Strings and Fields 2014/7/26

Quantum Entanglement of
Local Operators

Masahiro Nozaki

Yukawa Institute for Theoretical Physics (YITP), Kyoto University

1. Based on arXiv:1401.0539v1 [hep-th] (Phys. Rev. Lett.
112, 111602 (2014)) with Tokiro Numasawa, Tadashi

Takayanagi 1. Y ; TP

G | -m YUKAWA INSTITUTE FOR
LN f THEORETICAL PHYSICS

2. Based on arXiv:1405.5875 [hep-th]



Introduction

Recently, (Renyi) entanglement entropy
((R)EE) has a center of wide interest in a broad
array of theoretical physics.

It is useful to study the distinctive features of
various quantum state in condensed matter
physics. (Quantum Order Parameter)

(Renyi) entanglement entropy is expected to
be an important quantity which may shed

light on the mechanism behind the AdS/CFT
correspond .(Gravity <> Entanglement)
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Introduction

Recently, (Renyi) entanglement entropy
((R)EE) has a center of wide interest in a broad
array of theoretical physics.

In this work, we investigate the time dependent

property of (Renyi) entanglement entropy.

* (Renyi) entanglement entropy is expected to
be an important quantity which may shed

light on the mechanism behind the AdS/CFT
correspond .(Gravity <> Entanglement)



The Definition of (Renyi) Entanglement Entropy

e Definition of Entanglement Entropy

We divide the total Hilbert spaceinto AandB: H,,, = H4 ® Hp .
The reduced density matrix P A is defined by pA = TTBPtot
This means the D O F in B are traced out.

The entanglement entropy is defined by von Neumann entropy Sy

(Renyi) Entanglement Entropy (REE)

;nél
Entanglement Entropy (EE)

B

Sa = —trapalogpas

on a certain time slice



Motivation

Previously, we studied the property of EE for the
subsystem whose size (/) is very small in d+1 CFT.

| << (The Excitation Energy)'(i

EA — Tent ' ASA

This temperature is universal.

[Bhattacharya-MN-Takayanagi-Ugajin,
Blanco-Casini-Hung-Myers ]



Motivation

We study the property of (R)EE for

1. The size of subsystem is infinite.
A half of the total system:

:17120

2. A state is defined by acting a local operator
on the ground state:

W) = NLO(t, 1) |0) .
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1. The size of subsystem is infinite.
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At late time
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Results

We compute AS',"” for a new class of excited states:
U) = ./\/_1(9(75,.:13‘1) 0) for O =: PO

in d+1 dim. massless free scalar field theory.
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Results

We compute AS',"” for a new class of excited states:
U = N71O(t, 2') |0) for O =: ¢F :

in d+1 dim. massless free scalar field theory.

At @ Hime
(Renyi) Entanglement Entropies of Local Operators

They measure the D.O.F of operators and characterize the
» operators from the viewpoint of quantum entanglement.

(not conformal dim.)



The definition ofASff)

ASXL) is defined by the excess of REE:

ASJ(I/) _ Sj(éln)E;U B SJ(47’L)G7

where
‘REE for |¥) = N 1O(¢,2") |0) -

1 f D@OT(H, 011)0(r2,6021) - - OT(Tla 01.1)0(r2,02.)

~ ——1
1—mn 05

(f D@OT(Tl,91’1)0(7‘2,(92,1))?1
*REE for Ground State:

1 7
A YT, Oglz?]




The definition ofAS("’)

OT(Tz 02 1)
V o ?”'1 91,!: ,;:I—
&~ \ A A
X1 -
O (rg,02 k41) I
T
‘ VO(T1,91,k+1)(_—~ I
&~ ) 4A
X1 :
OT(ry, 09 1 42) !
2 VYO(r,01 k12) pp ™= =1
&~ - A
X1

(108 (O (12, 82,) 01, 61.0) -+ O (12, 6,)O(r1, 61.1),

n

— nlog <OT(T2, 92,1)0(7"17 91)>21) -

1—n




The definition ofAS(’”’)

OT(TQ 92 k)

= \ A A

2n-Point Function

Ot (ry, 02 11 2) !
VO(T‘1,91,k+2)/ — |

WO, 01) -+ O (1, 62)O(r, 6, Dy,
—n log <OT(T2, 92’1)0(7"1, 91)>21) .




The definition ofAS('”’)

O (12,02 1)

T v o, el,k)f_"_:.L__

2n-Point Function 2-Point Function

on X,

OV (ra,02,542) i
VO(r,01 h12) pp ™ =1

on 2.1




Replica Method
O'(ra, 02 1) !

{ Vo O(r.014) /o 1

& - 4

91,@' — 91 ‘|‘27T(“L — 1)
92’7; — 92 + 27T(’L — 1)

(log <OT(""2, 02.0)O(r1,01.0) - O (1, 02,1)O(11, 91=1)>2n
— nlog <OT(fr2, 02.1)O(11, 91)>21) :

1—n




Example

We consider free massless scalar field theory in d+1 dim.

Especially, we focus on that in 4 dim.

We act a local operator ¢(—%, —I,x) on the ground state:

W) = N71o(—t,—1, %) [0) . At
Subsystem A : .jljl Z 0

We measure the (Renyi) _Xy=-|
entanglement entropies at t=0. i B A

®---- t=-t
m) Time evolution!! T



Example

Let’s compute ASJ(LXZ) for |¥) = N™'p(—t, —1,x) |0)
in 4-dimensional free massless scalar field theory.

Green function:

<¢ (Ta 0, X) ¢ (37 9,7 X)> —

872 (r+s) (r+ s — 2y/rscos (Q_TQI))



Example

(P(r1,01)0(r2,02)P(r1, 01 + 2m)P(ra, 02 + 27)) 5,
($(r1,01)8(r2, 02))s,

ASEE) = — log

Green function:

, 1
(@(r,0,%)¢ (5,6, x)) = 872 (r +s) (r+s—2y/rscos (52))

After that, we perform
» analytic continuation to
real time.

We computeASff)
by using Green function.




Example

<(b(’l‘1, 91)(b(’l“2, 92)gb(?"1, 0, + 27’(‘)@(?”2, 0o + 271'))22
(6(r1,601)0(r2, 62))s,

After that, we perform
» analytic continuation to
real time.

We computeASf)
by using Green function.




Time Evolution of ASY
AS.

Operator
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O~ NG00
voe- »
Entarlrgled ;;air
B A B




Time Evolution of A
AS.

Operator

| An entangled pair appears.
sba gled pair appe
Eritaigled Lair Each of pair is included in
B A

the region B.




Time Evolution of A5
AS

In this region, two quanta
is included in Aand B

respectively .




Time Evolution of A5
AS

08/\
6

In this region, two quanta
is included in Aand B

respectively .

Entanglement between quanta can contribute toASf).




Time Evolution of AS?
ASY

A Subsystem
= a half of the
total space

\ 4

ASY) approaches

Constant!!

Operator

Entm;gled ﬁair
B A B A




Entangled Pair Interpretation

We derive ASY), for [¥) =N"": ¢"(—t,—1,%) : |0) from
the entangled pair interpretation.

We decompose ¢ into the left moving mode and
the right moving mode,

Generalize

-

\_

In two dimensional CFT, we decompose ¢ into the left moving A

mode and right moving mode,

¢(z,2) = ér(2) + or(2) )




Entangled Pair Interpretation

We derive ASY), for [¥) =N"": ¢"(—t,—1,%) : |0) from
the entangled pair interpretation.

We decompose ¢ into the left moving mode and
the right moving mode,

¢ = ¢r + PR
At late time, the d o f in the region B can be identified with
the d o f of left moving mode.




Entangled Pair Interpretation

Under this decomposition: ¢ — ¢L + ¢R

Tracing,out

] —9=k(,.C Ch. O
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Entangled Pair Interpretation

Under this decomposition: ¢ — ¢L + ¢R

k
s _ 1 L N
ASy 1n10g(2ﬁ§(kcﬂ)-

k
1
ASA — k-logQ — Q_kz ij 10gk0j-

J=0

They agree with the results which we obtain by the
Replica trick (See My paper!!).



Comments on Result

We defined the (Renyi) entanglement entropies of operators by

the late time values of AS'".

The (Renyi) entanglement entropies of : ¢* : is given by

1

ASYT = —

1
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Generalize Results

We defined the (Renyi) entanglement entropies of operators by
the late time values of ASY" .

The (Renyi) entanglement entropies of specific operators (: (9¢)" : )
which are composed of single species operator are given by

for any dimension.

O
Large k, ASEQ) ~ 3 log k



Sum rule

We acts various local operators on the ground state.

k
A locally excited state is given by |yv) = N'T [ O'(#',2'") |0) .
Time ordering Op.

The late time of ASX") is given by

Local operators

They are given by the sum of the REE for the state defined by acting

each operators O*(t',z'") on the ground state.




Summary

 We defined the (Renyi) entanglement entropies of local
operators.

-They characterize local operators from the viewpoint of
guantum entanglement.

* These entropies of the operators (constructed of single-
species operator) is given by the those of binomial
distribution.

-The results we obtain in terms of entangled pair agree with
the results we obtain by replica method.

* They obey the sum rule.



Future Problems

* The formula for the operators constructed of multi-species
operators: : (8m¢)k : (generally depend on the spacetime
dimension).

 The (Renyi) entanglement entropies of operators in the interacting
field theory . (also massive and finite temp.)



Future Problems

 The formula for the operators constructed of multi-species
operators:: (7¢)" ¢' : (generally depend on the spacetime
dimension).

 The (Renyi) entanglement entropies of operators in the interacting
field theory . (also massive and finite temp.)

* The (Renyi) entanglement entropies of operators
in Large N, strongly coupled theory

(Pawel’s talk)



