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1. Introduction — brief review of N=4 SYM




Anomalous dimensions of N=4 SYM (Conformal Field Theory)

Two-point functions A= g2,N

CqO
(0 (x)0p(y)) = e _ayOS[;Aa A=Ay + Ay + A2A gy + -

Scaling dimension

Dilatation generator € Conformal symmetry, so(4,2)

500[(0) = A,04(0) D= 5(0) + A/D\(l) + AZ’D\(Z) + -

Via the radial quantisation, R* - S3 X R

HlY) = EY)




AdS/CFT correspondence

AD N = 4 SU(N) SYM (CFT) © string theory on AdSs X S°

O RN 2 )
. AdS
A(/L N) — E(gs: RAdS/lS) A= ( I ) 41N = Ys

S

S (4 = g¢uN) y

Several ways of looking at the equation

v' Check the duality

v Use to understand something new

= String theory at small curvature Ry ;5 < [ is difficult

= Gauge theory description is easier at 1 < 1




Operator mixing problem
A‘Ll,l CI)a (a — 1; '“;6); wa{
For the SO(6) sector, the 1-loop dilatation operator is given by
1
Dl—loop =—H

N
1 1
H - = E tr [cDm; Cbn] [am; an]: _ Z : tr[q)m; an] [q)m; an]

(0m)ij (Pt = Smnbu bk d,,, are just matrices

4 R )
1) Dxq = Mgypgxp forageneralbasis

2) Diagonalise My to obtain DO, = A, 0,
\

Eigenvalue problem of the matrix model
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Will study the spectrum of anomalous dimensions,
focusing on the sign of them

A = Ay + AA1y(1/N) + 0(A*) + -

1. Inthe planar limit, anomalous dimensions are all positive

2. Butitis not the case when you include non-planar corrections

To understand physics of negative anomalous dimensions is
to understand nonplanar corrections




Outline

v’ Brief review of N=4 SYM (CFT)

v" Anomalous dimensions
v" Dilatation operator

v’ Operator mixing problem
v’ Planar vs Non-planar

v Negative anomalous dimensions [1503.0621, YK-R.Suzuki]




2. Operator mixing problem — planar vs non-planar




Operator mixing
tr[ @, Ppll0m, 0nl = 267 (D, $1,0,0,) — 267 (P, P05, 01n)
tr [ @, Op][Pr, On] = 261 (1,0, P, 0p) — 287 (D @1y 0,0

tr(®,,®,0,,0,)tr(Ad ) tr(Bd,) = tr(BAd,d, + ABD,D,)
tr(®,,,P,,0,,0,)tr(AD ,Bd,) = tr(A)tr(Bd, o, )+tr(B)tr(Ad,P;)

Dilatation operator changes the number of traces by one
- Joining and splitting

When the two derivatives act on nearest neighbor matrices, we get a term
whose trace structure is not changed

tr(P,,P,,0,0,)tr(Ad,D,) = tr(A)tr(d,d,)+Ntr(Ad, D)

The two derivatives acting on non-nearest neighbor matrices, the trace
structure changes




1
Htr(Ad,®,) = N (tr(ACDaCDb) —tr(Ad,d,) + §5abtr(ACDmCDm)>

+double traces

Nearest neighbour transpositions P and contractions C on flavor indices

P . CI)aCDb — Cbbq)a C y Cbaq)b — 5abq)mq)m
1
H:NHP‘l'HNP Hp:].—P‘l'EC

Hp : not changing the trace structure, but changing the flavour structure

Hyp : changing the trace structure and the flavour structure
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Planar limit

: : . C
v" Dilatation operatoris Hp =1 — P + >
 Mapped to the Hamiltonian of an integrable spin chain [02
Minahan-Zarembo]
v’ the mixing is only among operators with the same trace structure

(i.e. trace structure has a meaning)

/9 N
Block-diagonal mixing matrix ~ tr(d®) —
>
tr(fl>3)tr(cb3)—//_
\ _/

Non-planar — we do not have the above properties

(We can find a nice mixing pattern in non-planar situations in terms
of Young diagrams)
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Remark

H=NHP+HNP

Acting on a small operator E=0(N)+0(Q)
Acting on a very large operator E =0(NL) + 0(L?
The planar limitis N > L Jerr = L/N

D-branes are considered to be described by large operators L ~ O(N),N > 1
- One can not use the planar limit
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3. Negative anomalous dimensions
[1503.0621, YK-R.Suzuki]
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Spectral problem in the so(6) singlet sector

v SO(6) singlet operators tr(Pq Pp)tr(PqPp), tr(Pe PP Py)

Singlets are mapped to singlets under dilatation

= Consider planar zero modes at one-loop - Hpyy =0
o Giving an interesting class of operators
o Thanks to integrability, there is a large degeneracy in the planar
spectrum.

= Turning on 1/N corrections, the planar zero modes will get anomalous

dimensions of the form: y = 0 + %yl + %yz + .-

v’ Sign of ¥4, V3

v Operator mixing among the planar zero modes
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L=4

There are 4 singlet operators

t; = tr(Pa®p)tr(PqPyp), t; = tr(PaPy)tr(PpPp)
tz = tr(PaPpPaPq), tg = tr(PgPqPpPy)

Hts = Nyaptp
0 2  —10/N 10/N
[ o0 2  —12/N 12/N
Y=\ -12/8y 2/ 4 —2
—2/N 7/N =2 9

block-diagonal if N >> 1, where the single-traces are orthogonal to the
double-traces.

Use Mathematica to compute eigenvalues
15
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L=4 vy (one-loop anomalous dimension) vs N
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Planar zero mode
Negative mode
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tl = tT(CIDaCDb)tT(CDaCDb), tz = tr(CI)aCIDa)tT(CDbCDb)

L=4 ts = tr(Pg @, @, D,), ty = tr(P, P, P, D))

The negative mode looks like

3

168N 2

The leading term is given by the energy-momentum tensor,
which is traceless and symmetric

1
Top = tT(CDaCDb) — gaabtr(cbmcbm)

PTab — Tab' CTab — 0
It is annihilated by the planar dilatation operator, Hp =1 —P + C/2

HpTypTyp = (HPTab)Tab + Tab(HPTab) =0
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Planar zero modes

Number of planar zero modes and singlet operators

L 2 4 6 & 10 12
Zr 0O 1 2 5 11 34
dimH, |1 4 15 71 469 4477
Hppy = 0 Hp=1—P+C/2

C:

iqipi] — tT(CD(ilCDiZ CIDil)) 1/2 BPS : symmetric and traceless

L =4:C;C HpC; i,..;; =0

L = 6: CijuCijr CijCixCr

L = 8: CijkiCijris Cijr1CijCrir CijieCijiCriy CijCiiCriCiies CijCig Cr G

v Can not construct single-trace planar zero modes
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v There are 15 singlet operators
30r
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There are 2 planar zero modes. One stays on the zero, and the other gets

a negative anomalous dimension.
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71 singlets

Y 5 planar zero modes
50

40
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On the planar zero modes

Mathematica computation at L = 4,6,8,10 and analytic computation with some approximation

Hi = Ny Hotpo = 0
Y1 Yy _ Yi V2
¢=¢O+W+m+... y_y0+ﬁ+m+...

o Y =0,y1=0,y.,=0
 Planar zero mode — negative mode
o Yy is alinear combination of the planar zero modes with a fixed number
of traces
o tr(®M)tr(®*)tr(d?) is orthogonal to tr(®>)tr(®3)tr(P?) in the
planar limit, but they mix by the 1/N effect.

 the number of traces might be a good quantity
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A possible interpretation of negative modes

Based on the standard correspondence of AdS/CFT

V2 1
A:A0+/1m+... E=Eo+yzg§\/7+--- Y, <0
No interaction (planar zero mode) Negative mode

O O O

The negative modes would describe multi-particle (multi-string) states

with non-zero binding energy. [02 Arutuynov, Penati, Petkou,
Santambrogio, Sokatchev]

The number of states might be related to the number of traces in 1
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Summary

v’ Studied the non-planar mixing

v s0(6) singlet sector
v Spectrum explicitly upto L = 10
v Planar zero modes — negative modes

v’y ~y,/N?is consistent with an analysis of 4-pt functions

 Anomalous dimensions are always positive in the planar limit

* Also positive in su(2) sector, so(6) non-singlet sector even with non-
planar corrections

* Another sector with negative anomalous dimensions: large spin operators
like p3°¢p, s > 1
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