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What’s this?

satisfied: (i) A gap should open at the Dirac
point of the topological surface state (as a result
of the breaking of TRS); (ii) the EF of the system
must reside inside both the surface and bulk gaps.
We report the realization of this state with simul-
taneous fulfillment of both requirements in the
topological insulator Bi2Se3 by introducing an
exact amount of magnetic dopants to break the
TRS and precisely controlling the EF position.

We performed angle-resolved photoemission
spectroscopy (ARPES) to investigate the electronic
structures of intrinsic, nonmagnetically doped, and
magnetically doped Bi2Se3 (19). Figure 1 illus-
trates the measured band structure of undoped
Bi2Se3. Similar to Bi2Te3 (14), besides the Fermi
surface (FS) pocket from the surface-state band
(SSB), there is also a FS pocket from the bulk
conduction band (BCB) (Fig. 1, A to D) due to
the Se deficiencies and the Bi-Se intersite defects.
The bottom of the BCB is located at 190 meV
above the Dirac point (Fig. 1, A and C), indicat-
ing a direct bulk gap (19). The in-gap Dirac point
makes Bi2Se3 a better candidate for realizing
the insulating massive Dirac fermion state than
Bi2Te3, in which the Dirac point is below the top

of the bulk valence band (BVB) (14), thus de-
manding a much larger surface energy gap for EF
to reside inside both the surface and bulk gaps.
The cross-sectional plot of the band structure (Fig.
1B) shows how the SSB evolves from the Dirac
point to a hexagonal shape at EF. Unlike the
Bi2Te3 band structure, where the SSB FS starts
being warped at energies close to the BCB mini-
mum (14) and becomes a concave hexagram, the
SSB FS of Bi2Se3 remains convex hexagonal even
in the presence of the BCB. This difference will
be reflected in other experiments, such as scanning
tunneling microscopy/spectroscopy (STM/STS),
where the surface quasi-particle interference around
defects can be suppressed in Bi2Se3 but not in
Bi2Te3, where the concave SSB FS shape favors
such scattering along specific directions (23–27).

The surface nature of the hexagonal SSB FS
was confirmed by the photon energy–dependent
ARPES (Fig. 1D), where its nonvarying shape
with different excitation photon energies indicates
its 2D nature. By contrast, the shape and the ex-
istence of the inner BCB FS pocket changes
markedly because of its 3D nature with strong
kz dispersion.

In the presence of TRS, the SSB of Bi2Se3 is
degenerate at the Dirac point, which connects the
upper- and lower-surface Dirac cone (Fig. 2B)
even if the system is perturbed by nonmagnetic
dopants (Fig. 2A). This is confirmed by the ARPES
measurements (Fig. 2, C and D), where the band
structures of an intrinsic sample and a nominally
10% Tl-doped sample are shown, respectively.
In both cases, the continuity at the Dirac point is
indicated by the strong spectral intensity (left sub-
panels) and the single-peak structure of the energy
distribution curve (EDC) at the Dirac point (right
subpanels). In Fig. 2D, the charge doping effect
of Tl is clearly shown by the marked shift of EF
into the bulk gap (EF – ED = 160 meV). None-
theless, the topology of the SSB remains the same
with a continuous Dirac point (19).

The TRS protection of the Dirac point can
be lifted by magnetic dopants (Fig. 2E), result-
ing in a gap that separates the upper and lower
branches of the Dirac cone (Fig. 2F). This is il-
lustrated in the band structure (Fig. 2, G and H) of
two Fe-doped samples. Unlike nonmagnetically
doped samples, for both Fe-doped samples, the
SSB dispersion at the Dirac point is broken, as
indicated by the suppressed intensity regions in
the spectral density plots (left subpanels) and the
twin-peak structure around the Dirac point in the
EDC plots (right subpanels). The data have suf-
ficient k-space sampling density to reveal the
qualitative difference between the nonmagnetic
and magnetic dopants: One always finds a single-
peak structure in as-grown and nonmagnetically
doped samples, whereas the twin-peak structure
is present only in magnetically doped samples
(19). By fitting the twin-peak structure with two
Lorentzian peaks (insets in EDC plots of Fig. 2,
G and H), the gap size can be acquired, showing
a larger value (~50 meV) in Fig. 2H than that
(~44 meV) in Fig. 2G. This trend (19) is consist-
ent with the increase of the magnetic moment upon
increasing the magnetic dopant concentration.

The SSB gap formation at the Dirac point
with broken TRS is the first step in realizing the
insulating massive Dirac fermion state; the second
step is to tune the EF into this gap. In the Fe-
doped Bi2Se3, however, EF was found to always
reside above the Dirac point (similar to undoped
Bi2Se3), making the material n-type (Fig. 2, G
and H). To remove these excess n-type carriers
while maintaining the magnetic doping effect, we
changed the dopant from Fe to Mn, another mag-
netic material with one less valence electron than
Fe. Indeed, Mn dopants not only introduce mag-
netic moments into the system, but also naturally
p-dope the samples. The measurements on an
optimally doped sample (19) show EF residing
just inside the SSB gap (Fig. 3B). By comparing
the leading edge of the EDC at the G point to EF
(Fig. 3C; also shown is an Au reference spec-
trum), we found a 7-meV difference, indicating a
SSB Dirac gap of at least 7 meV (Fig. 3A). Such a
gap suggests a ferromagnetic order of the Mn dop-
ants on the surface, which can be induced by the
ferromagnetic spin-spin interactionmediated by the

Fig. 4. Full-range control of
EF position by surface or bulk
doping. (A) Different carrier
type regions: n-type (region
I), bulk insulating (region II),
Dirac transport and p-type (re-
gion III) determined by the
EF position. (B) Evolution of
the band structure (along the
M-G-M direction) by photon-
assisted surface doping with
O2, where the unit Langmuir
(L) corresponds to an expo-
sure of 10–6 torr·s (19). The
blue dashed line traces the
upshift of the Dirac point with
the O2 doping. Green dashed
lines indicate the dosages
that separate the three dop-
ing regions shown in (A): At 0.95L O2 dosage, the BCB bottom reaches EF; at 3.6L, the Dirac point reaches
EF; and beyond 3.6L, the Dirac point is above EF. (C to F) Bulk doping: the FS and the band structure of (C)
nominally undoped Bi2Se3, showing the coexistence of BCB and SSB FS pockets; (D) Se-rich sample (melt
composition Bi1.7Se3.3) with only an SSB FS, and EF residing inside the bulk gap (EF – ED = 145 meV); (E)
Mg-doped (Bi0.999Mg0.001)2Se3 sample with a point-like FS and EF precisely at the Dirac point; and (F)
more richly Mg-doped (Bi0.998Mg0.002)2Se3 sample driven into p-type, with a p-type FS and the Dirac point
above EF.
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Topological phase

characterized by topological number

ex.) (integer) quantum Hall effect

σH = ν
e2

h
ν ∈ Z
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Wavefunction topology

ex.) Massive Dirac fermion in d = 2 (d = 2 IQHE)

H(p) =

(
m px − ipy

px + ipy −m

)

Topological #: the base (p-space) to the Hilbert space

ν =
1

2π

∫
R2

dpF =
1

2
sgn(m) w/ ~A = ψ†i

∂

∂~p
ψ

Topology change: ∆ν = ±1 at m = 0
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Wavefunction topology

ex.) Massive Dirac fermion in d = 4 (d = 4 IQHE)

H(p) =

(
m p · σ̄
p · σ −m

)

Topological #: the base (p-space) to the Hilbert space

ν =
1

8π2

∫
R4

dp trF2 =
1

2
sgn(m) w/ ~A = ψ†i

∂

∂~p
ψ

Topology change: ∆ν = ±1 at m = 0
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Topological solitons in momentum space

ν =
1

2π

∫
R2

F or
1

8π2

∫
R4

trF2

Nahm & ADHM construction
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band spectrum

topological soliton

D-brane
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Nahm construction of monopole

“Dirac eq”: ∇†v(ξ) = 0 w/ ∇† = i
d

dξ
+ iσi

(
xi − T i(ξ)

)
Nahm eq:

d

dξ
Ti = iεijkT

jT k

BPS monopole: ∂iΦ(x) =
1

2
εijkF

jk(x)

where

Φ(x) =

∫
dξ v†ξv Ai(x) =

∫
dξ v†i

d

dxi
v
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Schrödinger eq = “Dirac eq”

Schrödinger eq in d = 2[
i
∂

∂t
−H(p)

]
v(t) = 0 (Wick rotation: it = ξ)

Correspondence: (x1, x2, x3) ←→ (p1, p2,m)

Magnetic flux

1 =
1

2π

∫
dS ·B =

1

2π

∫
d2pF12

∣∣∣∣∣
m>0

− 1

2π

∫
d2pF12

∣∣∣∣∣
m<0
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The role of Φ

1 ∇†v = 0 & ∇† ∼ ∂

∂ξ
± ε ( eigen eq: H(p)v = ε(p) v )

2 Φ =

∫
dξ v†ξv ∼ ±1

ε

(
ε(p) =

√
~p2 +m2

)
D1-D3 brane system

D3	


D1	


Band spectrum = D-brane
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Summary

Topological number from electron wavefunction

Topological charge in momentum space

Topological soliton in momentum space

Nahm’s Φ: D-brane shape & band spectrum
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Generalizations

D3	


D1	


D4	
D0-­‐F1	


D4	


D3	


D1	


D3	


D1	
mirror	
  
D1	


Orien,fold	


d = 2 QHE (monopole) d = 4 QHE (instanton)

chiral edge state (QHE) helical edge state (QSHE)
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Edge state

1 Topology changes at the boundary

2 Mass flips at the boundary

3 Domain-wall mass configuration

m(x)

x

ψL/R
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Edge state

Mass profile: m(x1) = θx1

Hamiltonian: H = p1σ2 + p2σ3 +m(x1)σ1

H =

(
p2

√
2θ â†√

2θ â −p2

)
â =

1

2θ
(θx1 + ip1)

θ is...

noncommutativity: [x1, x3] = −iθ (x1, x3)↔ (p1,m)

magnetic field: θ = B

Nahm construction in noncommutative space
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Nahm eq in noncomm sp:

d

dξ
Ti = iεijkT

jT k − θ δi2

Dirac eq: [
d

dξ
+ θξσ2 + σix

i

]
v = 0

Nahm’s Φ and band spectrum as D1-brane
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chiral edge state tilted D1-brane
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Generalization: additional symmetry

Time-reversal symmetry: Θ = −iσ2 ⊗K

ΘH(p)Θ = H(−p)

Topological classification: QHE (Z) QSHE (Z2)

Band spectrum and D1-brane

-2 -1 1 2

-2

-1

1
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D3	


D1	
mirror	
  
D1	


Orien,fold	


helical edge state D1-brane w/ orientifold
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Summary & discussion

Topology of electron & soliton in momentum space

Nahm’s Φ: D-brane shape & band spectrum

Another construction of topological system [Ryu–Takayanagi]

Non-perturbative study of D-brane to cond-mat physics

T. Kimura (Keio U) Nov 2015 17 / 18

arxiv.org/abs/1001.0763


Band spectrum is D-brane!

satisfied: (i) A gap should open at the Dirac
point of the topological surface state (as a result
of the breaking of TRS); (ii) the EF of the system
must reside inside both the surface and bulk gaps.
We report the realization of this state with simul-
taneous fulfillment of both requirements in the
topological insulator Bi2Se3 by introducing an
exact amount of magnetic dopants to break the
TRS and precisely controlling the EF position.

We performed angle-resolved photoemission
spectroscopy (ARPES) to investigate the electronic
structures of intrinsic, nonmagnetically doped, and
magnetically doped Bi2Se3 (19). Figure 1 illus-
trates the measured band structure of undoped
Bi2Se3. Similar to Bi2Te3 (14), besides the Fermi
surface (FS) pocket from the surface-state band
(SSB), there is also a FS pocket from the bulk
conduction band (BCB) (Fig. 1, A to D) due to
the Se deficiencies and the Bi-Se intersite defects.
The bottom of the BCB is located at 190 meV
above the Dirac point (Fig. 1, A and C), indicat-
ing a direct bulk gap (19). The in-gap Dirac point
makes Bi2Se3 a better candidate for realizing
the insulating massive Dirac fermion state than
Bi2Te3, in which the Dirac point is below the top

of the bulk valence band (BVB) (14), thus de-
manding a much larger surface energy gap for EF
to reside inside both the surface and bulk gaps.
The cross-sectional plot of the band structure (Fig.
1B) shows how the SSB evolves from the Dirac
point to a hexagonal shape at EF. Unlike the
Bi2Te3 band structure, where the SSB FS starts
being warped at energies close to the BCB mini-
mum (14) and becomes a concave hexagram, the
SSB FS of Bi2Se3 remains convex hexagonal even
in the presence of the BCB. This difference will
be reflected in other experiments, such as scanning
tunneling microscopy/spectroscopy (STM/STS),
where the surface quasi-particle interference around
defects can be suppressed in Bi2Se3 but not in
Bi2Te3, where the concave SSB FS shape favors
such scattering along specific directions (23–27).

The surface nature of the hexagonal SSB FS
was confirmed by the photon energy–dependent
ARPES (Fig. 1D), where its nonvarying shape
with different excitation photon energies indicates
its 2D nature. By contrast, the shape and the ex-
istence of the inner BCB FS pocket changes
markedly because of its 3D nature with strong
kz dispersion.

In the presence of TRS, the SSB of Bi2Se3 is
degenerate at the Dirac point, which connects the
upper- and lower-surface Dirac cone (Fig. 2B)
even if the system is perturbed by nonmagnetic
dopants (Fig. 2A). This is confirmed by the ARPES
measurements (Fig. 2, C and D), where the band
structures of an intrinsic sample and a nominally
10% Tl-doped sample are shown, respectively.
In both cases, the continuity at the Dirac point is
indicated by the strong spectral intensity (left sub-
panels) and the single-peak structure of the energy
distribution curve (EDC) at the Dirac point (right
subpanels). In Fig. 2D, the charge doping effect
of Tl is clearly shown by the marked shift of EF
into the bulk gap (EF – ED = 160 meV). None-
theless, the topology of the SSB remains the same
with a continuous Dirac point (19).

The TRS protection of the Dirac point can
be lifted by magnetic dopants (Fig. 2E), result-
ing in a gap that separates the upper and lower
branches of the Dirac cone (Fig. 2F). This is il-
lustrated in the band structure (Fig. 2, G and H) of
two Fe-doped samples. Unlike nonmagnetically
doped samples, for both Fe-doped samples, the
SSB dispersion at the Dirac point is broken, as
indicated by the suppressed intensity regions in
the spectral density plots (left subpanels) and the
twin-peak structure around the Dirac point in the
EDC plots (right subpanels). The data have suf-
ficient k-space sampling density to reveal the
qualitative difference between the nonmagnetic
and magnetic dopants: One always finds a single-
peak structure in as-grown and nonmagnetically
doped samples, whereas the twin-peak structure
is present only in magnetically doped samples
(19). By fitting the twin-peak structure with two
Lorentzian peaks (insets in EDC plots of Fig. 2,
G and H), the gap size can be acquired, showing
a larger value (~50 meV) in Fig. 2H than that
(~44 meV) in Fig. 2G. This trend (19) is consist-
ent with the increase of the magnetic moment upon
increasing the magnetic dopant concentration.

The SSB gap formation at the Dirac point
with broken TRS is the first step in realizing the
insulating massive Dirac fermion state; the second
step is to tune the EF into this gap. In the Fe-
doped Bi2Se3, however, EF was found to always
reside above the Dirac point (similar to undoped
Bi2Se3), making the material n-type (Fig. 2, G
and H). To remove these excess n-type carriers
while maintaining the magnetic doping effect, we
changed the dopant from Fe to Mn, another mag-
netic material with one less valence electron than
Fe. Indeed, Mn dopants not only introduce mag-
netic moments into the system, but also naturally
p-dope the samples. The measurements on an
optimally doped sample (19) show EF residing
just inside the SSB gap (Fig. 3B). By comparing
the leading edge of the EDC at the G point to EF
(Fig. 3C; also shown is an Au reference spec-
trum), we found a 7-meV difference, indicating a
SSB Dirac gap of at least 7 meV (Fig. 3A). Such a
gap suggests a ferromagnetic order of the Mn dop-
ants on the surface, which can be induced by the
ferromagnetic spin-spin interactionmediated by the

Fig. 4. Full-range control of
EF position by surface or bulk
doping. (A) Different carrier
type regions: n-type (region
I), bulk insulating (region II),
Dirac transport and p-type (re-
gion III) determined by the
EF position. (B) Evolution of
the band structure (along the
M-G-M direction) by photon-
assisted surface doping with
O2, where the unit Langmuir
(L) corresponds to an expo-
sure of 10–6 torr·s (19). The
blue dashed line traces the
upshift of the Dirac point with
the O2 doping. Green dashed
lines indicate the dosages
that separate the three dop-
ing regions shown in (A): At 0.95L O2 dosage, the BCB bottom reaches EF; at 3.6L, the Dirac point reaches
EF; and beyond 3.6L, the Dirac point is above EF. (C to F) Bulk doping: the FS and the band structure of (C)
nominally undoped Bi2Se3, showing the coexistence of BCB and SSB FS pockets; (D) Se-rich sample (melt
composition Bi1.7Se3.3) with only an SSB FS, and EF residing inside the bulk gap (EF – ED = 145 meV); (E)
Mg-doped (Bi0.999Mg0.001)2Se3 sample with a point-like FS and EF precisely at the Dirac point; and (F)
more richly Mg-doped (Bi0.998Mg0.002)2Se3 sample driven into p-type, with a p-type FS and the Dirac point
above EF.
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