q-Virasoro/W algebra
at root of unity limit
and parafermion

Reiji Yoshioka
Osaka City University
Nucl. Phys. B 877 (2013) 506-537 and OCU-PHYS 405
collaboration with H. Itoyama and T. Oota (Osaka City Univ.)

22 July, 2014 @YITP



2. Introduction
2d-4d connection: relation between 2d CFT and 4d gauge theory

super Virasoro/W, (r=2)
parafermion (general 1)
CFT

Ex. n=2,r=2 Belavin-Feigin
Nishioka-Tachikawa
Bonelli-Maruyoshi-Tanzini
Belavin-Belavin-Bershtein
n=2r=4 Wyllard
° Alfimov-Tarnopolsky 2



parameters q and t

2d CFT <:§ 5d SU(n)
g-Virasoro/W block instanton pt. fn.
q—-1,t-1 Alday-Gaiotto-
Tachikawa, Wyl}
2dCFT "¢, 4d SU(n)
Virasoro/W block instanton pt. fn.

q-w,t->w =1 |today’s talk

. 2d coset CFT & SU(n) on R%/Z.

coset block instanton pt. fn.

5[(7’&27~ D sl(n)u The parameter u relates to
s[(n)ray omega-background.

standpoint: We regard the 2d/5d connection as a parent one.
The 2d/4d connections are obtained from 2d/5d
. at the root of unity limit of q and t. [toyama-Oota-R.Y. 43
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2. g-Virasoro algebra g, t=0q°, p=q/t

Definition T (2) : g-Virasoro operator
R T _ (1-g)(1—t"1) Y
F/ATET W) = f(/e)T@)T () = === |8(pz/w) = 8(p™ 2/ w)
i —~1(1-gn(-t") , _ n
f(z) =exp (;E T+ 2 ) : 5(2:)—7%2:

Shiraishi-Kubo-Awata-Odake, Frenkel-Reshetikhin

® g-deformed Heisenberg algebra

_ 1(0=-¢m)@-t") "
[(Xn,()fm] — —‘n (1 —i—p”) 5n—i—m,0; ( 7é 0)7

[Oina Q] — 571,07

® realization

T(Z) =:exp (Z anz“n) ;pl/Qq\/Bao—l— . exp ( z Qn(pz)"n) :pml/fzq—-\/ﬁao)

n#0 n#0
_ Q NN |
:h>/\/__%71'( 2) =2 4 B2 (ZQL( ) + f) +O(h)  Qe=vB-—

g=-e
L(z) : Virasoro operator



Using the gq-deformed Heisenberg operators, we define the g-deformed boson,

® g-deformed boson

+p " _
_pqn)) Q2 i

A 1
2(z) = B2 Q + 28" 2 log 2 + g;o ((1

® Introduce the deformed screening current and screening charge,
defined by

b
S(z) =: ) . Q[a.b) :[ dgz S(2)

Jackson integral: / dgz f(z) = a(l —q) Z f(ag®)q"
0

k=0



3. q > wand t 2 w limit, w'=1
® This limit is realized by

g =we VPR 4 e VB p=q/t =e9EN h— 0

rm_ + 1

— ¢° —
t=qa" = P rmg + 1’

m4+ : non-negative integer

® decompose the g-boson into two parts,

Fo(z) = B2Q + 6”2@ log 2" +Z%;f))amz ot
#(2) = ¢o(2) + ¢r(2) "
1 _|_p—nk E) —nr—£
ZZ _ n’r—i—f Qnr+e = :
(=1 nez

® ho 0limit &o(z) = BY%¢(w)+O(h), Fr(z)=¢(w)+O0h), w=2"

r—1

$(w) = Qo + aglogw — » _ %w_”, p(w) = o w Z > STZE wi P

n7#0 =1 =1 neZ

[ama @n] — m5m+n,0: [ana QO] — 577,,07

[an-}-ﬁ/fm dmmm-ﬁ’/r] — (n + g/k)5m7n5€,£’-



® the limit of the deformed screening charge

r

. (1 g ) /ilr f ( ) . .

® we have defined

N —— exp{\/%w}: $ (w) = p(e*w)

£=0

A,: normalization constant

Successively, we can construct 2 (w), -, ¢¥r—1(w)

(,w . ,w/)2€/r

w’ —rw C1.¢

¢’1(w’)¢e(w) (52 L2 7T_2)

C1,¢: constant

In particular, wl( ) = Yr_1(w) = 1/7~Zw exp{_\/gqj(g)(w)}

B,: constant




Z -parafermion
® )y satisfies the defining relation of Z,-paratermion

Cyp pr )
) () = T () + Ow =)}, €+ <
Ye(w)h, (') = o (w — w') OO Ly (w') + O(w —w')}, €<
, - QA(T)
e(w)] (w') = (w — w') 22 | {1 + c(f) (w —w')*Tpp(w') + O((w — w')?)

Fateev-Zamolodchikov
Ter is the stress tensor for parafermions.

6 (w) = by p(w)

conformal dimension central charge
Al _ l(r— 1) (r) 2(r — 1) 2 (L4 ) (r =)l (r —=1")!
. - C T T2 T pen (e — 0 — )iy

® The constants A, and B, can be determined by

1 -
+ . For r=2 case
<¢1 (w)¢1 (’LU’)) — (,w . w/)Q(r-—l)/r ’ NS fermion

9



® We have

boson (coupled to Q) gb(w) = Thp (w)
parafermions Ye(w) = Tpp(w)
The stress tensor of whole system is For r=2, we have confirmed that

the superconformal stress tensor
T(w) — TB ( w) -+ TPF (w) can be obtained from g-Virasoro
operator at the limit.

® The central charge is

" r+2 r+2 r
~+1
B is restricted to the rational number [ = rm_ +
rmy + 1
31 or

When m_ =my + 1, c(mm) —

— m = Tyl
r+2 m(m+r) 4
we can reproduce the unitary series.

Zamolodchikov ®10



4. generalization to g-W_ algebra

q-bosons for q-W_ algebra Awata-Yamada

We consider the simple Lie algebra sl(n)

h: Cartan subalgebra Cap : Cartan matrix

® For the g-W algebra, introduce a f-valued g-deformed boson ¢(2)
which is defined by

- - - - e,: simple root .
(€0 B(2)) = Bal2) = Boa(2) + Bralz), 0 ()i xp > C

~ & 1 1 1 —nr
(PO,CL(Z) - 6iéQa + _Béaoalogz + Z m/z n'f/QQ"""C"Z
r n#O
nr-+£
SOR a Z Pe, a Z Z n'r—l—ﬁ _ (nr+£)/2 Xnr+l,a B )
f=1 nEZ 7
_Qaaa’O,b] =
. 1 _ _
.O‘n,avam,b] - E(qn/z - n/Q)(tn/Q t R/Q)Cab(p)5n+m,0
:Qaa Qb] — OJ [a(),aa 7)) b] 0

o]



We take the ¢ — w* and t — @ limit, then 2mi .
w=-er, k,r:coprime

! - rm— +k
Ga(w) = Qo.q + ap.qlogw — — @y W -
(w) = Qo 0,a 108 T;n B m——

=1
Y Z Qﬁg’a(u/’), SOE a Z Z T —|— E/ a”z—l—f/?",aw_(n_{_g/‘r)

=1 {=1neZ

® parafermion: for each simple root,

AT r—1
besi) = i e [\f e ]
=0

~ H 1/;”& for a = Z ne€q € @ (root lattice)

a=1

W2 Q/JZ; ~ 1,
(@a(w)w—oz(w,» — (w - w,)_2+T LN w’r-—-l

In the case of s[(2), ¥1(w) = e, (w) is the first Z,-parafermion.

o ]2



® We have

boson (coupled to Q) Do (W) = Tg(w)

parafermions Vo (W) = Tep(w)

The stress tensor of whole system is
T'(w) = Tp(w) + Trr(w)
® The central charge is

¢\ = (n—1)

SR A BEE T

AN

, 2
= —n(n® - 1)=2£,
r+mn r

1 rm_ + k
A=/ - — 3 =
Qr \/B 3’ - rmy + k

° 13




® Setm=rm_ +k, m_=m_+s
We have

(rym,s) __ ’I“(’ITL/S - n) (n2 o 1)(?’7’1,/8 + Nt T) '

‘n N m/s(r+mn)(m/s—+r)

This is the central charge of the coset model,

5[(n)T > 5[(n)u, U = o n  for s#0
sl(n)wﬂ. S

For s =0(68 =1),

2 _ ~
c= rin” = 1) : central charge of sl(n),
r+n

® 14



(,2 @ sl(n), & SU(n) on RY/Z,
S ( )u—l—'r
Because of e _a e, €1 = e(u TR T)
€2 €o = —€(u +n)

@ Seiberg-Witten limit (€1, 2 — 0)

correspondsto € — 0
€ Nekrasov-Shatashvili limit (€1 — 0 or e — 0)

correspondsto U + 7 — —n Or U — —N

critical level limit

o @15



5. summary

We considered the root of unity limit of the g-Virasoro/W,, algebra.
@ the sl(n) type parafermions are obtained.

€ the central charge agrees with that of the coset model

@ the parameter p is related to the omega beckground

e1=¢eu+n+r), e =¢u+n)

016



