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1. introduction

We regard g-Vir/W block—"“5d"” gauge theory correspondence as a parent one.
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Procedure proposed:

Awata-Yamada,...

Belavin-Feigin,
Bonelli-Maruyoshi-
Tanzini...

Alday,-Gaiotto-
Tachikawa, Wyllard

(1) assume the g-(or K lifted) version of (W)AGT conjecture

(2) find the limiting procedure g — w for g-Virasoro/W block

(3) apply the same limiting procedure to Zf’ndst_, which automatically
generates ALE instanton partition function
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2. gq-Virasoro algebra ¢, t=¢", p=qft

Shiraishi, Kubo, Awata, Odake '96, Frenkel, Reshetikhin 96 ...
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q-deformed free boson
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* introduce deformed screening current:
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q=>-1,t=>-1limit wv=-1

Realized by
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decompose the g-boson fields into even and odd parts,
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* the screening currents in the g —» —1 limit:

lim S, (z) =: eVP(Wlgp(w) . iy S_(z) =: e~ (1/VB)d(w) y—p(w) .

g——1 g——1

* We can construct two fermions,

Y(w) 2\}——( ePW) ; _; eme(w) :), W (w)

1 1 w1 wo
Ol e(w)0) = . (OFw)Pw)0) = g (/24 /2],
(01 (1) (w2)[0) = 0

* Jackson integral in the limit
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screening charge for the superconformal block

Kitazawa, Ishibashi, Kato, Kobayashi, Matsuo, Odake ‘88
Alvarez-Gaume, Zaugg 92



super Virasoro algebra

fermionic current for both NS & R

G(w) = Y(w)op(w) + Qr Y (w), appears
Through OPE,
(00(w)” ¢ + 250 (w) —  : v(w)I(w) -

is generated.

T(w) and G(w) forming N/ = 1 superconformal algebra.

e central charge: c= %(
. 8(k_ — ky)?
=1-2Q% =1-
‘ @k (2ky +1)(2k_ +1) m =2k +1,
. 2(m' — m)? m' =2k_ +1
T mm/

getting the one for the minimal model (odd integers only).



g-vertex operator
Defined by Vol(z) =: ePa(?) :

(1 — g2VPelnl)
Oy 2
(1 =g~ (1 —t=)

—n

b, (2 )—aQ—FQaaologz—i—Z
n#O

We restrict the parameter a to take values corresponding to those of
the primary fields of the minimal theories in the NS sector:

cmen= ()5 (B8 e

Inthe g — —1 limit,

lim V,, , (2)=: e@r=?W) . for I, . even Lys=(2ky + 1)\/50%5

g——1

which is exactly equal to the Coulomb gas representation of the bosonic
primary field in the NS sector with scaling dimension,

1 1 1 r N\ 2
A = (s —Qp)=—-0Q% + = | —- | _
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3. conformal block: integral representation

¢(z) : b-valued chiral boson, b : Cartan subalgebra of SU(n)
(Pa(2)pp(w)) = (€a,ep)log(z —w),  Pa(2) = (€a, P(2)),

e, €h*: asimplerootof A,,_1, a=1,--- ,n—1

* vertex operator:  V,(z) =:e@?) . (q € h¥)

A o0
* screening charge: Q, —/ dz V. 5. (2), Qq —/ dzV 5. (2)
0 1

 the block:

n—1

Fle,Ar, Aj|A) = <V(1/\/B)af1 OV vBas MV vBras DV /vB)a, (00 H Q"N+ QN >>

rep. theoretic part of 4 point function (model independent)

A : cross ratio
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F=2Zs(A)= <<F(x’ylA)>+>—

p

n—1 N, N n—1n—1 N, Nl
a)\v a v a b b
F(x,y|A) ::H< (1——Ax(1))" H(I—A (@)yvart HHHH(I ALL'() )BC“
a=1 | I=1 J=1 a=1b=1 I=1 J=1
n—1 ‘Na, 1 Ng
<f(3})>_|_ _ I f dwi(ra) (ajgra))umr (1 B :L,ga))fua_Jr H (xga) o $Sa))2ﬂf($)
a=171=1"70 =1 1<I<J<N
n—1 f\wfa 1 N
(Fy))- = / Zonl | (R C T O KO || I TR R ()
a=11=1"9 I=1 1<I<J<N
Vat = (02, €a), Va- = (a3, €q) C,p : Cartan matrix
Ug+ = (alaea)v Ug— = (&47661)

For n = 2, AGT at lower orders successfully checked due to Kadell formula

o ltoyama, Oota "10
For general n, some progress on the generalization

Zhang, Matsuo ’12 1



q-lift(deformation)

’

ZS Mironov, Morozov, Shakirov, Smirnov ‘11

(7 (“T')>Ni,q: (ﬂ /01 d) e TL 0oy T Tl dens

I=1 i=1 1<I#J<N i=1

Kaneko ‘96, Warnaar ’05...
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superconformal

&7 block
. o0 n . [,Ua ];k
oo i (5
Y N+.,q

k=0 a=1
Y |=k
n [,Ua_]l
><< lMYa (f,ga)Jr qk)>
a=1 [6]qk N—.q
conJeFtured My : Macdonald polynomial
equality
o0
— 5d Ak 5d )
= Zinst. = Z A Z Z%  => ALE instanton
k=0 v
Y |=k
Both sides in the limit are identified and the expansions generated with no
difficulty

Once the dictionary is found, the conjecture at g-lifted case provides the
equality between the block & ALE instanton partition function.

BN = —a + meo, [)’N:a+m3 m@-:m?d—i-l(l—ﬁ)
e.g. SU(2): Buy =my —mo — (1= 0), Bvy =—(my1+m2)
pv_ = —(ms+my), Bu_ =myg—m3—(1—0)



4.

brief review of SU(n) instanton partition function on ALE:

Kronheimer, Nakajima "90
Fucito, Morales, Poghossian '04

* |ocalization
 torus action generated by (€1,€2,a1,- -+ ,ay)
* fixed points labeled by an n-tuple of Young diagrams Y,, a=1,---.n

e weightof (7,7) € Yo; ao+ (1 —1)eg + (5 — 1)eg

 Z, orbifold action is

271 271 2ml
61—>€1—T; 62_>62+Tv aa—>aa+q@7-

* Z, charge carried by thebox (z,7) € Y,

Qo (ij) = Qo — (1 — 1)+ (7 —1).

14



more on labeling of ALE instanton:
Ny : the number of Young diagrams {Y,, } such that Z, charge ¢, = ¢

kg : the total number of the boxes such that Z . charge Qo (i,5) = 4

r—1 r—1
k = Z k’g, n = Z Ty
=0 £=0
e condition of vanishing 1st Chern class

ng — 2kg + kep1 + ke =0
e n=2,r=2 (SUQ2)in R*/Z,) case

@ (Tuh?ll)ZZZ(U,Q), (ko,kh) :I(ko,k0-+'1)
o (no,n1) =1(2,0), (ko,k1) = (ko, ko)

(0.9) (2.0)
(mm.2) (] 2) (2.[]) (0.0m) (@)

ko =0,1,2,-



limiting procedure from 5d instanton partition function:
ZRS _ Z Kk, Z A}'},
k=0 D‘/'[:k

T Tl £ (mi o+ @) 5 (macyn + )
Hzgtzl ggfsyt (at — as)

Ay

7

gyw(@) = [ [z+B86v(i,5) +aw(i,j) + Blyl~z — Bty (i, §) — aw (i, ) — 1,

(2,7)€Y
q=* L . . 1 . 1 — qm
v (x) = H :|::UIF’Z,B:1:33F5(1—B) : [:c}qml_ :
(i,7)€A 1 !
e.g. Awata, Kanno ‘08
This reduces to that on R*/Z,. by
g =we'?, t=we M, qi_; = wiaehta h — +0.

Kimura

This automatically generates the projection onto 4d ALE.
16



ALE instanton partition function:

e SU(2) &r=2
Z(Q) — [ h? .A(l’l)
kr1/2 0 M52 Z AB
|A|+| B|=2k+1
2 . 0,0 '
Z,(C ) .= }Llln Z ,A( ) AE?’)?)U — 0
|Al+|B|=2k
00 00 )
R* [Zo Nk —~(2) Nk+1/2 (2)
= g ()—Z(A) 2y, "‘Z(A) Ziy1)2

e SU(2) & general r
Z(T) — lim = = Z A(Qa y—qa)

k_'_Qa(T;Qa) bh—350

|Al+|B|
:Tk+Qa(7’_Qa)
1
=1, E=h" :
0 ! (1—w)(1—w_1)
i—1 2¢—3k 1 — —k\2i—3k

Hl 1 )

k—|— Q'a,(r da)

gfg) - Z Z (:)w
17

q.=0 k=0



SU(n) & general r

20}y =lim=,, 37 ALY =)
_>
Y| Gn = —q1 =+ — (qn—1
=rk-+d

n—1 o
d= ZQQ (T“ Z ch’)
a=]1 a’'=1

n—1
CIE h22 a=1 % Eq. (W)Eq., (w_l) explicit form obtained

4 r
- X w0 A,

do k=0
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® qg-lift (5d K-theoretic lift) is useful to 2d-4d connection

We regard g-Vir/W block—“5d” gauge theory correspondence as a parent one.
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Procedure proposed:

(1) assume the g-(or K lifted) version of (W)AGT conjecture
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(2) find the limiting procedure g — w for g- Virasoro/W block

(3) apply the same limiting procedure to Z2¢

inst.’

generates ALE instanton partition function

which automatically




