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O. Introduction

* Various classical-mechanical models for spinning particle:

v Rigid body model, Barut-Zanghi model (commutative variables)

v' “Spinning particle” model, Superparticle model
(anti-commutative variables)

* Twistor theory

Twistor theory is a useful tool to describe massless particles.

The action for massless spinning particles is given by

So = /dT {iZAZ.A—I—a (ZAZA — 28)} . ‘
dr’

( T.Shirafuji, 1983, |. Bars and M. Picon, 2006; S. Deguchi, T. Egami and J. Note, 2010 )

where, s is a real constant specifying the helicity.

The model is investigated in terms of spacetime and spinor variables.
( S. Deguchi, S. Negishi, S.0. and T. Suzuki, Int. J. Mod. Phys. A 29 (2014) 1450044)

* By contrast, to describe a massive particle, it is necessary to
introduce more than two twistor variables

A .
7% = (w;% ma), 1=1,2,...N .
with a SU(N) symmetry.

...What’s the physical meaning of SU(N) symmetry ?

e . . . R
Penrose, Perjes and Hughston attempted to classify elementary particles.

f

SU(2) = weak isospin: (e, v,)

< SU(3) = flavor symmetry: (u, d, s)

(Penrose 1975, Parjes 1975, Hughston 1979))

We present a model for massive spinning particles and then investigate
the validity of the attempt within the model.

1. A model for massive spinning particles

 We first consider the following SU(2) invariant action:
S :/ dT [ZZAZZA + a (2342;4 — 28) — Zilb?;jZf —|—g (Wmfwawkwm m2)}

b/ (1) = b" (1)o7 SU(2) gauge fields,
(2P U (0)ZE, Zh > Z3UT () L b U (r) — i (n)UT(r) . U € SU(2). |

o-(r =1,2,3) : Pauli matrices

But, this action describes only massive spinless particles due to too strong constraints.

* Coset construction and modifying the action

We consider the coset space SU(2)/U(1) and representative elements V(¢,¢) .
The left action of U on V generates a transformation in accordance with
V= V(E,&)=U(n)V(E§ (),
where O(7) :=exp (¢9(7)os3), and ¥ is a real gauge function.
Using V, we define the new variables
VbV —iVV.

ZLA = V]LZ-jZJ‘-4 , Zﬁl = Zilei , b=

With the new variables, the SU(2) transformation reads

2”4 — éil@Tjiv b' — b cos 29 + b%sin 20,
b> — b® + 9.

Zi* =077

We modify the action with the new variables as

S = /dT [z'Zj;lZ'f + a (242 —2s) + b° (Z4o3,7 27 — 21)

i (ﬁmwf‘frgﬂkd — mz) . (1=1,2)

- _. . k.
) ) A 2
+ b (ZAJ%]Z]' ‘|‘§b> —+ 5

where t is a real constant.

* Rewrite S in terms of spacetime and spinor variables

We express w; as w® = ix%%m,, + 1% , and then the action
Xe! 1

(5
Sz, T g, 0,0, f,a,b%,b") can be writtenas S = [ drL with

L = —3%7" i — (YO — V') + a(Th ¥ + Vi — 25)
+b303,7 (7? Y5+ Wawjd — Qt) + b (ﬁfxagijw;‘ + ?;id()':gij’ﬂ'jd + kb€/2)
+ = 5 (Wmﬂo‘ﬂj Tic — mz) :

We investigate our model based on this Lagrangian.

74 = Z24(1), a=a(r),

b2 — —b'sin 209 + b2 cos 20,

2. Canonical quantization

 (lassification of the constraints in Hamiltnian formalism.

5 first-class constraints
4 second-class constraints ====sp Define the Dirac bracket.

 (Canonical quantization
Dirac bracket m=ssssss=) Canonical commutation relation.
The first-class constraints EEE) Define the physical states : ¢|®) = 0.

( 0 8. | ﬁémd>d§ =0, (Wzo‘wawjﬂjd—mz)@:O,

Oxre
. . 0 0
77'& ? T iy 0 25 | D :O, 0'3733 (_Z T iy 2t>@=0,
87@ 871'7;@ 87Ta aﬂ'jd
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—p=—P=— =
da  Of  Ob3 -

 The solutions of these simultaneously egs.:

_q —1 —iazﬁgﬁkﬂ'
¢21 O{ma .71 Jn(){l O{fn, — 7‘-0511 C WQﬂ:nW.jlal S W]nane 7 kB’

mi1 + Mmoo — N1 — N9 and t_ml—mg—nl—l—ng
2 B 2

where, (m1,m2,n1,n2) are respectively the # of (7. 72

3. The physical meaning of the SU(2) transformation

* Derivation of the Dirac equation

with s = : (m =My + M2, N =Ny +7’L2),

T2 TiaT2a) in the solution.

The solutions in the cases s = +1/2, t=+1/2 are
(Svt) — (1/23 1/2) : g'b}x — ’ﬁ'éé, (Svt) ( 1/2 1/2) @1654 — 7Tlc')z¢7
(s,t) = (1/2,-1/2): &% =7r2¢, (s,t)=(-1/2,-1/2): Do = m2:0.

¢ = exp ( zxﬁﬁﬂﬁwkﬁ)
Using the mass-shell condition, we can show that

V20D, — me’DF =0,  ihvV20,4€7 P — mdP:, = 0.
These equation can be written as

(iv" 0, = m)y“(2") =0 (9], := ~0,,)

S (@Y o e @%(az’))_(@?(x)) R
U(x) (%(@), 49 (@) = Cy(a’) (q%(x,) 2] @ =)

e The resultis summarized as follows:

Particle /t=1/2

Anti-Particle /t=-1/2

Right-handed /s = 1/2 DS (x) —— D (x)
.
Left-handed /s =-1/2 D (x) — D2 ()

Thus, the SU(2) symmetry is regarded as symmetry between
the particle and the anti-particle.

)

4. The spinor wave functions and the generating function

We consider linear combinations

Oél Oém J1.--Jn O1...0n (271.7;)8 Q1 Qs J1 0 JnQl Ay

(z,7, )

and xd?7TL A d*7% A dPm A dP s

B 1 . _
\Ij 21 ’L&nm J1.e-Jn Q1 ...Qlp (Z) = (27-‘-?})8 / f ( ) 91521 ’Lg@m J1Jn Q1 Qn (Za , 7T)
xd?7TL A d*7% A dPm A dP s

&, (2) isdefined as

The generatlng function for \I!i“ I
_\pi%l m (2)e8 - -

d1...0m,; ]1 ]n
> >4 mln! Q1. Q3 J1Jn Q1 ... Qipy 11 im ?
m=0 n=0

where (; and K’“ arbitrary undotted and dotted spinors, respectively.
W+ (z,., k) satisfy the (complexified) unfolded equation:

ZLH)I

-0 0? n
( ey 81,?8/{@'@) U (2,1,k) =0.

5. Summary and future issues

B Summary

v' We study a model for massive spinning particles.

v' We investigated the physical meaning of the SU(2) symmetry and the result
is not agree with Penrose’s attempt.

v' We obtained the unfolded equation within the model.

B Future issues

[1 Consider the general physical meaning of s and t, in the model.
[J Incorporate interactions with gauge fields lying in spacetime.



