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1. Introduction



Matrix regularization (MR)

* It is known as a regularization of String/M theory.

* MR procedure Is a mapping on surfaces (world sheet/volume):

functions — > matrices
Poisson bracket —— commutator
Integral — trace

* Then, (commutative) geometry of surfaces is replaced by a
matrix geometry.

Commutative geometry Matrix geometry

i MR i

Commutative algebra —> Matrix algebra



Example of MR: Fuzzy sphere

« Unit 2-sphere embedded in R*
S* = {(2',2%,2%) € R®|z'z" = 1}
» Fuzzy sphere is given by a mapping,
P X = L', [L' L7 =ie9*L*
VN? — 1
where L* is N dim irrep of generators of SU(2).
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Commutative limit

[Madore]



Example of MR: Fuzzy sphere

* Using spherical harmonics functions Yy,,, and 1t’s properties,

we can get the following relation.
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Example of MR: Fuzzy sphere

€ Application

» Membrane theory with world volume R x S? [de wit-Hoppe-Nicolai]

S = f Bo (()’(“)2 + X~ X”}z) X :RxS? R
R x S2

|

S = /dtTr ((X”)z — [X”,X”]z) XH(t) : N x N Matrices

Quantum mechanics with a finite number of degrees of freedom

* MR is also applicable to super membrane. [BFss, BMN]



Motivation

MR of some surfaces is already known.

I.e. Fuzzy sphere, Fuzzy torus, Fuzzy Cp" etc.

see also

It IS not easy to construct MR of arbitrary surfaces.

(Formal expression of MR of Kahler manifold is already given
by Toeplitz/geometric quantization)
We want to find an algorithmic construction method of MR.
We want to understand the relation between geometry and
matrices.

—>  Lead to better understanding of the matrix models



Our goal

€ \We propose a construction method of MR of arbitrary
Riemann surfaces embedded in R

RD




Plan of my talk

2. What we construct
3. Our strategy
4. Our result



2. What we construct



Formal definition of MR

MR of a surface M is a sequence {Tx}(N =1,2,---)such
that for Vf, h € C°°(M)

Ty : C°(M) — N x N Hermitian matrices

Jim [T (f)]] < oo -+ (1)
Jim [T (/) - (f)rrN(h)H 0 e 2)
Tim_[|N[T (£). Ty ()] = T (£, D] = 0 -+ 3
A}gﬂ(}o —TrTN / fw coee (4)

|« : norm w : symplectic form on M
{,} : Poisson bracket on M



MR of surfaces embedded in R”

 Let us consider a linear map for embedding function

y : M — RP such that
Tn(y") = X" X" : N x N Hermitian matrices

 Then, a main desired condition of X*is
1 v ~ i jy —2
XH XY~ —WH(X)+O(N?)

where W is induced Poisson tensor on M .
 Using such X*, we can construct a linear map 7’y for other

functions on M satisfying the conditions of MR.

y=@"y") 4 RD

e



What we construct

€ \We construct N x N Hermitian matrices X *which
satisfy following relation and other conditions of MR.

(XH, XY ~ iW“”(X)—I—O(N‘z)

N —o00



3. Our strategy



Our idea
« Any surfaces has locally the same structure as plane.

« What about matrix geometry?

What does locality mean in the matrix geometry???

L]




The notion of locality in NC geometry

 Let us recall the NC plane (phase space in qguantum mechanics).

h
X', X?)=ih «+— AX' AX?> 5
NC plane Uncertainty relation

« Generally wave packets are nonlocal.

« We try to introduce the locality in the matrix geometry using
coherent states.

Classical phase space Quantum phase space (NC plane)
o1 1 1 A0 =07 - ((O)
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e Point IQXE
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Canonical coherent states

» Creation-annihilation operators : [a,a'] = 1
- Canonical coherent states |y) = |y', y*) in quantum mechanics
(NC plane) is defined by
(vt )

« The canonical coherent states minimize the uncertainty of the

y',y® €R

coordinate operators : X' = \/A/2(a +a'), X? =i\/h/2(a’ — a).
AX'=AX?=/h/2 — AX'-AX*=h/2

General states Coherent states
A vl
R 21  Ax! _
> wave packet is
) 2 - .
[_%.X? AX® minimized !
11"-'1 11‘-"1




“Local” structure of the NC plane

» Coordinate operators : [ X', X?] = ih
* The coordinate operators represented on coherent states :

(yIX*|y')

(yly")

L i . ij
5(3} +y" —ie (y; — y5)) Wly')

o~ 15 (Y=Y )+ 25 (y1yh —v2v))

 This expression is quickly vanishing for |y — ¢'| — oo (noON-
zero only for |y —y'| ~vVR) —> local structure of X111

This local structure must be common in any matrix geometry!!



Our strategy

€ The local structure has the following geometric
meanings. We glue together the local structures to
construct X* for general surface.

Poisson tensor on plane

WIXl) ;W + y"' —ie (y; —y;)) Wly')
(yly') = e~ W=Y) "+ a5 (V1v2—v2v1)

Geodesic distance on plane /

Integral of symplectic potential on plane




4. Our result



Our setting

M : Riemann surface embedded in R”
(2, %) : complex local coordinate

y" : embedding functions
uv - flat metric on target space

9ab : induced metric on M
Wab * symplectic form (f w=2r)on M
Aa : symplectic potentiaﬂr( w=dA)
w"™" * Polsson tensor

WHY  Induced Poisson tensor




Holomorphic section

Let L — M be a holomorphic line bundle and ¥; : M — L
be orthonormal basis of normalized holomorphic section such
that

/ wlIJiliJj = 53'5,*, (85 — ?,(N + g — 1)A5)\Ifz =
M
where ¢ is genus of M.

Then, number of such basis 1s “/N ” by index theorem.

Holomorphic section correspond to a transformation of basis.

Section Orthonormal basis

Vi(z2,2) < (i, 2)

Coherent states




Our result

* \We construct the Hermitian matricestj (¢2,j=1,---,N)
as follows.

Xt= [ o) | el WX ()

7

Xt = 5 ()46 = 5 V() + W) () ~ () ) Por

P —Nd2,+iN [I A dgz, - geodesic distance of two points

« Then, we can check that all required conditions of MR is
satisfied using Bergman kernel expansion.

N —o0

Bergman kernel: » " W;(2)¥;(z') ~ NP...(1+O(N)

[cf. Bordemann-Meinrenken-Schlichenmaier, Asakawa-Sugimoto-Terashima]



Summary

« We introduce the locality in the matrix geometry using
coherent states.

« \We proposed a construction method of MR of arbitrary
Riemann surfaces embedded in R

Future work

 Our construction method gives an algorithm to numerical
generate matrix elements of X*.

 Application to matrix models.



Thank you for
your attention !!



