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World-sheet Defects  

lim
𝑦→0

𝑇1 𝑥 + 𝑖𝑦 − 𝑇 1 (𝑥 + 𝑖𝑦) = lim
𝑦→0

𝑇2 𝑥 − 𝑖𝑦 − 𝑇 2 (𝑥 − 𝑖𝑦) 

𝐿𝑛, 𝐷 = 𝐿 𝑛, 𝐷 = 0  (∀𝑛)  ⇒ 𝐷𝑎 = 𝑛𝑎
  𝑖𝑃𝑖

𝑖
 

𝐂𝐅𝐓𝟏 

𝐂𝐅𝐓𝟐 

B(CFT1 ⊗CFT2) 

Un-folding 

World-sheet defect is expressed as the line which can divide two the different CFT’s.   
Let us consider the two different CFTs defined on the upper and lower half plane, 
respectively, which are joined together along a defect on the real line (Fig.1 l). 
If 𝑇 − 𝑇   is continuous across defect line, defect is conformal. 

Defect is natural extension of conformal boundary (D-brane). The defect can be 
regarded as conformal boundary of  CFT1 ⊗CFT2 by using folding trick (Fig.1 r). 

𝑇1 𝑥 = 𝑇 1(𝑥),  𝑇2 𝑥 = 𝑇 2(𝑥)           “totally reflective”  

𝑇1 𝑥 = 𝑇2(𝑥),   𝑇 1 𝑥 = 𝑇 2 𝑥           “totally transmissive” 

To a topological (totally transmissive) defect one can associate an operator D which 
commutes with all the Virasoro operators.  By the Schur’s Lemma, 𝐷 can be written as 

the linear combination of  projectors 𝑃𝑗  of  Verma modules 𝑉𝑗 × [𝑉 𝑗].  

D
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:ℋopen

(𝑎𝑏)
⟶  ℋopen

(𝑎′𝑏′)

𝑎′∈𝑑×𝑎
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Closed string defect 𝐷 is projector which maps closed Hilbert space to closed Hilbert space 
𝐷𝑎: ℋclose ⟶ℋclose . On the other hand, open string defect  is not a projector because defect 

changes the boundary condition s.t  𝐷𝑑||𝛼 ≫=  𝑁𝑑𝛼
𝛽
||𝛽 ≫𝛽  . Therefore, defect action on boundary 

condition changing operator (bcco) 𝜙𝑖 may be written as linear combination (coefficients 𝑋𝑖𝑝𝑞
𝑑𝑎𝑏) of the 

state with suitable boundary conditions.  

𝑇1(𝑧) 

𝑇2(𝑧) 

𝑇1(𝑧) 

𝑇2(𝑧) 

𝑫 

Fig.1 Fig.3 Fig.2 

By modular transformation (Fig.3), coefficients 𝑛𝑎
𝑖  are related to the modular S-matrix. 

Consequently, defect obey analogous fusion rule 𝜙𝑖 × 𝜙𝑗 = 𝑁𝑖𝑗
𝑘 𝜙𝑘 ,  

and we obtain a natural action on the boundary state. 

[’00  Petkova  and  Zuber] 

𝐷𝑎 = 
𝑆𝑎𝑖
𝑆0𝑖

𝑃𝑖

𝑖

   ⇒   

𝐷𝑑𝐷𝑐 = 𝑁𝑑𝑐
   𝑒𝐷𝑒

𝑒

 

  𝐷𝑑||𝛼 ≫= 𝑁𝑑𝛼
𝛽
||𝛽 ≫

𝛽

 

Open string defects  
+ Motivation  

Defect maps solution to solution   D
 
Ψ𝑎→𝑏
sol = Ψ𝐷𝑎→𝐷𝑏

sol  

+ Open string defects  

• The equation of motion of (bosonic) open string filed theory (SFT) is given by world-sheet  
      BRST-charge 𝑄𝐵  and star product “∗” which represents how to glue open strings in specific manner. 
 
• The solution of EOM Ψ𝑎→𝑏 describes BCFT𝑏 in terms of BCFT𝑎.  (∼D-brane, boundary state) 
 
• If operator D is independent from the ghost sector, and commute the BRST charge, 
     and preserve the star algebra, we can obtain new solution D Ψsol . 

EOM :     𝑸𝑩𝜳+𝜳 ∗𝜳 = 𝟎. 
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[cf. ‘03 Graham and Watts ] 

Requiring the defect to have the distribution property for the star product,  

we obtain the relation between the 𝑋𝑖𝑝𝑞
𝑑𝑎𝑏 and boundary structure constant 𝐶𝑖𝑗𝑘

𝑎𝑏𝑐  

which determine the OPE of bccos.  Using the relation 𝐶𝑖𝑗
𝑎𝑏𝑐 𝑘

= 𝐹𝑏𝑘
 𝑎 𝑐
 𝑖 𝑗  ,  

and assuming the twist symmetry 𝑋𝑖𝑎′𝑏′
𝑑𝑎𝑏 = 𝑋𝑖𝑏′𝑎′

𝑑𝑏𝑎 , 

 we can obtain the formula for the open string defect in terms of  F-matrices. 
𝑋𝑖𝑎′𝑏′
𝑑𝑎𝑏 =

𝑁(𝑑,𝑎,𝑎′)

𝑁(𝑑,𝑏,𝑏′)
𝐹𝑏𝑎′

 𝑖 𝑏′ 
 𝑎 𝑑 
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 𝑖 𝑏′ 
 𝑎 𝑑 

𝐹𝑏𝑎′
 𝑖 𝑏′ 
 𝑎 𝑑 

 

Cf) Analogy with boundary state 

||𝐵𝑎 ≫= 
𝑆𝑎𝑖

𝑆0𝑖
|𝑖 ≫

𝑖

 𝐿𝑛 − 𝐿 −𝑛 ||𝐵𝑎 ≫= 0  ⟺  ||𝐵𝑎 ≫= 𝑛𝑎𝑖|𝑖 ≫

𝑖

 Modular inv 

(※Diagonal  
       minimal model) 



Defect network and Fusion rule  

Defect on open string field  

Ex) Critical Ising model 

Ising sector of open string field on a sigma-brane can be written as   Ψ𝜎→1 = 𝜓1
(𝜎𝜎)

+ 𝜓𝜀
(𝜎𝜎)

 

𝑄𝐵𝜓1
(𝜎𝜎)

+ 𝜓1
(𝜎𝜎)

∗ 𝜓1
𝜎𝜎

+ 𝜓𝜀
(𝜎𝜎)

∗ 𝜓𝜀
𝜎𝜎

= 0 

𝑄𝐵𝜓𝜀
(𝜎𝜎)

+ 𝜓1
(𝜎𝜎)

∗ 𝜓𝜀
𝜎𝜎

+ 𝜓𝜀
(𝜎𝜎)

∗ 𝜓1
𝜎𝜎

= 0 
𝜓1
(𝜎𝜎)

− 𝜓𝜀
(𝜎𝜎)

 
𝜓1
(𝜎𝜎)

±𝜓𝜀
(𝜎𝜎)

±𝜓𝜀
(𝜎𝜎)

𝜓1
(𝜎𝜎)

 

If Ψ𝜎→1 is solution, EOM 𝑄𝐵Ψ+Ψ ∗ Ψ = 0 can be divided into two parts  

implies there are other solutions 

+ mapping solution to solution  

+ gauge invariant observable  

Geometrical proof of   𝑇𝑟𝑉𝑗 D
 𝑑
Ψ = 𝑇𝑟𝐷𝑑𝑉𝑗

[Ψ] 

𝑉𝑗 𝑑 

Ψ (𝑎𝑏) 

𝑎′ 
𝑎 

𝑏 

 

𝑎′=𝑏′

 𝜙𝑖 

𝑎 𝑏 𝑎′ 𝑏′ 
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𝑎′∈𝑑×𝑎
𝑏′∈𝑑×𝑏

 

𝑉𝑗 
𝑧 = 1 

• Inserting the 𝒱 on the midpoint of the open string, gluing the left and right halves together. This vertex express the conversion  between 
open string and closed string.  

• Because 𝒱 is 0,0  primary, and 𝑄𝐵 , 𝒱 = 0,  𝑊(𝒱,Ψ) is gauge invariant  quantity   [’01 Hashimoto,Itzhaki, ‘01 Gaiotto et al.] 

• On-shell closed string tadpole on the disk whose boundary condition is given by the solution  𝒱 𝑐0
− 𝐵Ψ  (conjecture) [’08 Ellwood]  

𝑊 𝒱,𝛹 ≡ 𝒱 𝑖  𝑤 ∘ 𝛹(0) UHP = 𝒱 0  𝑓 ∘ 𝛹(1) disk 

where 𝑤 𝑧 =
2𝑧

1−𝑧2
 , 𝜉 𝑤 =

1+𝑖𝑤

1−𝑖𝑤
 , 𝑓 𝑧 = 𝜉 ∘ 𝑤 𝑧 , 

and Ψ = 𝑓 ∘ Ψ  
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= Ψ2𝜎→1+𝜀 

These are obtained by defect action on the solution 

Ψ(𝑎𝑏) 

𝑎 𝑏 

𝑉𝑗 
𝑧 = 1 𝑉𝑗 

Ψ (𝑎𝑎) 

𝑎 

𝑓 

𝑓 

𝐹1𝑎′
 𝑎 𝑑
 𝑎 𝑑 

 𝐹1𝑏′
 𝑏 𝑑
 𝑏 𝑑 

 𝑉𝑗 

𝑑 

Ψ (𝑎𝑏) 

𝑎 

𝑞 

𝑏 

 
𝑎=𝑏
𝑎′=𝑏′

  

𝑞

 𝐹𝑎′𝑞
 𝑎 𝑑
 𝑏 𝑑 

 

 d-network  junctions 

𝑉𝑗 

𝑑 

Ψ (𝑎𝑎) 

𝑎 

1 
= 

𝑎

 = 𝑇𝑟𝐷𝑑𝑉𝑗
[Ψ] 

We can map in the same manner, and deform the defect to circle 𝑉𝑗. 

Since F-matrix coming from network cancels with junctions, we obtain the RHS. 

∵ 𝐹1𝑎′
 𝑎 𝑑
 𝑎 𝑑 

𝐹𝑎′𝑞
 𝑎 𝑑
 𝑎 𝑑 

= 𝛿1𝑞
𝑎′

 

+ defect fusion  

+ defect network (Graphical understanding)  

We assume the following defect network just like conformal block. 
When defect attaches to the boundary,  the numerical factor should be multiplied by the junction point.  Thick dots express this factor.  
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Although the closed string defect satisfies the fusion rule 𝐷𝑑𝐷𝑐 =  𝑁𝑑𝑐
   𝑒𝐷𝑒𝑒 , it is not true for open string defects.  A nontrivial transformation 𝑈 is 

required which relates the route of b.c (𝑎, 𝑏)
𝑐
→(𝑎′, 𝑏′)

𝑑
→(𝑎′′, 𝑏′′) and (𝑎, 𝑏)

𝑒
→(𝑎′′, 𝑏′′)  
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𝑎→𝑎′→𝑎′′ 𝑏→𝑏′→𝑏′′
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𝑑𝑐 D

 𝑒
𝜙𝑖

𝑒

𝑈𝑑𝑐
−1

𝑎→𝑎′→𝑎′′ 𝑏→𝑏′→𝑏′′

 

This rule is consistent with defect action on bcco which was derived form algebraic construction.   

      𝑈𝑑𝑐
𝑎→𝑎′→𝑎′′ 𝑒; 𝑎→𝑎′′  

= 𝑈𝑑𝑐
−1 𝑒; 𝑎→𝑎′′ {𝑎→𝑎′→𝑎′′}

= 𝐹𝑎′𝑒
𝑑  𝑐
𝑎′′ 𝑎 

𝐹𝑒𝑎′
𝑎′′ 𝑑
𝑎  𝑐 
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𝑑 𝑑 
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𝑎 𝑑
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𝑑 

1 
= 
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𝜙𝑖 

𝑎 𝑏 𝑎′ 𝑏′ 

𝑑 

U-matrix rotate the  degeneracy of intermediate b.c. Us and 𝑈−1s cancel by considering all bccos in correlator.  

 ℎ, ℎ  

1 

𝜀 
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(0,0) 

(1 2 , 1 2)  

(1 16 , 1 16)  
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||1 ≫ 

||𝜀 ≫ 

||𝜎 ≫ 

1 

1 

1, 𝜀 

spectrum 

[‘14 Schnabl,Kudrna,Rapcak] 


