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Factorization of 3d partition function(PF')

The partition function of N' =2 G = U(1) 2N-flavor
chiral multiplets (R-charge:A = 0) on S; :

2N

Z(Sp) = /dffoezmcg I s (Uo +m; + Z%)

j=1

0o: saddle point value of the scalar in vector multiplet

m;: real masses ¢ : Fl-parameter

St (00 +m; + z%) 1-loop determinants of chiral multiplets
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Factorization of 3d partition function(PF')

Pasquetti (arXiv:1111.6905) showed that the PF on S}

tactorized to vortex and anti-vortex partition functions

2N

Z(Sy) = /dffoezmcg H Sb (00 +mj + z%)

j=1
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Factorization of 3d partition function(PF')

Pasquetti (arXiv:1111.6905) showed that the PF on S}

tactorized to vortex and anti-vortex partition functions

2Ny Q
Z(Sg)) — /d()’oe%ricg H Sp (O’Q -+ T -+ ZE)
1=1
2N
_ i milm; H ( ‘ Q) Z3d,l23d,l
My =1y ‘|‘7'§ v 4y

J7#!

?’d’l' 3d vortex PF on S§ x RZ (fe = 27 /b, - - - )
Z3dl 3d anti-vortex PF on S§ x RZ (Be = 2mib?,--- )
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Superconformal indices (S! x S?) also factorize to vortex and anti-vortex
partition functions (Hwang-Kim-Park 1211.6023 )

generalization to G = U(N) on S; (Taki 1303.5915 )
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Superconformal indices (S! x S?) also factorize to vortex and anti-vortex

partition functions (Hwang-Kim-Park 1211.6023 )

generalization to G = U(N) on S; (Taki 1303.5915 )

Why (anti-)vortex PF appears on S;, St x 52 7

How parameters in (anti-)vortex PF

(¢, B) are determined 7

Higgs branch localization

can answer these questions.
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one-parameter family of Q-exact term

7 _ / e S[P]—tQV (0]
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one-parameter family of Q-exact term
7 _ j e S[P]—tQV (0]

Kapsutin-Willet- Yaakov
Hama-Hosomichi-Lee t — o0

QV[(I)] = Sym + S¢

7 — /drk(G)O_Oe—S(O'())Zl—IOOp (O_O)
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one-parameter family of Q-exact term
7 _ j e S[P]—tQV (0]

Kapsutin-Willet- Yaakov
Hama-Hosomichi-Lee t — o0

QV[(I)] = Sym + S¢

7 — /drk(G)O_Oe—S(JO)Zl—loop(o_o) _ Z e—Sc], ZI}I_ilgC);spZ\g}Z\g}
{1}

N/

Evaluating the multi-contour integrals

(Pasquetti, Hwang-Kim-Park, Taki)
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one-parameter family of Q-exact term

7 _ j e S[P]—tQV (0]

Fujistuka-Honda-Y.Y

Benini-Pealeers
V[(I)] = Svm + S¢ + QVu

Kapsutin-Willet- Yaakov
Hama-Hosomichi-Lee t — o0

QV[(I)] = Sym + S¢

7 — /drk(G)O_Oe—S(JO)Zl—loop(o_o) _ Z e—Sc], ZI}I_ilgC);spZ\g}Z\g}
{1}

N/

Evaluating the multi-contour integrals

(Pasquetti, Hwang-Kim-Park, Taki)
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Content of the talk

* Introduction

* 3d N=2 theories on ellipsoid

* Higgs branch localization

e vortex partition function

* Factorization of 4d N=1 superconformal index

* Summary
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3d N = 2 theories on ellipsoid

We consider G = U(NN) SYM theory +
Ny- fundamental chiral multiplets (Ny > N)

with generic real masses M = diag(myq,---my;,) on S}

3d ellipsiod S; is defined by

ro+ w7+ x5 +as =1
Torus fibration coordinate: (9, g1, @2)
(xg, 1, T2, x3) = (cos1 cos pa, cos ¥ sin po, sin ¥ cos @1, sin ¥ sin )
metric
ds* = R? (f(9)*d9? + b* sin® 9dyp7 + b2 cos® Ddep3)
Hopf fibration coordinate ) = %6’, p1 = %(w — @), o = %(@b + ¢)
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(J-exact terms

Vector multiplet: (A, o, D, A, 2)

i )T )
1 1 1 s\’
= ;FuwF" + SDyoD"o + - (D+ waﬂ oo
chiral multiplet: (¢, ), F')
T N Ta)
L= Q(@w) Y -QF (QY)TY
_ A2 —A)- _
— DMGD, b + (léi(ﬁ))g 66+ FF +idpDo
+é(o+ M)>*¢ + {28 — 1) d(o+ M)g +

Rf (V)
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Lywv and Ly, are taken as QV in the ordinary localization

saddle points equation (Lyy = 0, Ly, = 0)

4 o )
A, =0, 0=0¢=consant, D A =0

Rf(D)

6=0,F=0
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-()-closed terms

2i :
Log = P (AuayAp + ng”AVAP) — M\ +2Do

I
b= TR (D Rf(ﬁ))

The saddle point values of Q-closed terms

contribute to the localization computation.

In the ordinary localization, the partition function is

expressed by multi-contour integrals.

Z = [ d#KG)gpe=5(0) Z1-100p(00)

o

Summation over the saddle points
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-()-closed terms

2i :
Log = P (AuayAp + ng”AVAP) — M\ +2Do

I
b= TR (D Rf(ﬁ))

The saddle point values of Q-closed terms

contribute to the localization computation.

In the ordinary localization, the partition function is

expressed by multi-contour integrals.

Z = [ d#KG)gpe=5(0) Z1-100p(00)

o

a saddle point value of QQ-closed term

2014/7/22 String and Field@Kyoto



-()-closed terms

2i :
Log = P (AuayAp + ng”AVAP) — M\ +2Do

I
b= TR (D Rf(ﬁ))

The saddle point values of Q-closed terms

contribute to the localization computation.

In the ordinary localization, the partition function is

expressed by multi-contour integrals.
_ rank (G —S(o
/ = d ( )0'06 ( O)Zl_loop(O'())

o

The one-loop determinant of QV
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S[®]-tQV|P]

Fujistuka-Honda-Y.Y

Benini-Pealeers
V[(I)] = Svm + S¢ + QVu

-l0o0 — e 1—100 Y 511
1-1 p(o_o) _ Ze SlZHiggspZ‘E'}Z\{/}

Evaluation of multi-contour integrals

(Pasquetti, Hwang-Kim-Park, Taki)
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Higgs branch localization

Fujistuka-Honda-Y.Y
Benini-Pealeers

L =QVy =—1QTr [(ETA _ GT)_\)ZL(;XE %N)}

We add a (Q-exact term

real number

tQV = t/\/§d3$(£YM + Ly + Ly)

The final result does not depend on both ¢ and

The saddle point equations change !

In the limit x ~ oo, the saddle points (QV = 0) become
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the saddle points (6 # 0, 7)

F,, =0, D,0=0,D - (c+M)=0,

1
Rf(9)
(c+M)p=0, ¢ —x1n =0

root of Higgs branch

O; — _mlr,-;? Cb?,A — \/%(Slzﬂ
o =diag(oy, - ,0n) ] = l,---,N {lla"' JN} C {1’... 7Nf}
A=1,--- ,Ng
The saddle points are y,Cn discrete points
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the saddle point equations (# = 0, )

x|
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the saddle point equations (6 = 0, )

Vortex eq on the root of Higgs branch

x|

0 Fa3 — %(qug—Xl) =0, D2¢ +1D3¢ =0,
<: D,o=0, (c+M)p=0, ---

.----——-%_
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the saddle point equations (6 = 0, )

Vortex eq on the root of Higgs branch
0 Lo |
Fa3 — §(¢¢ —x1) =0, D2¢p +1iD3¢ =0,
D,o=0, (c+M)p=0, ---

Anti-vortex eq on the root of Higgs branch

9:7‘- DHU:OJ (O"I'M)(b:(),

x|

.----——-%_
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In the limit x — oo, (the size of vortex) ~ 1/,/x — 0.
Thus, point like (anti-)vortices sit on north (south) pole
of the squashed 2-sphere.

From the point vortices, S; can be regarded as Sé x R2.

Then we can use vorex partition functions on Sé x R? .
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In the limit x — oo, (the size of vortex) ~ 1/,/x — 0.
Thus, point like (anti-)vortices sit on north (south) pole
of the squashed 2-sphere.

From the point vortices, S; can be regarded as Sé x R2.

Then we can use vorex partition functions on Sé x R? .
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_ -loo [t 541
2(8) =) e IliiggSpZ‘{/}ZX{/}
{}
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2(83) = e Sazyloor 7z 73
1

1 )

Higgs

The smmation over the saddle points

Uy =y, Ivy CHly-- Ny )

01 = _ml17°°° 7O-N — _mlN
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Z(Sg)) _ Z e—Scl 1—loopZ‘{/Z}Z€/

Higgs
1} I

The saddle point value of FI-term e_QWCmi
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_ 1-loop,{l [} 711
Z(Sg) — Ze = Higgsp { }ZX{/}ZX{/}
3

The one-loop determinant of QV around a saddle point labeled by {l}

Z\(/éc—loop)v{l} m— H sinh Wb(mli — mlj) sinh Wb_l(mli — mlj),
1<J
N ZQ
Z(E}lli—loop)v{l} — H H Sp (7 —+ my, — mA> .
A#£{l;} i=1
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_ 1-loop,{l [} 711
Z(Sg) — Ze = Higgsp { }ZX{/}ZX{/}

1} I

The contribution from 3d vortex PF Z,%/ at north poles

—1
o—2mChb ™k

A0 _
v {zk; H,f\; Hﬁ;l 2sinh wib=2(my; 4, + (n — i — kj)) Hf;l 2sinh b= (m; g, + lib=1)
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_ 1-loop,{l [} 711
Z(Sg)) — Ze = Higgsp { }ZX{/}ZX{/}

{1} I

The contribution from 3d anti-vortex PF Z%/ at south pole

o—27mCbk

7 _
V % [17; [Tnsy 2sinhwib?(my, 1, + (n — i — kj)) T[)%, 2sinhwb(my, + 1ib)
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_ 1-loop,{! [} 711
Z(83) =" e Sa gyt 78 731
{l}

This structure is similar to the PF of

4d N = 2 super YM theory on S selfdual e&uation

2(84) — /dNae_S(a) Zl_loop(af)ZinstZinst — G4

(Pestun 2007)
X

anti-selfdual equation



Vortex partition funtion on Sé x R2

Before we explain the vortex PF, recall derivation of 5d instanton PF

instanton number

L § { —Tk
1nst 1_|_ Zk inst I»c:L FAF

87T2 R4

-dim G = U(N) k-instanton PF on ST x R* (224
~ PF of G = U(k) SUSY gauged QM on S!

SUSY gauged QM
matter contents: By, By, I, J(ADHM data) - - -
(D-term) = Y-, [By, Bl + 1Tt — JTJ — (14
(F-term) = By By + IJ
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Zk inst — /DBZDIDJ(?_ fSl Lom

. 2 : 1-loop
o ZSUSY QM

saddle pts

{The saddle points }
=The fixed points in k-instanton moduli space by
equivariant U (1) x U(1)., x U(1).,-action
=The N-tuple Young diagrams {Y;} with
the total number of box k = Ezjil Y|
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Vortex partition funtion on Sé x R?

3d.{1} o0 3d.{1} vortex number

) - _Ck Y 1

ZV =1+ § :6 Zk—vortex k= oy Fi9
k:1 T R2

-dim G = U(N) k-vortex PF on ST x R? (Z}:’fivortex
~ G = U(k) PF of SUSY QM on S’

SUSY gauged QM
matter contents: B, I,.J---

(D-term) = [B, BT + ITT — JJ — x1;

MR ~ {(B, 1, J)|(D-term)}/U (k)
(Hanay-Tong 2002)
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Z24 / DBDIDJ --- ¢~ st Fam

k-vortex
. 1-loop
T E : ZSUSY QM

saddle pts

(fixed points)
=The fixed points in k-vortex moduli space by
UL
=The N-tuple non-negative integers k; (1d Young diagrams)
with the total number k= > ., k;

x U(1)c-equivariant action
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Factorization of 4d N = 1 superconformal index

Y.Y 1403.0891
Peelaers 1403.2711

We consider G = U(N)(SU(N)) SYM theory +
N¢- fundamental and anti-fundamental chiral multiplets

If we consider SCI and evaluate the contour integrals, we find
that the factorization of SCI only occur when traceless condition

and anomaly free R-charge assignments (R =1 — N/N)are satisfied.

This means that the factorization only occurs for G = SU(N)
There is a problem in Higgs branch localization for 4d SCI.

x-term is necessary for Higgs branch localization to work well .

But we cannot introduce the y-term for G = SU(INV) case(traceless).
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Summary

We developed Higgs branch localization of 3d N' = 2 theories
(In this talk we only mention on S} case,

we also performed Higgs branch localization on S x $? (SCI). )

We directly derived the vortex and anti-vortex factorization by
constructing Q-exact term whose saddle points admit vortex

(anti-vortex ) eq at north (south) pole.

4d SCI has similar factorization.
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