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1.Introduction

Entanglement entropy (EE) is the quantity which
measures the degree of quantum entanglement.

EE is a useful tool to study global properties of
QFTs.

In the light of AdS/CFT correspondence, the
geometries of gravitational spacetimes can be

encoded in the quantum entanglement of dual
CFTs.



The definition of (Renyi) entanglement
entropy

We decompose the total Hilbert space into subsystems A and B.
Hi =HA®Hg

We trace out the degrees of freedom of B and consider
the reduced density matrix of A.

Pp = TI5 0

EE is defined as von Neumann entropy.

Sy =-trhp,logp,
The Renyi entropy is the generalization of EE and defined as

1

Sy i=——logTr(p,")
n



How to decompose the total™Hilbert
space?

Normally, the entanglement entropy is geometrically defined by
separating the spatial manifold into the subsystem A and B.

B @
For this decomposition, extensive studies have been carried out
and many properties of EE are known.

Htot — HA®HB

For example, area law, c-theorem, etc.



Instead, in this work, we analyze EE between two CFT's
(called CFT _1 and CFT_2 ) which live in a common spacetime and
interacting with each other, described by the action of the form:

S = jdxd [I—CFT1 +LCFT2 T Lint]
The total Hilbert space is decomposed as @“@
Hit = HCFTl ® HCFT2
EE is defined as Sl — _tr o) Iog o) 0, = TrCFT2 Dot

TL,=0, 5,=0.
$

This EE may offer us a universal measure of
strength of interactions.



Holographic Interpretation

Geometrically defined EE Area of minimal surface in AdS

in CFT /B
O B

Ade+1

EE between two CFTs This EE is closelv related
interacting with each other s LL1s closely related 1o

an internal compact space
‘ such as §° in the AdS, x S°
correspondence

This should be distinguished from a system of two entangling
CFTs without interactions, where its gravity dual is given by an
AdS black hole geometry.



Contents

Our models

How to compute entanglement entropy

EE of ground states and time evolution
Generalized holographic entanglement entropy
Conclusion

N~



2.0ur models

We consider two solvable relativistic models.
(1) The massless interaction model
The action is given by

1 .
S = 5 [ Ed’l[({}ﬁﬁ})z + (C)“L‘)E + )’n@“@@“-ﬂﬂ].

We diagonalize the action by the orthogonal transformation

1 .
S =5 [ 1244 (0,82 + A_(9,0)2).

| (-4

H = [ 1 e [ATY (73 + AL(Ve)?) + AZ! (7l + AL (VY')?)]

) % J e

where Ar =1+ %,

AlA (72 472~ A7, )+ (V) + (V) + AV gV ]
_2<)\A< 2



(2) The massive interaction model

The action is given by

s=3 [t [(c?mf + (0% — (6,0) (C B) ()] |

We diagonalize the action by the orthogonal transformation

S = 5 / d%z [(Ei“ri:")z + (8;,}-1;':’)2 —mi¢"? — -r'r'e.%-t;:ﬂ] :

where ¢’ ~ [cost) —sinf O
'] \sinf cosf W]
The three parameters (A,B,C) are equivalently expressed in terms
of (6,m;,m,)



We will trace out @ and consider the EEof ¥ in
the following two cases:

First, we consider the EE of the ground state
for the total Hamiltonian.

Next, we consider the time evolution of the EE generated

by the total Hamiltonian.

We choose the initial state to be the ground state for the free
Hamiltonian which is the Hamiltonian of free massless fields,
i.e. we prepare the ground state for the free Hamiltonian and
switch on the interaction at t =0, | 1




3.How to compute EE

We present two different but equivalent methods of calculations:

(1) A real time formalism based on wave functionals.

It is useful to obtain exact results. Today’s talk

(2) An Euclidean replica formalism using boundary states.

It is useful to obtain perturbative expansions systematically.
It will be applicable to interacting models which is not solvable.



A real time formalism based on wave
functionals

We calculate EE directly from the wave functional.

Because the Hamiltonians of our models are quadratic,

the wave functions of the ground states and of time-evolving
states whose initial states are the ground states for the free
Hamiltonian are Gaussian wave functions.

We consider generally the EE for the Gaussian wave function.

We consider the following Gaussian wave function,

-~ 1 _
({o, 0} W) =N exp { — 3 /rfd_l;'rf:fd_ly o(x)Gi(z,y)o(y) + ¥ (x)Go(z, y)(y)

+2¢(2)Gs(z,y) a-"'?('ix)] } '

G.(X,Y) are the complex valued functions.



1

({4} T) =N exp { = f AP Lud Ly | p(2)G1 (2, 9)6y) + (2)Gala, 1) ()

+ 2@5}(.":'!_?)(;3(:1?, y)tlj",f(y)] }

We trace out ¢ and obtain

Trpy, = N [ Dy -+~ D exp | — f dd_l;ﬁdd_ly(-;j}l(;1:), v () My (2, y)
| ! Un(y)/ |

U1(y)

Where (R.e}{ 1’; 0 s U } \
Y ReX Y --- 0 0
0 Y ReX--- 0 0
M, =
0 0 0 ---ReX Y
\Y 0 0 - Y ReX/
r -y 1%y — 1 1 r —1 - ¥ T3y — e e 1%y —1
X =Gy —G3(G1+GY) G, Y=~ [G3(Gy + GG + G5(G1 + G3) 71 G3]

We can diagonalize M



Z; isthe eigenvalues of Z.

7 =—2(ReX) 'Y = -2 [Y 'ReGy + 2+ Y 1mG3(ReGy) ImGs]

SSL} — (1 — .;r-j_r_)—l In TI‘;’JE’_, S’L = —TI"Q%{, In Py = —% In Trﬂ;};h?;:l

S =3"sm(g) =3 (1 —n)" (1 — &) —In(1 — &),

i 1

Sy = Z s(&) = Z [— In(1—-&) — 1 fﬂ 3 In¢&;

T 1

In our model, the mode sum becomes the momentum sum.



4.EE of ground states and time evolution
The massless interaction case S = ; [ A"z [(0,0)” + (0u10)? + A,
EE for the ground state.

[_'Jgn) = .:,(1”)()\) . Z 1, S1 = s1(A) - Zl,

where k#0 k70

.ﬂgn} = (1 —n)"'nln(l — &) —In(1 — ")), = —In(1—-¢&) — 1 E : In&.
1 A2
E==1—+v1-—22 z = .
| | e S,(A)
In this case, each mode contributes !
identically the entropies. |
In this way, EE between two scalar ‘
field theories has the volume "\ | Y,
law divergence. i S |




The volume law divergence can be seen clearly when the volume
of space is finite.

We regularize the UV divergent mode sum by
the smooth momentum cutoff.

When the space is a (d-1) torus of size L,

A I 42
Si?l} — h{]:-ﬂ}()\) (fr'd]d—l (?) _|_ Gd,d—Q (?) —l— v —|_ ('.r'd,[l) .

_ 7 d-1 742
S1 = s1(A) (f‘d,d—l (:) + Cq.d—2 (?) + (Z‘dﬁg) :

where & is a UV cutoff length.
C are constants.



The massless interaction case

Time evolution

For |A|<<1
J(n) T /\? . 2 . ".N_E 9 . 2
Sy = T4 sin“(wt) (n > 1), Sy = 1 In A Zsm (wt).
k-0 k#£0
d=2
81
d=2 X~ X+27 s RYaE ™
_.n:u:-|| || | III
.y s i |
EE has the periodicity t ~ U+ 7 ol | |
When ¢ isinfinitesimally small, | |
EE almost instantaneously reaches | |
the maximum within the time of I I R ‘
order & A plot of g; = %}5’2:& as a function of ¢

We chose ¢ =10.1



The massive interaction case

EE for the ground state.
o ;3 - fffd e sg (k) = /dd—lk[ In(1 — £(k)) — ‘5(2 S {(ﬁ)]

EE has UV divergence for d >5 and
the leading UV divergent term is

(2r ;3 a7/ Lllsm Qcaszﬂ(ml—mg) /de 1[ dlk3=61n I

(1
—(111 A)? for d=5

1
rﬁd_"’lnﬁ for d > 6.

L d—5

1
— 15111 2 0 cos? H(mI — ;rng) /ﬂde 1 X 4

For d <4 EE is UV finite. This is because the massive interaction
is negligible in the high energy region.



The massive interaction case

Time evolution

For d=2 X~X+27x

n—1

(n)
n Cz S'E‘-‘l'l[
o3 / '
: \ /
0.3 :_ ) II' '|I|II|I Illll,'ll \\'lllllll
: f'f H‘- ,ff \
0_2:— f Rx / \
- / I".I f \
[ \ /
0.1F /
/ \/ |
N T I (A R ; ..... \ . t

EE grows slowly in the massive interaction case.



m. | |
J.Generalized holographicentangtemen

entropy

First, we consider the case where N/2 D3 branes are placed at

iy = (—1,0,0,0,0,0) and the other N/2 D3-branes
at = (1,0,0,0,0,0)

ds? = H~1/2 (y)daxtdx,, + H”Q{ﬁ) dy'dy?®.

where p =0,1,2. 3 and i =1.2,---,6.

R* R

H= 2(r2 4+ 12 — 2rlcosf)? N 2(r2 + 12+ 2rlcos#)?

./

The dual gauge theory has the unbroken gauge group SU(N/2)xSU(N/2)
and fields which are bi-fundamental with respect to each of the

two SU(N/2) groups are massive with the mass
z

Ta

M =




If we focus on the physics below this mass scale M, we can regard
that the system is described by two SU(N/2) gauge theories (CFTSs)
interacting each other. We call them CFT1 and CFT2.

We would like to argue that the entanglement entropy between
these two CFTs are given by the holographic entanglement formula

‘SEHt -

Area(v)
4GN

by choosing 7 to be the area of minimal surface which separates
the two groups of N/2 D3-branes.

From the symmetrical reason, it is clear that / is given by

i
"‘rI?.L:C'. 9:—
| 2



AN 217 0 » AT2Y/

;S'T t il . - — -
- 1572 R6[2 1573

AgA>,

where V3 is the volume in the (x1,x2,x3) direction and
I'uv is the cut off in the radial direction.

ruv = AR?. ruv <L .

g is the dimensionless coupling which parametrize the strength
of interactions between CFT1 and CFT2.

;_“12
- M?

g

Our holographic analysis reproduced the volume law which
we found in the scalar field calculations
for the massless interaction.



proposal for generalized-notographic
entanglement entropy

We divide the internal space S° into A and B.

Our main assumption is that this separation ’

corresponds to a factorization of Hilbert space

in the dual CFT.
Herr = Ha @ Hp.

EE between two CFTs is given by the holographic formula

Area(v)

AG N
/" chosen to be the minimal surface whose boundary coincides
with that of Ai.e. 0A=0y

We studied coincident D3-branes i.e. Ad85 x S
and reproduced the volume law.

1

J‘(—:}IEI'I"Z -




6.Conclusion

« We analytically computed the entanglement entropy between two
free scalar field theories in d spacetime dimensions, which are
interacting each other in several ways. We considered massless

and massive interactions and compute EE for the ground states
and time evolution.

In the massless interaction case
Sere €V, _1Ad -
In the massive interaction case
For d <4 EE is UV finite  For d >5,S_ oV, A’ logA

- We proposed a holographic calculation of entanglement entropy
between the two interacting CFTs. We divide the internal space
into subregions. We reproduce the volume law of EE which is
same as the massless interaction.



Herr = Ha @ HpB.

)
|

N[l

S

AA

How about the off diagonal elements? N {

71

L3

D AR
D,y
H—I
N
2

|
mm{e
=

This problem is similar to the EE in the gauge theory.



