Q, θ}Γ15 − z{Q, θ}Γ35 − {Q, θ}Γ45, (16–iii)

D := −{P,Q}(1 + sΓ14 + zΓ34), (16–iv)

where C is the same as B except that all P ’s in B are replaced by Q’s. We use the notation

{A, B} := εab ∂A

∂ua

∂B

∂ub
=

∂A

∂u1

∂B

∂u2
− ∂A

∂u2

∂B

∂u1
. (17)

Under our ansatz the parameter ε in eq.(6) is decomposed by the dependence of y and t:

ε = e−
θ
2γΓ45e

φ
2 Γ56e−

1
2 ln y·γer 1+γ

2 Γ14ex3
1+γ
2 Γ34et 1+γ

2 Γ04e
ψ
2 Γ12ε0

= e−
θ
2γΓ45e−

1
2 ln y·γ

(
1 + ys

1 + γ

2
Γ14

)(
1 + yz

1 + γ

2
Γ34

)(
1 + t

1 + γ

2
Γ04

)
ξ

= e−
θ
2γΓ45e−

1
2 ln y·γ (ξ + ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

= e−
θ
2γΓ45

(
1
√

y
ξ+ +

√
yξ− +

1
√

y
(ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

)

=:
√

yε1 +
1
√

y
ε2 +

t
√

y
ε3, (18)

(19)

where we defined ξ := e
φ
2 Γ56e

ψ
2 Γ12ε0 in the second line and ξ± := 1±γ

2 ξ,

ε1 = e−
θ
2γΓ45(1 + sΓ14 + zΓ34)ξ−, (20–i)

ε2 = e−
θ
2γΓ45ξ+, (20–ii)

ε3 = e−
θ
2γΓ45Γ04ξ−. (20–iii)
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お求めはお近くの書店へ!!	


l 現在までのところ、方程式は４つまで減らせることがわかった。（⑩の
方程式）	


Using this the equations (29–i)-(29–vii) is expressed, respectively, as follows.

d(
√

β(dz − cos θdP )) = 0 (29–i′)

sdsd(cos θ) − sin θdPd(z cos θ) + s3dQd(
z

s
) − cos θdPdQ − Wdu1 ∧ du2 = 0 (29–ii′)

sdzd(cos θ) + sin θdPd(s sin θ) = 0 (29–iii′)

d(P + Q)
dz

z
− sin2 θ

s
dPds − sin θdPd(sin θ) = 0 (29–iv′)

sdQds − 1
2
dPd((z2 + 1) cos2 θ) − s3d(

z

s
)d(cos θ) = 0 (29–v′)

sdQd(cos θ) + sin2 θdPd(s cos θ) = 0 (29–vi′)
d(dP (Q − z cos θ)) = 0 (29–vii′)

Since the equation (29–vi′) can be written as total derivative, it is expressed as the derivative
of a appropriate function ω according to Stokes’ theorem;

d(−(Q + sin2 θP )
dθ

sin θ cos θ
+ P

ds

s
) = 0

⇔ − (Q + sin2 θP )
dθ

sin θ cos θ
+ P

ds

s
= dω. (32)

The equations. (29–iii′), (29–vii′) lead to the relation

z cos θ = P + Q. (33)

Furthermore, the equations. (29–iv′) and (29–v′) are equivalent to (29–vi′) and (29–i′), re-
spectively. Then our equations are simplified as follows.

d(
√

β(dz − cos θdP )) = 0, (34–i)

d

(
−(Q + sin2 θP )

dθ

sin θ cos θ
+ P

ds

s

)
= 0, (34–ii)

z cos θ = P + Q, (34–iii)
(

s2

cos2 θ
+ 1

)
{P, cos θ}2 +

s2

cos2 θ
{Q, θ}2

+
s

cos θ
{s, cos θ}

(
{P,Q}− z{P, cos θ}

)

+ z{P, cos θ}{P,Q} + 2
s2

cos2 θ
{P, cos θ}{Q, cos θ} = 0 (34–iv)

4.1 Special cases

Let us check the consistency of these equations in the well known case where

P = 0, Q = κ cos θ, z = κ. (35)

In this case, the equations (29–i), (29–iii), (29–v) and (29–vii) are clearly trivial. Now W is

W = −s sin θ(κ2 + 1){s, θ}. (36)

Then, the remaining equations are

R.H.S of (29–ii) = − 1
sin θ

κ{Q, s} + (κ2 + 1){s, θ}

= − 1
sin θ

κ{κ cos θ, s} + (κ2 + 1){s, θ}

= {s, θ}, (37)
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For the detailed calculation, see Appendix C. Here we defined the y independent function W
as

W := y2
√

−det(Gind + F) (14)

The induced metric for the D5-brane is

ds2 = − 1
y2

dt2 + s2dψ2 + sin2 θdφ2 +
β

y2
dy2 + hijduiduj +

∂aβ

y
duady, (15)

β := 1 + s2 + z2, hij :=
∑

λ=s,z,θ

∂iλ∂jλ,

In the expression (13), A, · · · ,D are the following matrices.

A := −{s, z}Γ13 − {s, θ}Γ15 − {z, θ}Γ35 + s2{z

s
, θ}Γ1345, (16–i)

B := −{P,
z

s
}Γ13 + {P, s}Γ14 + {P, z}Γ34 − s{P, θ}Γ15 − z{P, θ}Γ35 − {P, θ}Γ45, (16–ii)

C := −{Q,
z

s
}Γ13 + {Q, s}Γ14 + {Q, z}Γ34 − s{Q, θ}Γ15 − z{Q, θ}Γ35 − {Q, θ}Γ45, (16–iii)

D := −{P,Q}(1 + sΓ14 + zΓ34), (16–iv)

where C is the same as B except that all P ’s in B are replaced by Q’s. We use the notation

{A, B} := εab ∂A

∂ua

∂B

∂ub
=

∂A

∂u1

∂B

∂u2
− ∂A

∂u2

∂B

∂u1
. (17)

Under our ansatz the parameter ε in eq.(6) is decomposed by the dependence of y and t:

ε = e−
θ
2γΓ45e

φ
2 Γ56e−

1
2 ln y·γer 1+γ

2 Γ14ex3
1+γ
2 Γ34et 1+γ

2 Γ04e
ψ
2 Γ12ε0

= e−
θ
2γΓ45e−

1
2 ln y·γ

(
1 + ys

1 + γ

2
Γ14

)(
1 + yz

1 + γ

2
Γ34

)(
1 + t

1 + γ

2
Γ04

)
ξ

= e−
θ
2γΓ45e−

1
2 ln y·γ (ξ + ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

= e−
θ
2γΓ45

(
1
√

y
ξ+ +

√
yξ− +

1
√

y
(ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

)

=:
√

yε1 +
1
√

y
ε2 +

t
√

y
ε3, (18)

(19)

where we defined ξ := e
φ
2 Γ56e

ψ
2 Γ12ε0 in the second line and ξ± := 1±γ

2 ξ,

ε1 = e−
θ
2γΓ45(1 + sΓ14 + zΓ34)ξ−, (20–i)

ε2 = e−
θ
2γΓ45ξ+, (20–ii)

ε3 = e−
θ
2γΓ45Γ04ξ−. (20–iii)
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l εはt,y依存性から３つに分けられる。	
  

l ProjecUon	
  op.はt,yに依存しないので、ε1,ε2,ε3各々に対してprojecUon	
  
condiUonを課す。ここから次の７つの独立な方程式が得られる。	
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BoundaryにS2を含んでいる。	


• Boundaryは２種類で区別される。このBoundaryを変形するとYoung図と対応付ける
ことが出来そうだ！	


• FluxをBoundaryのS2上で積分し、以下の数を定義する。これが整数となることから
Young図の箱の数と対応付けることが出来る。	
  

Kappa	
  symmetry	
  projecUon	
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• 現在、途中まで解けているSUSYを保つための方程式を完全に解く。	
  

• Young図が完全に決定できれば、そこからbraneについて詳細な情報がさらにわか
る。	
  D1	


D3	


• 今回確かめたられた対応	
  

(31–iv) ⇔ {κ cos θ, s} = −κ{s, cos θ}, (40)
R.H.S of (31–vi) = {κ cos θ, θ} = 0. (41)

So these are consistent.
This case corresponds to a trivial Young diagram.

5 Boundary behavior

It seems not to be easy to solve the equations (36–i)-(36–iv) for generic values of coordinates.
Then we focus on the area where θ or s is small. That area corresponds to the vicinity of
the boundary of our u-space. However, this system has very interesting boundary behaviors.
Here one of two cycle shrinks and its radius becomes zero at the boundary. We also explain
about the relation between the boundary behavior of our system and Young diagrams.

The structure of the D5-brane worldvolume is a fiber bundle over a base 2-dimensional
space coordinated by (u1, u2) with fiber S1 × S1 coordinated by φ and ψ. Each point of the
boundary is distinguished by whether s = 0 or θ = 0. On these two types of the boundaries
the gauge flux reduces to F = dQ ∧ dφ at s = 0 or F = dP ∧ dψ at θ = 0, respectively.
The charge is defined as the integration of the flux on each boundary and we define these
quantities as

ni :=
√

λ

(2π)2

∫

S2
i

dQ ∧ dφ =
√

λ

2π

∫

Ii

dQ, (42)

mj :=
√

λ

(2π)2

∫

S2
j

dP ∧ dψ =
√

λ

2π

∫

Jj

dP. (43)

Using the fact the integrands dP and dQ are independent of the coordinates φ and ψ, we did
the integral over angular coordinates. Then these are rewritten as the integrals over bound-
aries Ii, i = 1, 2, · · · (s = 0 boundary) and Jj , j = 1, 2, · · · (θ = 0 boundary). The number of
the D3-branes k and the number of the D1-branes k′ are calculated by the integration of the
gauge flux.

k =
T5

T3

∫

M2

F =
√

λ

4π2

∫

M2

F , (44)

k′ =
T5

T1

∫

M4

F ∧ F =
λ

32π4

∫

M4

F ∧ F , (45)

where the integral over M2 or M4 denotes the integral over the perpenducular directions to
D3 or D1 brane on the D5-brane worldvolume. And to get the final expression we used the
recursion relation between the D-brane tensions Tp

Tp

Tp−1
=

1
2πα′1/2

. (46)

k′ can be interpolated as the total number of the Young diagram which characterize the
boundary condition. We proof that below.
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 Ji	
 Ii+1	


#	
  of	
  D3-­‐branes	


#	
  of	
  D1-­‐branes	
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k =
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∫
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i

ni (1)
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k′ =
λ

32π4

∫

M4

2 dP ∧ dψ ∧ dQ ∧ dφ

= − λ

4π2

∫

u−plane
dP ∧ dQ

= − λ

4π2

∫

u−plane
d(P ∧ dQ)

= − λ

4π2

∫

∂(u−plane)
P ∧ dQ

= − λ

4π2

∑

i

Pi

∫

Ii

dQ

= − λ

4π2

∑

i≥2




∑

j≤i−1

2π√
λ

mj




(

2π√
λ

ni

)

= −
∑

i≥2




∑

j≤i−1

mj



 ni

= −




∑

j≤1

mj



 n2 −




∑

j≤2

mj



n3 · · · (46)

In the 5th line we used the fact that P is a constant at each Ii. Then in the next line
the integral can be rewritten by (42) and the potential functions Pi can be translated by
adding a constant to all Pi. Using this ambiguity we set P1 = 0. The first term of the final
expression (47) (i = 2) is equal to the number of the boxes in the lowest set of columns of
the corresponding Young diagram. The second term is equal to the number of the boxes in
the second lowest set of columns, and so forth (Figure.??).
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枚数　　　　　　　箱の数	


• D5,D1-­‐branenの数はRR-­‐chargeの条件から計算出来て以下のようになる。	
  

(最下段の箱の集まり)	
  
+(２段目の箱の集まり)	
  
+‥‥	


ProjecUon	
 projecUon	
  op.	
 eq.	
  of	
  ε0	
  	


l D-­‐ブレーンは元々bulk時空が持っていたSUSYを部分的に破る。
残った対称性は次のProjecUon	
  condiUonで与えられる。	


€ 

Γε = ε

χ|6−form and χ|4−form are

χ|6−form = dt dr dψ dy dθ dφKi
r sin θ

y4

(
Γ012356 +

1
κ

Γ012456

)
, (70)

χ|4−form = dt dr dψ dy(−i)
r

y4

(
Γ0123 +

1
κ

Γ0124

)
. (71)

We obtain the following result by putting together them.

ΓD5 =
−1√

(κ2 + 1)(f2 + 1)
γ(KΓ56 + f)(Γ34 + κ) (72)

The necessary and sufficient condition for ε to preserve the condition ΓD5ε = ε is

(KΓ3456 + γ)ξ = 0. (73)

and κ = −f . Then, eq.(72) can be rewritten as

ΓD5 =
−1

f2 + 1
γ(KΓ56 + f)(Γ34 − f). (74)

Next, let us calculate the D1-brane case. The induced metric for the D1-brane with
worldvolume coordinates (t, y) is

ds2
D1 =

1
y2

(−dt2 + dr2). (75)

Since the dilaton Φ is zero and there is no flux, F = 0,

d2ξ · Γ = −y2χ|2−form (76)

Substituting

χ|2−form = −dt drK(−i)
1
y2

Γ04, (77)

We obtain
ΓD1 = Γ04K(−i). (78)

The necessary and sufficient condition for satisfying eq.(60) is

(iKΓ04 − 1)ξ = 0. (79)

The condition (73) and (79) are satisfied in our bound state of the D5 and D1 branes.

C Derivation of Γ

We calculate Γ defined in (61) and (62) for a D5-brane with worldvolume coordinates (t,ψ,φ, y, u1, u2).
There is a flux on the D5-brane,

F = dP (u) ∧ dψ + dQ(u) ∧ dφ. (80)

In our situation, the dilation is zero, and

eF = 1 + ∂aPduadψ + ∂aQduadφ − ∂aP∂bQεabdψ dφ du1du2, (81)

(eFχ)|6−from = χ|6−form + χ|4−form · ∂aPduadψ + χ|4−form · ∂aQduadφ

+ χ|2−form · (−∂aP ∂bQεab)dψ dφ du1du2. (82)
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There is a flux on the D5-brane,

F = dP (u) ∧ dψ + dQ(u) ∧ dφ. (80)

In our situation, the dilation is zero, and

eF = 1 + ∂aPduadψ + ∂aQduadφ − ∂aP∂bQεabdψ dφ du1du2, (81)

(eFχ)|6−from = χ|6−form + χ|4−form · ∂aPduadψ + χ|4−form · ∂aQduadφ

+ χ|2−form · (−∂aP ∂bQεab)dψ dφ du1du2. (82)
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calculated examples for a D5-brane and for a D1-brane in Appandix B and we use the relations
from these examples in the following calculation.

We calculated the kappa symmetry projection operator Γ defined above under our ansatz
defined in section 3.2.

Γ =
1
W

{
s sin θ AΓ62K(−i)Γ04 + sin θ B(−i)Γ60 − s C(−i)Γ20 + DK(−i)Γ04

}
. (14)

For the detailed calculation, see Appendix C. Here we defined the y independent function W
as

W := y2
√

−det(Gind + F) (15)

The induced metric for the D5-brane is

ds2 = − 1
y2

dt2 + s2dψ2 + sin2 θdφ2 +
β

y2
dy2 + hijduiduj +

∂aβ

y
duady, (16)

β := 1 + s2 + z2, hij :=
∑

λ=s,z,θ

∂iλ∂jλ,

In the expression (14), A, · · · ,D are the following matrices.

A := −{s, z}Γ13 − {s, θ}Γ15 − {z, θ}Γ35 + s2{z

s
, θ}Γ1345, (17–i)

B := −{P,
z

s
}Γ13 + {P, s}Γ14 + {P, z}Γ34 − s{P, θ}Γ15 − z{P, θ}Γ35 − {P, θ}Γ45, (17–ii)

C := −{Q,
z

s
}Γ13 + {Q, s}Γ14 + {Q, z}Γ34 − s{Q, θ}Γ15 − z{Q, θ}Γ35 − {Q, θ}Γ45, (17–iii)

D := −{P,Q}(1 + sΓ14 + zΓ34), (17–iv)

where C is the same as B except that all P ’s in B are replaced by Q’s. We use the notation

{A, B} := εab ∂A

∂ua

∂B

∂ub
=

∂A

∂u1

∂B

∂u2
− ∂A

∂u2

∂B

∂u1
. (18)

Under our ansatz the parameter ε in eq.(7) is decomposed by the dependence of y and t:

ε = e−
θ
2γΓ45e

φ
2 Γ56e−

1
2 ln y·γer 1+γ

2 Γ14ex3
1+γ
2 Γ34et 1+γ

2 Γ04e
ψ
2 Γ12ε0

= e−
θ
2γΓ45e−

1
2 ln y·γ

(
1 + ys

1 + γ

2
Γ14

)(
1 + yz

1 + γ

2
Γ34

)(
1 + t

1 + γ

2
Γ04

)
ξ

= e−
θ
2γΓ45e−

1
2 ln y·γ (ξ + ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

= e−
θ
2γΓ45

(
1
√

y
ξ+ +

√
yξ− +

1
√

y
(ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

)

=:
√

yε1 +
1
√

y
ε2 +

t
√

y
ε3, (19)

(20)

where we defined ξ := e
φ
2 Γ56e

ψ
2 Γ12ε0 in the second line and ξ± := 1±γ

2 ξ,

ε1 = e−
θ
2γΓ45(1 + sΓ14 + zΓ34)ξ−, (21–i)

ε2 = e−
θ
2γΓ45ξ+, (21–ii)

ε3 = e−
θ
2γΓ45Γ04ξ−. (21–iii)
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B Kappa symmetry projection for D5 and D1 branes

The kappa symmetry projection plays a crucial role in our research. This symmetry limits
the number of supersymmetries such that the parameters of supersymetry (60) satisfy

Γε = ε. (61)

where the projection operator Γ is defined for Dp-brane as

dp+1ξ · Γ :=
(
−e−Φ(− det(Gind + F))−1/2eFχ

) ∣∣∣
(p+1)−form

, (62)

χ :=
∑

n

1
(2n)!

Êa2n · · · Êa1Γa1···asK
n(−i), (63)

where ξi,i = 0, · · · , p, are worldvolume coordinates, Φ is the dilaton which is zero now, Gind

is the induced metric of the Dp-brane and ÊA is the pull back of EA defined as ÊA :=
EA

M
∂XM

∂ξi dξi.
In this section we calculate the two cases of them— D5-brane and D1-brane. We now

consider the situation in AdS5 × S5 spacetime formed by multiple D3-branes with metric

ds2 =
1
y2

(−dt2 + dy2 + dr2 + r2dψ2 + dx2
3) + dθ2 + sin2 θdφ2. (64)

where we concentrate on the S2 part of the S5 and AdS radius is set to 1.
First, let us consider the D5 brane with ansatz

x3 = κy, F = f sin θ dθ ∧ dφ, (κ, f : constant) (65)

The induced metric of the D5-brane with coordinates (t, r,ψ, y = 1
κx3, θ,φ) is

ds2
D5 =

1
y2

(−dt2 + dr2 + r2dψ2 + (κ2 + 1)dy2) + dθ2 + sin2 θdφ2. (66)

We need to calculate the determinant of

GD5 + F =





−1/y2

1/y2

r2/y2

(1 + 1
κ2 )/y2

1 f sin θ
−f sin θ sin2 θ




(67)

where all empty components denote zeros. The result is

√
−det(GD5 + F) =

r sin θ

y4

√
1 + 1/κ2

√
1 + f2. (68)

Since eF = 1 + f sin2 θdθ ∧ dφ,

d6ξ · ΓD5 =

(
− 1√

1 + 1/κ2
√

1 + f2

y4

r sin θ

(
1 + f sin θdθ ∧ dφ

)
χ

)∣∣∣
6−form

(69)

= − 1√
1 + 1/κ2

√
1 + f2

y4

r sin θ

(
χ
∣∣∣
6−form

+ f sin θdθ ∧ dφ · χ
∣∣∣
4−form

)
(70)
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χ|6−form and χ|4−form are

χ|6−form = dt dr dψ dy dθ dφKi
r sin θ

y4

(
Γ012356 +

1
κ

Γ012456

)
, (70)

χ|4−form = dt dr dψ dy(−i)
r

y4

(
Γ0123 +

1
κ

Γ0124

)
. (71)

We obtain the following result by putting together them.

ΓD5 =
−1√

(κ2 + 1)(f2 + 1)
γ(KΓ56 + f)(Γ34 + κ) (72)

The necessary and sufficient condition for ε to preserve the condition ΓD5ε = ε is

(KΓ3456 + γ)ξ = 0. (73)

and κ = −f . Then, eq.(72) can be rewritten as

ΓD5 =
−1

f2 + 1
γ(KΓ56 + f)(Γ34 − f). (74)

Next, let us calculate the D1-brane case. The induced metric for the D1-brane with
worldvolume coordinates (t, y) is

ds2
D1 =

1
y2

(−dt2 + dr2). (75)

Since the dilaton Φ is zero and there is no flux, F = 0,

d2ξ · Γ = −y2χ|2−form (76)

Substituting

χ|2−form = −dt drK(−i)
1
y2

Γ04, (77)

We obtain
ΓD1 = Γ04K(−i). (78)

The necessary and sufficient condition for satisfying eq.(60) is

(iKΓ04 − 1)ξ = 0. (79)

The condition (73) and (79) are satisfied in our bound state of the D5 and D1 branes.

C Derivation of Γ

We calculate Γ defined in (61) and (62) for a D5-brane with worldvolume coordinates (t,ψ,φ, y, u1, u2).
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Under our ansatz the parameter ε in eq.(7) is decomposed by the dependence of y and t:

ε = e−
θ
2γΓ45e

φ
2 Γ56e−

1
2 ln y·γer 1+γ

2 Γ14ex3
1+γ
2 Γ34et 1+γ

2 Γ04e
ψ
2 Γ12ε0

= e−
θ
2γΓ45e−
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2 ln y·γ
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Γ14
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Γ34
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Γ04
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2γΓ45

(
1
√

y
ξ+ +

√
yξ− +

1
√

y
(ysΓ14ξ− + yzΓ34ξ− + tΓ04ξ−)

)

=:
√

yε1 +
1
√

y
ε2 +

t
√

y
ε3, (19)

(20)

where we defined ξ := e
φ
2 Γ56e

ψ
2 Γ12ε0 in the second line and ξ± := 1±γ

2 ξ,

ε1 = e−
θ
2γΓ45(1 + sΓ14 + zΓ34)ξ−, (21–i)

ε2 = e−
θ
2γΓ45ξ+, (21–ii)

ε3 = e−
θ
2γΓ45Γ04ξ−. (21–iii)
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Here the covariant derivative is defined as

∇M = ∂M +
1
4
Ω AB

M ΓAB, (5)

where ΩAB
M are the spin connections which are related to the villeins EM , M = 0, 1, · · · 9 of

the metric (2) as

dEA = −ΩA
BEB, ΩAB = −ΩBA, ΩAB = Ω AB

M EM . (6)

The bulk space preserves the SUSY generated by the parameter

ε = e−
θ
2γΓ45e

φ
2 Γ56e−

1
2 ln y·γer 1+γ

2 Γ14ex3
1+γ
2 Γ34et 1+γ

2 Γ04e
ψ
2 Γ12ε0 (7)

where γ = −iΓ0123 and ε0 is a constant spinor as we calculated in Appendix A.

3.2 Ansatz for D5

We define the worldvolume coordinates of D5-brane as (t, y,ψ,φ, u1, u2) where the coordinates
(t, y,ψ,φ) are identified with the coordinates of the bulk spacetime. We put the ansatz on
the coordinates as :

r = ys(u), x3 = yz(u), θ = θ(u), (8)

where s(u), z(u) and θ(u) are unknown functions of coordinates ui, i = 1, 2. Since (u1, u2)
are not fixed yet, there is a symmetry of the coordinate. Some of the D3-branes also end on
the D5-brane. Thus there is a worldvolume gauge flux

F = dP ∧ dψ + dQ ∧ dφ, (9)

where potentials P and Q are functions of u. Then we have unknown functions of u.

s(u), z(u), θ(u), P (u), Q(u). (10)

Our goal is to determine these functions.

3.3 Condition for SUSY

In this section we try to obtain the condition for preserving supersymmetry. Our calculation
refers to the paper citeDrukker:2006ga. When a Dp-brane exists, some part of the original su-
persymmetry is broken. The remaining supersymmetry parameters are spinors which satisfy
the relation

Γε = ε. (11)

This is called “the kappa symmetry projection” where the operator Γ is determined for a
Dp-brane as

dp+1ξ · Γ :=
(
−e−Φ(− det(Gind + F))−1/2eFχ

) ∣∣∣
(p+1)−form

, (12)

χ :=
∑

n

1
(2n)!

Êas · · · Êa1Γa1···asK
n(−i), (13)

where ξi,i = 0, · · · , p, are worldvolume coordinates, Φ is the dilaton, Gind is the induced
metric of the Dp-brane and ÊA is the pull back of EA defined as ÊA := EA

M
∂XM

∂ξi dξi. We
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We use this formula for

A =




s2

sin2 θ
β



 , D =




−J1 −J2

−L1 −L2
1
2∂1β

1
2∂2β



 ,

C =
[

J1 L1
1
2∂1β

J2 L2
1
2∂2β

]
, B =

[
h11 h12

h21 h22

]
.

W 2 =s2 sin2 θ{s, z}2

+ s2 sin2 θ((z2 + 1){s, θ}2 + (s2 + 1){z, θ}2 − 2sz{s, θ}{z, θ})
+ sin2 θ((z2 + 1){s, P}2 + (s2 + 1){z, P}2 − 2sz{s, P}{z, P})
+ s2((z2 + 1){s,Q}2 + (s2 + 1){z,Q}2 − 2sz{s,Q}{z,Q})
+ β{P,Q}2 (90)

Summarizing the above, the operator Γ is

Γ =
1
W

{
s sin θ AΓ62K(−i)Γ04 + sin θ B(−i)Γ60 − s C(−i)Γ20 + DK(−i)Γ04

}
. (91)

where

A := −{s, z}Γ13 − {s, θ}Γ15 − {z, θ}Γ35 + s2{z

s
, θ}Γ1345, (92–i)

B := −{P,
z

s
}Γ13 + {P, s}Γ14 + {P, z}Γ34 − s{P, θ}Γ15 − z{P, θ}Γ35 − {P, θ}Γ45, (92–ii)

C := −{Q,
z

s
}Γ13 + {Q, s}Γ14 + {Q, z}Γ34 − s{Q, θ}Γ15 − z{Q, θ}Γ35 − {Q, θ}Γ45, (92–iii)

D := −{P,Q}(1 + sΓ14 + zΓ34), (92–iv)

C is obtained by replacing all P ’s in B by Q’s, and W is given by eq.(90).
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Here the first χ|4−form in the expression (82) is proportional to dt dφ dy dub, (b != a), while
the second is proportional to dt dψ dy dub, (b != a) and we use the notation

{A,B} := εab∂aA∂bB =
∂A

∂u1

∂B

∂u2
− ∂A

∂u2

∂B

∂u1
(83)

in the following. Each term of eq.(82) is calculated as follows.

χ|6−form = d6ξ · s sin θ

y2

(
{z, θ}Γ35 + {s, θ}Γ15 − s2{z

s
, θ}Γ1345 + {s, z}Γ13

)
Γ04Γ62K(−i),

(84–i)

χ|4−form · ∂aPduadψ =
sin θ

y2

(
s2{P,

z

s
}Γ13 − {P, s}Γ14 − {P, z}Γ34

+ s{P, θ}Γ15 + z{P, θ}Γ35 + {P, θ}Γ45

)
Γ60(−i)d6ξ, (84–ii)

χ|4−form · ∂aQduadψ =
s

y2

(
− s2{Q,

z

s
}Γ13 + {Q, s}Γ14 + {Q, z}Γ34

− s{Q, θ}Γ15 − z{Q, θ}Γ35 − {Q, θ}Γ45

)
Γ20(−i)d6ξ, (84–iii)

χ|2−form · (−∂aP∂bQεab)dψ dφ dt dy =
1
y2

(εab∂aP∂bQ)(sΓ14 + zΓ34 + 1)Γ04K(−i) · d6ξ,

(84–iv)

where the volume form on the D5-brane is d6ξ = dt dψ dφ dy du1du2.
In the definition (61), LDBI is

LDBI =
√

−det(Gind + F) =:
W

y2
. (85)

Under our ansatz, see eq.(7) in section 3.2, the induced metric Gind is

ds2 = − 1
y2

dt2 + s2dψ2 + sin2 θdφ2 +
β

y2
dy2 + hijduiduj +

∂aβ

y
duady, (86)

hij :=
∑

λ=s,z,θ

∂iλ∂jλ. (87)

We defined a convenient variable β := 1 + s2 + z2.

W 2 = −y4 det





−1/y2

s2

sin2 θ
−J1 −J2

−L1 −L2
β
y2

1
2y∂1β

1
2y∂2β

J1 L1

J2 L2

1
2y∂1β
1
2y∂2β

h11 h12

h21 h22





= det





s2

sin2 θ
−J1 −J2

−L1 −L2

β 1
2∂1β

1
2∂2β

J1 L1

J2 L2

1
2∂1β
1
2∂2β

h11 h12

h21 h22




(88)

To calculate this determinant the following formula is convenient.

det
[

A D
C B

]
= det A · det(B − CA−1D) (89)
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Abstract

Non-local operators play a crucial role to test the AdS/CFT correspondence. In this
paper we use the two types of such operators— 3-dimensional non-local operator called an
“interface” and a “’t-Hooft operator.” We consider a system to realize the ’t-Hooft operator
embedded in the interface. This corresponds to a bound state of D5 and D1 branes in AdS5×
S5 spacetime in the string theory description. Consequently, we derive a set of differential
equations which is the sufficient and necessary condition for realizing the 1/4 SUSY. The
configuration of the D5-brane deformed by the embedded D1-brane can be investigated from
these equations.
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