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Counting BPS D-brane bound states on toric CY 3-fold

D6-D2-D0 bound states D4-D2-D0 bound states

Wall-crossing

(Jafferis-Moore:arXiv:0810.4909[hep-th]) Wall-crossing

(Nishinaka-Yamaguchi: arXiv:1007.2731[hep-
th], arXiv:1107.4762[hep-th]

Nishinaka: arXiv:1010.6002[hep-th])
Melting crystal picture

(singular limit)
3-dimensional complex space:

Melting crystal picture
(singular limit, interpretation)

(Igbal-Nekrasov-Okounkov-Vafa: Conifold:
hep-th/0312022) Nishinaka-Yamaguchi:arXiv:1102.2992[hep-th
conifold: Generalized conifold:
(Szendroi:arXiv:0705.3419[math.AG]) Nishinaka-Y.Y arXiv:1108.4326[hep-th]

toric CY 3-fold:
(Mozgovy-Reineke:arXiv:0809.0117 [math.AG])
(Ooguri-Yamazaki:arXiv:0811.2801[hep-th])
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Toric diagram=integral lattice polytope

C? C*/Zy x Zs C?/Zy x C
(0.1) CQ (0,2)
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C/ZQ x C (CQ/ZQ

Vertex: non—compact 4—cycle (toric divisor)
Edge: non—compact 2—cycle
Triangulation: Blow—up



D6-D2-DO0 case

7D6-D2-D0 _ nglnq HQ I

A D6-brane: CY 3-fold&{KIZEZDLVTLVS
D2-branes: compact 2-cycles|Z&EEDULVTLVS
DO-branes: CY 3-fold CIX RARIZFHFEL TLVS

g:Boltzmann weight for DO-charge

() r:Boltzmann weight for I-th D2-charge
n:D0-brane charge

my:I-th D2-brane charge

#(BPS bound states)=Witten indices of quiver gauge theory



Toric CY 3-fold ~ T2 x R fibration on R?.
Taking T-dual along the the T?-directions, (Hanany and Vegh 2005)

CY 3-fold is mapped to NS5-brane system
DO0,D2-branes are mapped to D2-branes
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X, X 2 D2-branes

Wo = ®o(X1 X1 — XoXo) + @1 (X0 X0 — X1 X1)



#(BPS bound states)=Witten indices of quiver gauge theory

Witten indices=the number of U (1)>-fixed point of the Vacua.

The fixed points
=(The paths in the quiver diagram)/(The F-term conditions)

1
(CQ /ZQ x C L n Mm
Z16-D2-D0 = Z Qnmq"Q
m.,mn
Q: fugacity of D2-brane charge

q: fugacity of DO-brane charge
Q. n:Witten index
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(Young-Bryan: arXiv:0802.3948[math.CO])




BPS D4-D2-D0 case

A D4-brane :wrapping on a toric divisor
D2-branes: wrapping on compact 2-cycles
DO-branes: point like on the CY 3-fold

(0,2)

(0,0)

(1,0)

The D4-brane is mapped is mapped to a D2-brane

by T-dual.
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brane-tiling Bipartite graph

superpotential:-face(gray region) superpotential:vertex
chiral field: intesection points chiral field: edge
vector multiplet: face (White region)  vector multiplet: face



Perfect matching condition

perfect matching condition:bipartite graphQedgel=5 OVIEENLTH
EEL., BvertexlFIBEXINICedgelc—OAEIHEREN > TIVD
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toric diagramMD HIZdH Hvertex| TR D EKR T

perfect matching condition&—xt—xt i Zdh 5
(Broomhead arXiv:0901.4662[math.AG])
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D4-D2-DO statelZfHBET VA —/\—4 —EERDSUSY vacua Tl
D4-T L— & ZED<toric divisor|Z1:1%1 it 9 B perfect matching [Z
EENDIHATILIGIETERD, £/21=0 THD,

D4-D2-DO0 state D IKREEN (L D6-D2-DO stateZ 5 2 AL RBIER Z E DK
RO THEZ5N %, (T.Nishinaka, S.Yamaguchi and Y.Y)
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