Dirac equation in five—dimensional spherical AdS space—time
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v We provide a detailed discussion on the representation of the angular sector of Dirac field

. Introduction

with SU(2)XU(1) symmetry.
v Our analysis applies to asymptotically flat as well as asymptotically AdS and potentially has

many application in AdS/CFT context, higher dimensional black holes.

11 . Background space time

B 4+1 dimensional spherically symmetric metric of polar coordinates

where
2 2 2 1 ) TP 2 2 O<t=m,
ds® = —f(r)a”(r)dt* + dr® + —(df* + dp* + dy* + 2 cos Odpdr)) 0<w<o
f(r) 4 SPsem
o J 0<y<dr

This metric has symmetry of SO(4)=SU(2), X SU(2); . Then, we can define two invariant one-forms o’ o

— The invariant one-form of SU(2) -

of SU(2) which satisfy do® = 1/2¢%*¢0* A oBand dol = —1/2¢%%¢al A oL

ot = —sindf + cos 1 sin Od¢p
The metric is given by 03" = cos df + sin b sin 0
1 5 o5t = dip + cos Odg
r
ds® = —f(r)a?(r)dt* + 7 )drz + (o o172+ (077) + (o577)?) ol = sin ¢df — cos ¢ sin 0
T

ol = cos ¢pdf + sin ¢ sin Odap
oy = d¢ + cos 0dy
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Also, we can define the following Killing vectors &L which satisfy (¢:F, o B L)

: Cos ¢ sin ¢
¢R — —sinydy + =z 0, —cotOcostpdy, X = cospdy + sm@&’b — cot §sin ¢,
sin I . COS ¥
& = cospdy + n?a — cot fsin1d, £, = —sinpdp + " aw — cot 0 cos 0,
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Let us define two kinds of angular momenta : In a special casel? = (L#)? = (L¥)?,L?, LI, LL have
fR LL ifé’ the common eigenfunction called Wigner D function
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Ill. Dirac Hamiltonian
Symmetries of the Dirac Hamiltonian
) . g

The Dirac equation in curved space-time : (eé‘/ffchM —m)¥ =0. Q : Tanent space indlces

. Curved space indices
Gamma matrices : a

o (I 0 i (0 o 5 (0 I
=0 1) T et 0) T T\ 0

The relation between Cartesian coordinate (5137 Y, z, w)
and polar coordinate (7,0, ¢, 1)

The covariant derivative :
1 P Wasah : Spin connection
D = O + édeBh ) defined by w,a; = 3¢5V e, ;

pab

_ a . a b
GMN = €Epr€aN = M€ EN

Vielbein :

Difinition :
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The Dirac equation can be written as 0,V = HW. Further, we assume that the spinor can be decomposed as

an energy eigenequation
A/} t,a: _ eiEt (Xl (35')> X1\ X1 h B \/fa,m —'i'?ﬂp”
) x2() " X2/ b o) = iTipy  —V/fam
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This Dirac Hamiltonian does not commute with the space time symmetry generators L2, LR LL- The reason is
z

that these operators are the generators of the angular momenta, instead Dirac fields carry 3 spin. We define
following total angular momenta :

1
Gclf — 5 ('81 8) ; G LL + = 5 (8 f) where [GE H] =[GL H] =0.
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Angular operator of the Dirac Hamiltonian

The Dirac Hamiltonian has angular operators iD, iD,, in the non-diagonal part. They are written as :
L TR R
1Dy ( \/§L_) , 1Dy = (_ L \/§L+) where
GMa, ~GMa,

—LL V2LE LR
The spinorial harmonics can be obtained by using SU(2) Clebsch-Gordan coefficients ClMl 3 Clicios -
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The explicit form of the angular basis
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These angular basis satisfy G5 (|,L ", i)r

) - (||§’>>7;> Gy (||§’>)Z> =M (||i’)z> G ("%) = -G(G+1)

(r,2m — 0,0+ m,¢ —m) The parity of the angular basis is defined
according to the parity of the upper component |#)

Parity of angular basis
Parity transformation :(r, 0, p, 1) —

Parity of Wigner D function:
DK mlw, —0,10) = (- )K MDI% m(w,0,9)

DG (goinﬂ' 0,1 2) (— z)i%KD _ ( ;9,’!/1) = (1" TENDR w0, 0.9) . . -
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IV. The radial equation

The eigenfunction ¥ can be separated by the angular basis and radial part such as ¥ =

Fi(r)]i)r
Gir (1)]i") ¢

(&l )

It is well-known that by eliminating the lower (“the smaller”) component, one can obtain the Schrodinger-like radial

equations for the positive eigenvalues

2
2f2FH+P]_\F, ( a’f

{]"2

PG -2) - e - 2))]5- — 0.

Similarly, for the negative eigenvalues, the equations are obtained by eliminating the smaller (in this case, upper)

component a2
_ —G (G,

120! + G} + (Q5 — Q4(Gi —2) ~2))G; =0,

WhereGy = 2G + 1,G1 = -Gy, G = —2G, G35 = 2G + 2 ,P$, Pb, P, Q%, Q%, Q, are polynomials of the metric
functions.

V. The plane wave in flat case

Flat space-time a(r) =1, f(r)=1 The complete basis sets {Zi} = {wi}, {vi} 01 ~ 30, Angular basi
() The radlal equatlons : ng JQGKKIT) |0>T g JQG—}—l(k'T‘) |2>7‘ Jz('l“) . Bessel function
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VI. The normal mode in AdS
A. The analytical study
Massless case
AdSvacuum a(r) =1, f(r )—1+""—2 R N
® The asymptotic behaviors The normalizability condition o N
. . co =0 [ ridrF? < 0o
° Origin ° 1IN |n|ty : "
P gt e The regularity conditions & 3F2 is faster than 7~
i — a1 2 _3 ) _ _
. r _T ap =0 for Gi>2 & F;  isfaster than r—2
® Change the variable and the function : as =0 for G; <0 -
r 1 Gi—2 _ G+t
1TV Sl = @(1-2)"% (1+2)""7 H(a) The solution

l—x for G, =3

E =3.725,5.65,7.62,9.6
J

® The equation :
(1—2)H"+(1-2G; —2)H' +eH =0

H(ZC) — QFI(Ea_EJGia
.
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Massive case
® The asymptotic behavior

* origin * infinity The normalizability condition Boo,m >1
Foo = AOOT_Q_m + BOO?"_2+m F’i — Ao?"Gi_2 + Bo?"_Gi - o AO — 0 fO’l“ G% > 2
® Change the variable and the function The regularity conditions Bo=0 for G;<0
G; G;—1 .
Fi(z) = $m+2(1 R (1 + ) 5 H(z) The solution
() The equation C;R+Gz+p_%H(:U) _ P;n_%,Gz(l o 2332) _|_ Pm—|—1/2 G (1 o 2372)
(1 —2%)(Ex+m)H"' + PsH' + P,H =0
Eo, =G; +m+2 . integer
P53, P> are polynomial of x . “p b b & 4
B. The numerical study
B A reason of performing numerical study
If one obtain the smaller component of the solutions, we should use following relations,
- .
Pu . LT, P .
Gir|t )e = i Filt)r  for E Fir|t L il for E .
i) EJF\/— %) > 0, i), = \E|+a\/_mg’>£ or E<0

But, it is tedious task to compute analytically. So, we numerically solve the equations and obtain the smaller
component. Also, we check the validity of our obtained analytical results.

B The numerical method
(Naoki Watanabe, http://www-cms.phys.s.u-tokyo.ac.jp/~naoki/CIPINTRO/CIP/index.html)

For the numerical analysis, we employ a scheme based on simple first order perturbation, which is quite efficient for

the present eigenvalue problem. The method is summerized:
Yy

11—y
2. We assume an eigenvalue Ey, and solve the equation for F;(y) from y = 0to an intermediate matching point
Yy = Yst by using the standard Runge Kutta method.

3. We match the asymptotic solution F., with the value of the solution F;(y) at ¥s+ by multiplicating a factora :
aFo(yat) = Fi(yat)-
4. We introduce an arbitrary §-functional potential at an intermediate value yss:
[F (ys)le
Vs(y) = L 0(y — Yhe)-

Because, the eigenfunction is continuous at the matching point if the §-functional potential exists, but its
derivative is not. Therefore the correction in terms of the first order perturbation

AB = [ L ViR ) = — s F s

efficiently improves the eigenvalue, i.e., the eigenfunction.

1. We employ the rescaling of the coordinate r —

i)y o Fi (ysic)

5. We repeat the process 2-4. If the analysis reaches the correct eigenfunction, it no longer has discontinuity at all
and the computation is successfully terminated.

B The numerical results

* The Dirac spinor :
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 The energy spectrum :

m=1,G=1 -
n=>0 n— 1 n — 92 10-.“,_,,’— //’_
Fo | 4.00000003  6.00000008  8.00000015 I
Go | -5.00000024 -7.00000069 -9.00000107 . -_
F; | 5.00000003  7.00000038  9.00000095 ol |
Gi | -4.00000004 -6.00000009 -8.00000017 R ]
F» | 2.00000002  4.00000004  6.0000010 she T
G> | -3.00000003 -5.00000006 -7.00000011 D
F5 | 3.00000004  5.00000008  7.00000015 o
Gs | -2.00000001 -4.00000004 -6.00000007 18

VII. Summary and further outlook

v" We discuss in details the separation of the radial and angular variables for the Dirac equation in a five

dimensional space time.

» We apply our angular basis to a five dimensional rotating space time with equal angular momenta.



