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§l. 2D lIA superstrings and
Kuroki-Sugino SUSY matrix model



|. 2D IlA superstrings & KS SUSY

2D “A SuU perStrlngS Kutasov-Seiberg *90
target space
o ---compactified t.o selfd?lal R=1 e Y, . Y, =iy, _ exp(+zH)
@ ] ---noncompact, linear dilaton b.g. Y, Cosonize J2
action

2

Scrr = f%[axgx +0QIQ+ %ﬁcp +0HOH + ghosts]

stress tensor

bosonize

1w 1. 5 5 1 1 y=e’n
T(z2)=-—(0x)" -—(0@)" +I"@-—y 0y, ——y 0y, -2bdc—-0dbc -—/9’87/——3/37/ -
2 2 2 2 conformal ghost N 2 /3 = ag e_¢
superconformal ghost
vertex op. physical vertex op.
. scale inv.,
NS: T.(z)=exp(-¢+ikx + pg) Seiberg bnd. () =exp(=¢ + ikx + (1= |k|)¢)
. 1 ' : —
R : Vk_(Z)=eXp(—5¢iéH+lkx+pqp) Vk+(Z)=exp(—5¢iéH+ikx+(l—|k|)(p (ik>0)
supercharge
dz - dz =, 2 A2 _ ~ 1\ _
0.-§ L vio  0-fE e 0;=0"={0,.0 }=0



l. 2D IIA superstrings & KS SUSY M

2D |lA superstrings

spectrum of winding b.g.

(NS,NS): T,()T,(2) kEZ+%

(R+.R-): V' (QV-(2) kEN+%

(R—R+): V. (2V(Z) kEN
(NS,R-): T, (2)V.(Z) kEN+—
(R+,NS): V()T (Z) kEN+—

‘Louville’ interaction

Sty = a)fdzz 7/;—(10/; (Z)T_(l% (2)

correlation function in (R-,R+) b.g.

: tachyon [wind.]

: fermion(-) [momentum]

: fermion(+) [momentum]

Ita-Nieder-Oz 05

: RR 2-form strength [wind.] -locality w/supercurrent =GSO

-mutual locality
-superconformal inv.
-level matching

p—

maximal set of (R—,R+) vertex op.
preserving TS SUSY, incl. non-local (Seiberg)

1
v

<< - ->>(R_’R+)b.g. = f D(x,@,H ,ghosts) exp(—=Scer = Sp, = Wi )+ Wk = Grr E a,w™ f d’z V. (2)V!(2)

kEZ



l. 2D IlA superstrings & KS SUSY

Double-well SUSY Matrix Model Kuroki-Sugino *10~13

quest for a nonperturbative definition of 2D |IA superstring

= directly simulate TS SUSY on Matrix Model, identical spectrum

(¢.y,B): OD superfield, N x N hermitian

and try the simplest, non-random-triang.-motivated

RV : (42 2)\ . -
W(q))—gqb —u’¢: superpotential — V(gb)—(q) —u ) . double-well potential

0
0
Sy =N trBBZ+iB(¢2-M2)+1/7¢1/J+1/71/J¢] y 4 0
0 0
o S (o
susy' o0 0w 0'=0"={0.0}=0
1 2 e a
=N tr §(¢2—M2) —10gdet(¢®11v+11v®¢) TPQ\* ’
0

SUSY order parameter
=0 1if SUSY preserved

-\ = 1
tr B =0 tr(iB*"'¢) =0 tr(iB*" = <—tr B">
¢ ( ?/J) ¢ ( llj) N =0 1if SUSY spont.broken



l. 2D IlA superstrings & KS SUSY

|dentifying the spectra Kuroki-Sugino *10~13

> Let us assume the correspondence of supercharges between the matrix model

and the type IlA theory: matrix 1A string

(Qa Q) - (Q—H Q—)

= SUSY transformation properties etc lead to

1 _
b, = Ntrqzb & ¢ gi/d2z V%’H(z) V_%,_l(z) (R+, R—),
1 _
U, = Ntr'zp & dog§/d2z T 1(2) V1 _,(2) (NS, R—),
_ 1 _ _ _
U, = Ntrw & dog§/d2z Vi 1(2) Ti(2) (R4, NS),
1 _
~tr(~iB) & ¢ / 22T (=) Ty (%) (NS, NS).

Quartet w.r.t. (Q,Q) < Quartet wrt. (Q1,Q_)

Co, dg, dp : numerical consts. , % < gs

(Single trace operators in the matrix model) <> (Integrated vertex operators in |IA)

(Powers of matrices) <> (Windings or Momenta)



l. 2D IlA superstrings & KS SUSY

Double-well SUSY Matrix Model Kuroki-Sugino *10~13

Zyona () = de2¢ exp Ny (¢2 —Mz)z —logdet (¢ ®1,, +1, ®¢))

2
. N N > N 5 N 5 N
o« [~ dVA r_exp(—z(itiz—uz) ) T2 -24) TT(A+4) TTA
i=1 i>k >k I=1
) from potential Jfrim measme (Jacobian) : from fermion det ,{ ’
* N N 2\ & 2 N!
= f_oodN)L I;I)Li exp(—z(;tl? _Mz) ) 1;[(1]2 —)Lkz) = V;_:l v+N!v_N!Z(V*’V')(‘u)
[ =17 = 47 (v,.v.) filling fraction of R, L well
> consider as fixed free parmeter
2 N N
Z (W) = f_i d" x gexp(—gxf) l;l(xj —xk)2 = Prob[all GUE-EV x, < Mz]

= 2 phases in the large-N limit .... MM computation in ¢ phase




l. 2D IIA superstrings & KS SUSY M

|dentifying the correlators Kuroki-Sugino *10~13
o <NtI‘(—’LB) (I)2k+1>cylinder — _iaw <(I)2k+1>disk ~ (V+ - V—) w* ! Inw /L|OUEV|”e COUpling\

0 i

s 1 _ 0 _ 4o = MZ -2
Ny, 1 /T—% 1 ckgs/‘/;c+%,+1v—k—%,—1 A

1 _ ) -
= NC'“Z(V+ —v_) Zae Wil <(/ T_%T%> (/ Vk—l—%,-{-lv—k—%,—l) v?f:\> KDWMM coupllng/

YAy /
1 )
= —Ner=(vs — v_) ag (W In w) e2mB(-k*—3k+7) .. RR b.g. is treated
2 4 perturbatively
_ cocycle factor
e various other correlators agree 4 string Coupling\
i
. <N-1tr (—iB)>d_ =0 g, =N
i) ... SUSY unbroken perturbatively in g, !

— Matrix;rank
g ((JT.T,)), =0 - /

Computation in the type IlA side reproduces the (v — v_)-dependence
and the w-dependence in the matrix model result.

Moreover, relations among numerical coefficients seem consistent.



l. 2D IlA superstrings & KS SUSY

Double-scaling limit

1.0 u’ N —Etrx,-2 N 2
Z(’)(u)=Cf_oode ne 2 H(xj—xk)
i=1

j>k

= Prob[all X, < Mz]

o

L

y
4w

DWMM coupling

iouville coupling

~

w2

A

4 N

string coupling

\

[from now on] SMN-Sugino ’14

g =N — g 4w = NP (u>-2)=s :fixed

A

%

Z

Matrix Irank
\ J

MM

—s00 2/3 2_ _
N—w, N>’ -2)=s det(

should capture all perturbative
& nonperturbative contributions

1- I%[I?,ig)) = exp(_f:’ dx(X = $)qyy (x)2

...just need to ‘reinterpret’ TW result in terms of String Theory



§ll. Tracy-Widom distribution



= Il. TW distribution
Specitral kernel for GUE

N |2

du(H) = AV e T H? o H(M" o det[;tif-l] 1 / harmonic osc. WF (Hermite polyn.)
. L,j=
" N

N

det[ﬁwka,.)wk()tj)] = det[K(2;,4;)]

i,j=1
i,j=1
- Recursion for p-point correlators
k k-1
fdﬂ'k det[K(Ai,)Lj)]i,]El = (N - k + 1)(161:[[((}«1,A«J):L,]=1 “det process”
N! N P
=R (M. h) = oo [dh,,--da, det[K()Ll.,)tj)]w_=1 = det[[{()ti,)tj)]u=1

- Christoffel-Dalboux formula

lvn] W Dw (M) =, Ay (X))
. A=A

K2y = S (A, (3) =



l[I. TW distribution

Local EV distribution

y (\) : harmonic osc. WF p(\): EV density
|
A TN
N ~ \
2N

,',&

| 1 "
soft edge unfolding A =+/2N + e TW: largest EV distribution

= Y (x)~Ai(x)
_ Ai(x)A1'(y) - Ai'(x)Ai(x)

-,
-,
-
-
-
-
-
_-
_-
-

KM (x,y)

described by Airy kernel

YITP workshop on KPZ growth



O [I. TW distribution

Gap probability

T(z);=( f- fd)g)( f- [de)p(aq,...,xN)

= [da---dayP({A}) - [d2, yC, [dhy---d A P({2})+ [[dAdh, \C, [ dAy---d A P({A}) -
R 1 R 1 R
) 1-EV conei;ltor R (&) ’ ) 2-EV correla?or R, (M,4,) ’

K(a) Knh) K(h,2)
[drndrdi,| Ko, h) K(hdy) K(AA) |+
: KA, 4) K(A.h,)  K(A3,2)

K(ALA)  K(ALA)
K(A,A) KAy, 4)

1

1
=1—[d)L1K(A1,A1)+2—![dA1d)LZ e

S det(l _ 1%,) (K, o £)A) = [dN K(AA)f(A)
! AT e
d | d X E 0.3 — GSE
Plasgest (X) = aProb[no EV in [x,2)]= adet(l - K[x,oo)) fo
00 — —— & \\\\\




O [I. TW distribution

Tracy-Widom method for Fredhom det T-w 93
K(x,y)=A(x)B(y)—B(x)A(y) S.t. i AX) =( . AX) (#) integrable integral op.
X—y dx| B(x) koK B(x)
rational func. in x
KA (1, ) 2 ACOATD - ATDAI) - d [ AiC) =( 0 1| Al ]
xX-y dx| Ai'(x) x 0 Ai'(x)
__ _ 1 _ K\ a@p(») - p(x)q(y)
G(X)= o AM), pW)=——B) = R(x): <x‘1_1%,‘y> P

g I

} satisfy a closed set of egs

d A
for I=[s,%), {q(S), p(s), R(SaS)=d—10gdet(1_K[s’°°>) inherited from (#)

/ |
logdet(l - 1%;*;3)) =~ [ dx(x-5)q(x)’ . q'(x)=x q(x)+2q(x)’ :Painleve I,
q(x)———Ai(x) : Hastings-McLeod sol.




§lll. SUSY breaking &
weak/strong coupling expansions



- I1l. SIHBY & weak/strong coupling €

Double-scaling limit

709 (%) - ()= det(1- R ) = exp(- [ de(x - ) (0” )
g P 4w = NP (u?-2) =s :fixed N y

Free Energy F(s)

1.0

0.8+

0.6

Fk—inst(s)

04

02F

g; << T_ITI>> = <N “ltr (—iB)> = diF (s)»0 = TS-SUSY always spont. broken
2 2 S

smooth for all s = 3rd order transition: planar artifact, CrossOver in the DSL



- I1l. SIHBY & weak/strong coupling €
Strong coupling expansion

g P 4w = N3 (u*-2)=s:fixed = strong string-coupling: s <<I

F(s)= f :o dx(x — )G (x)>  :smooth at s=0

numerical sol. to PlI

F(s)= 0.0311059853 - 0.0690913807s + 0.0673670913s"
~ 0.03613991445° + 0.0102959400s" —0.000675999388s”
— 0.0004684536455° + 0.0000815342772s" - - -

strongest string coupling s=0 is nothing special



I1l. SUSY & weak/strong coupling ex

Weak coupling expansion

g P 4w = N*3(u?>-2) =s: fixed

F(s)= [ dx(x =) (x)’

substitute trans-series

to PII & equate like terms

&

trans-series for F:

(&

G (X) = Y 0, (%),

(63

<e3

—4g3/2
1
167ms3/2 (

(e

—443/2
38

167 s3/2

_43/2

167 s3/2

_4g3/2

167s3/2

=  weak string-coupling: s >>1

35

k=0

3745

3

_ 4k+2 S3/2

c
O, (x) = Gkl
¢ 4

| 0,0 = Ai(x)

805805

T oag2 T

) (
) (

) (

1

35

115253 8294459/2 '

619 092117

T 12552 703 20736592

39 n 2059 184591
8s3/2 12853 3072592
35 . 3701 1112077
6s3/2 14453  10368s9/2

).
).
).
).

perturbative
part absent

expansion in N!
= open strings



- 1. SIIBY & weak/strong coupling ex

Weak coupling expansion

Fk—inst(s)

0.2

00

9.2 4w = NP (u2-2)=s:fixed = weak string-coupling: s >>1

F(s)= [ dx(x =) (x)’

0.8
0.6

04

e (35 3745 805805
167s3/2 24s3/2 © 115253 829449/2 ’

4 2

e\ 35 619 592117

2 \ 16ms3/2 12832 7283 20736s%/2 ’
4 3

L(es® Y\ (35 2059 184501

3 \16ms77 8s%2 ' 128s%  30725%7 !

9\ 4
Lfed\ 85 st01 1112077
1\ 16757 65372 | 14453 10368592 ’

nonperturbative (=inst.) effects always break TS-SUSY, even in the weak coupling



- I1l. SIHBY & weak/strong coupling €

“Negative weak” coupling expansion

9P 4w = NP (u2-2) =5 : fixed =

F(s)= [ dx(x=$)gu(x)’ = ["dy [* dx gy (x)’

s <0 : no interpretation as 2D lIA strings

242 3
e"kTZ po
. . Z ] n
substitute trans-series q,(2) 352 3

9(-0)= ¥ C'q(2) ,

to PII & equate like terms k=0

s
Iy q,(2) ~z/2

H-M solution given as “median” Borel resum.

_ s? 58*
qn(-2)=q.(-2:FS8/2)=Ne|q,.(2)-—q,.(2)+
A 4 16

&

trans-series for F:
3

z 1 1 3 63

F(— —+-logz— —log2—-('(-1) — =— — ==+
(72) ~ ptgles—gple2— ¢l —gs ~ o *
ki 71 13465 5083145
T omz3/2 \ 911/2  993,3/2 T 927/232,3  91734,9/2 L
i 65 3905 3132385
T (2m)223 \ 210 ©925/2,3/2 ' 9153,3  939/233,9/2 T

Q4,: (Z) +

4 n=0 2

e S = —i/« [2x  : Stokes const for Pl  Kawai-Kuroki-Matsuo *05

< perturbative, N2 closed

) — “2”-instanton, N'! : open

) +e-“4”-instanton, N'! : open



§IV.

Instanton condensation



[ V. Instanton condensation

Instanton fugacity

F( s)=tr log(l— I%Airy)=E%f?dxl---dkaAiry(xl,xz)KAiry(x2,x3)---KAiry(xk,xl)

[s,0)
k=1

= J‘:’ (X = 5)Gpm (x)* G (X))~ Al(x)
= E Ec—inst (S)

k=1

what if we include the spectral parameter & ?



[ V. Instanton condensation

Instanton fugacity

k
F(&,s)=tr log(l §KA“Y) E%f:odxl---dkaAiry(xl,xz)KAiry(xz,x3)---KAiry(xk,xl)

[5,)
k=1

- [ (x-9)g.(x 4:(x) ~ JEAI(x)

= E ngk-inst(S)

k=1

trans-series parameter & = ‘Instanton Fugacity’,
at least for the weak-cpl. regime s>>1
where individual instanton contributions are discernible

for ICR: Spec( ) {A>)A, zA, =--(>0)}

1
A (s)

[log] = F(e”;s) = —Elog(l —e" A, (s)) diverges when 1 — —logA,(s)>0

> 1

= T(S;s) = det(l EKA“y ) H(l -EA, (s)) vanishes when & —

[5,%)



V. Instanton condensation

Instanton condensation?

F(e”;s) = —Elog(l —e An(s)) diverges when 17— -logA,(s)>0 -—.___

A,(s) = maxSpec(K)?) )

[5,)

N
W

: inst. chem. pot.
o =
L

n

.

Lo

10} 7
»

_57 P RS S S S SR PR R S S R B
-6 -4 -2 0 2 4 6

s s : double-scaled coupling

even at the weakest coupling s>>1,
turning on instanton chem. pot »n >0 leads to singularity

= condensation transition



§V. Conclusion



[ V. Conclusion

SUMMARY
DSL of 2D IIA superstrings at Ry, iIN RR b.g. ¢ KS SUSY MM

Z — TW distribution, F”— HM solution to Painleve Il = Trans-series = Instanton sum

4 3p

- TS SUSY is always broken  F'(s) = <N‘1tr(—iB)> =(0[{Q.*}|0) = <OHQ*HO> —0@? )=0
by the Airy tail of EV’s WF, planar : 3" order GW transition — DSL : crossover

40
0}
= w}
10}
o —15 @ i
- 2D U(N) YM weak [2-cut] <—~—> strong [1-cut]
KS SUSY MM planar SUSY x <—H planar SUSY v
String Theory weak <— 1D OB strings 1D OAstrings  — weak

strong < 2D IlA superstrings — weak

10F
1

- Spectral parameter £ in det(l—&le[‘fg)) = instanton fugacity

phase boundary of instanton condensation identified : \\ f




[ V. Conclusion

To-Do List

- construct a dual theory “offcritical M” which reproduces the strong couping exp.

F5)

. . 40 T
as perturbative series = \
= 20f
10 F

Ok
-5 a

- correlators of other operators of |IA string theory, at higher genera

- GOE & GSE analogues vs non-oriented strings

- counterparts for Pll__,, higher critical TW,...

[AGT *10] [Gamayun ’13]
2D Liouville <> 4DN=2SQCD «> <TofPll, PV, PVI
conformal block instanton sum
[NS ’14]
? <> 2DIlAstrings <> ~<ofPlIl

instanton sum



