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We regard q-Vir/W block–“5d” gauge theory correspondence as a parent one. 

1.  introduction 

Procedure proposed: 

(1)  assume the q-(or K lifted) version of (W)AGT conjecture 
(2) find the limiting procedure 𝑞 → 𝜔 for q-Virasoro/W block 
(3) apply the same limiting procedure to            , which automatically 

generates ALE instanton partition function 

Alday,-Gaiotto-
Tachikawa, Wyllard 

Belavin-Feigin,   
Bonelli-Maruyoshi-
Tanzini… 

Awata-Yamada,… 
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2.  q-Virasoro algebra 

Virasoro operator 

Shiraishi, Kubo, Awata, Odake ’96, Frenkel, Reshetikhin  ’96 … 

• q-deformed Heisenberg algebra 
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q-deformed free boson 

• q-boson fields 
 
 
 
 
 
 
 
 

 

• introduce deformed screening current: 

Jackson integral: 
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q→-1, t→-1 limit 

• decompose the q-boson fields into even and odd parts,  
 
 
 
 
 

• ℎ → +0 limit 

Realized by 
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• the screening currents in the 𝑞 → −1 limit:  
 
 
 

• We can construct two fermions,  

• Jackson integral in the limit 

screening charge for the superconformal block 
Kitazawa, Ishibashi, Kato, Kobayashi , Matsuo, Odake  ’88 
Alvarez-Gaume, Zaugg ’92 
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super Virasoro algebra 
fermionic current for both NS & R  
 
 
 
Through OPE, 
 
 
 
is generated. 
 

𝑇(𝑤) and 𝐺 𝑤  forming                    superconformal algebra. 
 
• central charge: 

 
 
 
 
 

 getting the one for the minimal model (odd integers only).  

appears 
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q-vertex operator 

We restrict the parameter 𝛼  to take values corresponding to those of  
the primary fields of the minimal theories in the NS sector: 
 
 
 
In the 𝑞 → −1 limit,  
 
 
 
which is exactly equal to the Coulomb gas representation of the bosonic 
primary field in the NS sector with scaling dimension,  

Defined by 
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3.    conformal block: integral representation 

• vertex operator: 
 

• screening charge: 
 

• the block: 

rep. theoretic part of 4 point function (model independent) 

cross ratio 
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For 𝑛 = 2, AGT at lower orders successfully checked due to Kadell formula 
 

For general 𝑛, some progress on the generalization  
Itoyama, Oota ’10 

Zhang, Matsuo ’12 
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q-lift(deformation) 

Here 

Mironov, Morozov, Shakirov, Smirnov  ’11 

Kaneko ’96, Warnaar ’05… 
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superconformal  
block 

ALE instanton = 

conjectured 
equality 

• Both sides in the limit are identified and the expansions generated with no 
difficulty 

• Once the dictionary is found, the conjecture at q-lifted case provides the 
equality between the block & ALE instanton partition function.  

e.g. SU(2): 
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• localization 
 

• torus action generated by 
 

• fixed points labeled by an n-tuple of Young diagrams 
 

• weight of  
 

• 𝒁𝑟  orbifold action is  
 
 
 

• 𝒁𝑟  charge carried by the box                   is 

brief review of SU(n) instanton partition function on ALE: 

Kronheimer, Nakajima ’90 
Fucito, Morales, Poghossian ’04 

4.   
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more on labeling of ALE instanton: 

the number of Young diagrams {𝑌𝛼} such that 𝒁𝑟  charge 
 

the total number of the boxes such that 𝒁𝑟  charge  

• condition of vanishing 1st Chern class 
 

 
 

• 𝑛 = 2, 𝑟 = 2  (SU(2) in 𝑹4/𝒁2) case 
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limiting procedure from 5d instanton partition function: 

This reduces to that on 𝑹4/𝒁𝑟  by 
 
 
 
This automatically generates the projection onto 4d ALE. 

e.g. Awata, Kanno ’08 

Kimura 
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ALE instanton partition function: 

• SU(2) & r =2 
 
 
 
 
 
 
 

 
• SU(2) & general r 



18 

• SU(n) & general r 

explicit form obtained 
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 q-lift (5d K-theoretic lift) is useful to 2d-4d connection 

We regard q-Vir/W block–“5d” gauge theory correspondence as a parent one. 

Procedure proposed: 

(1)  assume the q-(or K lifted) version of (W)AGT conjecture 
(2) find the limiting procedure 𝑞 → 𝜔 for q-Virasoro/W block 
(3) apply the same limiting procedure to            , which automatically 

generates ALE instanton partition function 


