Functional Renormalization
Group approach

and
gauge symmetry in QED

Katsumi ltoh, Jan Pawlowski* and Yuji lgarashi

Faculty of Education, Niigata University
“ Institute for Theoretical Physics, Heidelberg University

— FRG and gauge symmetry in QED — 1/20



Introduction and Summary

{» Functional Renormalization Group (FRG): A convincing nonperturbative approach to
field theory and condensed matter physics Introduces momentum cutoff A

= Dynamics described by RG flow of couplings g(A) in theory space.
Gauge symmetry 7

Even in the presence of A, gauge symmetry realized as a quantum symmetry by imposing
Ward-Takahashi (WT) identity for Wilson action Sy

S ~ (0S4/0¢7) ¢ — Str (96¢/9¢) = 0

(1) symmetry tr. ¢ depend on Sy
(2) non-trivial Jacobian factor in functional measure D¢

>:pn = 0 defines gauge invariant subspace in theory space.

= Expression of symmetry in FRG.
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{» Two fundamental equations we have to solve:
i) WT identity XA=0
i) RG flow eq. &,y = Str(9,R) [02Tx/000® + R] " (Ady = 8)
We discuss an exact solution to 5 = 0 for suitably truncated Wilson action in QED.

e Need to introduce higher dimensional interactions with form factors
(momentum dependent 4-fermi couplings).

e Take account of full momentum dependence in WT and flow eq.
without using derivative (momentum) expansion.

> Results
e Exact evaluation of photon 2-point functions
e Relation which corresponds to Z; = Z5

e Relations between form factors in 4-fermi couplings and photon propagator
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> Plan of the talk

1] Derivation of the WT identity
2] WT identity in QED

3] Exact solution to WT identity

4] Momentum dependent flow eq.

5] Outlook
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Derivation of the WT identity

{» Consider a gauge-fixed theory described by

1

Sle] = g9 Do+ Silyl, so-D-soz/soA(—p)DAB(p)soB(p)-

We rewrite its partition function as

/Dgpexp [o] + J - p)

— /Dnggbexp (=Slp] +J - ) exp [__< —Kp—J(1 - K>D_1) .

X (qs — Ko — (=)D 71(1 - K)J)]

NJ/ngDxeXp [—%(¢.K—1D-¢+X.(1 —K)_lD-X> ~Srlp+xl+J- K '¢

where Y = ¢ — ¢. Source terms introduced to cancel J - . We have introduced
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an IR cutoff A through a positive function that behaves as

K(p) = K(p*/A%) — { (1) giiﬁ;

For cut-off function, we take e.g. K(p) = e—P /A

The Wilson action is defined by

Salé] = %qu(KA)_l Dapd” + Srale] ,

where the interaction part is given by a functional integral

exp-S1ald) = [ Dxexp—[px- (A x+Silo+
Ay = (1-K)D!
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The partition function for the Wilson action,

Zold) = [ Déexp[-Salol + 7K o]

is related to that for the original one by

where the normalization factor is given by

A
N; = expll()e(JA)JA (%) (Dl)ABJB] .

{> We define the WT operator

0" S
DA

O'6pA
5¢A T (_)GA ¢ ] )

EA[Qb]:KA [ 6¢A
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This corresponds to change of the Wilson action & change of the functional measure
under BRS tr. d¢. Therefore, cancellation of these two contributions

Yalpl =0

signal for the presence of BRS (quantum) symmetry.

To find ¢, take functional average of the WT op. for the original theory with standard
BRS symmetry

o'S O opA
Ylp] = 8¢A5¢A—(—)€A aﬂ
—

b = Rpp".

where RAB are field independent coeffients, and do* stand for classical (conventional)
BRS transformations for linear symmetry. Use them as a “seed” for quantum symmetry.

Perform change of variables o — 4" = 4 + 54\ with Grassmann odd constant ).
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Invariance of partition function leads to

I"S d
Z ] /Dgp [— (590 +8g0 590 +J-dp| Nexp (=S[p| + J - )
/Dso 5]+ Ja R 9B)] Aexp (=S[g] +J - @) = 2,1
It gives

/ Dy Slig] exp (~Slg] + J - ) = / Dol JaR07] exp (—S[g] + T - 9)
= JAR"50,Z,J) = Ja R50;, (N;Z,[J))
— J4RA, (Z¢[J] 97, N+ Ny d JBZ¢[J])

:NJ/ D¢ X[¢] exp (—S[@] + J - K~ '®)
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where 07, N generates a non-trivial modification. We find

o'S
G0t = R [07],, [07], = 0" - (Am)"T 5

where [qﬁA}A are “composite operators” for fields . They obey RG flow equations:

OO0 1. . (1.e
ggp T g (AT (@Am*

0'0" Oy
DpBIopA

97S1a
9

OO [9] = (O AH)P

We obtain general expression of the WT op. for linear gauge symmetry

0" S
DA

R%g [QbB}A + (—)“Rs (An)

Bc 0'0" Sy A
OPpC DA

Yalg] = KA{
Note that K495, /0¢4, [¢p?]a, A are composite operators.
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WT identity for QED

{> Consider the Wilson action Sy [¢] = So.a+S7.4 for the fields ¢ = (a, VY, Va, €, C).

The kinetic part of the Wilson action is given by

1
So.A = (KA) LZ A D spp”

/ K- [—aﬂ< )P {5W — (1— (Zs&)Y) p;f;”} 00 (p) + E(~p)in*c(p)
/K P) Zo(~P)P(p)

where we have introduced the renormalization constants, Z5, Z3. The classical BRS tr.

6t ap(p) = —ipuc(p), St €(p) = &5 'ppan(p

0t Y(p) = —i eoqu(Q)C(P—Q)a Ot Y(—p) =1 60/¢

— FRG and gauge symmetry in QED — 11/20



fix the coefficients RAB in our general formula for quantum symmetry. Here, ¢g, & are
gauge coupling and gauge fixing parameters which are constants.

The WT operator for QED is constructed as

Sl = [{ga oy iPuIe) + 5o runtr))
L 0rSh K)o K@) 08y )
o[ {Gtme =~ K gy a9

, Sy O"S\ 0'O" S\
- U& — Y, = a7 o )
“/ pal ”){aw@<—p>a¢ﬁ<q> 3¢&<—p)a¢ﬁ<Q)}C(q P)

where

1 — K(p)
p

— K(p)

U@ﬂwﬁzZ;[K@) 1—K@q

1
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Exact solution to WT identity

To construct interaction part St a|¢], we first specify its 1Pl part, namely Legendre
effective action I'; A [®], imposing for simplicity chiral symmetry on the fermionic sector.
We introduce some form factors in 4-fermi interactions:

C1alt] = [ 52240 MuD)AD) + 220 ) E-p)pE(D)

_ A
22 [ B Ap- 0@+ 55 [ @0 et ps e
b,q P11, P4

)

X [hs(s, u){ (\TJ\IJ)Q — (‘I’%‘I’)Q} + hy (s, U){ (\I”YM\P)Q T (\Ij%’y“qj)Q}]

Z3

+o (27)*6% (p1 + p2 + D3 + D4)
oA ),

P4

X (p1 + pa) (P2 + p3)vhvi(s, u) [(‘i’%q’) (‘T’%‘I’) T (‘T’%’M‘I’) (‘T’%%‘I’)]
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where s, u are Mandelstam variables. St A|¢] constructed by using the Legendre tr. :

SrAlo] = Tral@] + 3@ ) (1— K) 7D (@ — )

=T A[¢] +é/ a,(—p) [Z(—)"[(MAH)H}

n=1

—eZy7 1/2/ MAH) } (p—q)av(p — q)

[13%

(v) MM(p)] 0 (p)

[T

Z2 2 B )
_ 22 e / (2m)*0%(p1 4+ p2 + p3 + pa) (V) (V) (AG),, (p1 + p2)
P1,-P4

where additional terms to I'; 5 are 1P reducible contributions. (Ag),, (p) =
Zgl[PEVT(p) + P7,L(p)] is full photon propagator constructed with photon 2-point
functions

Mu(p) = PLT()+PLLp),  P"=6u—puwp/p’s, P"=pup./p”
1 - K . ((1-K)
p?+ (1 - K)T(p) P24 E(1 - K)L(p)
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Substitute Sy = Spa + Sr.a into the WT identity X4 [¢] = 0, which can be expanded
in polynomial of . Consider two sectors a x ¢ and 1 x 1 x ¢ in this expansion. For
simplicity, we assume o(p) = 0 for fermionic 2-point function. For a(p) x ¢(—p) sector,

we have

Z3p,L(p) = —eo eZzZ§/2 /Tr[U(—p —q,9)V]

q

For ¢)(p) x 9(—q) x c(q — p) sector, we have second WT relation

(6022 — eZZY 2) (b — ) — 26022 /k [%{ (hs — 20y [K2, (p + @)

“2hy[(p + )% K} + ETH) + 520 — @) h [, (0 + 0)?)
+k*hy[(p + q)*, kQ]}] U(—q—k,p+k)
2

ez [ [—wp )2 K+ e (T(R?) - W)}] KU (g — kp+ )= 0.
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This constraint splits into two conditions: constant x (p — ¢) and one-loop part. They
should separately vanish. The first one gives

1/2
60:23/6

This corresponds to the well-known WT relation in the standard realization of gauge
symmetry in QED: Z; = Zs for Zy = Z»Z3'*Z, with e = Z, eo.

On the other hand, one-loop part gives

32 (hs = 200) [, (0 = %) - 209 - 0. K7

62

= ez{T[(p — 0 - Lo — 0"} = {70 + L) |

62

L %1% = — S Tk - L) |
These are relations between 4-fermi interactions and photon propagator.

Note that derivative expansion will give , 1 — Z /26/60 lhs(0,0) — 4hy(0,0)].
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Remarkably, longitudinal component of photon 2-point function £ can be evaluated
exactly for a specific cutoff function K (p) = e—P" /A using some formula for the modified

Bessel functions:

/ df e2PFeos0gin2 g = ih(2pkr), / dke_kQIl(ka) = 1 Fi(1,2;p°)
we obtain
£<p2) — ¢ A° 1 — exp(—ﬁ2/2) — 152(1 — 1exp(—p2/2)>
2m2p? 2

where we have used ey = 231/26 to eliminate eg, and p? = p?/AZ2. To fix transverse part

T, we use RG flow equations.

— FRG and gauge symmetry in QED — 17/20



Momentum dependent flow equations

{> For photon 2-point functions o< e? in RG flow equation we have

% pAu(—p) [PEV{QUAPQ - 2T(p)} +(=2)F MLVL(P)] A, (p)

=7, [ K@) (1= Ko+ 0) T A6 + DAG)
Rhs can be exactly evaluated to give

rhs —23% : Au(—p) [P§V4p4 {4— (4+2p° — p*) exp(—p?/2)}

N pl {1 —p’ - (1 - %2> exp(—pQ/Q)H Au(p)

Since p? term in transverse part here generates well-know anomalous dimension for photon
field ng = €2/1272, we subtract it to find T
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2

T(p*) —nap®> = 8;2]94{4 — (4 +2p* — p*) exp(—p2/2)}
A2¢2 2750 L .
T = 8W2p4{4 + =~ (4+2p" - p) exp(—p2/2)} -

L appeared here is exactly the same as the one obtained by WT identity.

In this way, we fix photon 2-point functions.

Note that a constant mass term is contain in 7 and L as
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Outlook

{ Xpn = 0 (almost) determines Sp.
All 4-fermi couplings expressed in terms of e? and photon 2-point functions ?
<« careful analysis of flow eq.

{» Exact evaluation of photon 2-point functions is interesting but only possible in QED
with simplified fermionic sector.

= For more complicated cases such as YM theory, need to develop suitable
approximation method which replaces derivative expansion.

Taking account of momentum dependence in WT identity
and RG flow eq. will give new insights into FRG |
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