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Introduction



Motivations

Gravity in higher dimensions and AdS spacetime


Non-uniqueness and various black holes


Instabilities and dynamics of such black holes



Superradiance

amplified

Rotational superradiance: Waves can be amplified 
by a rotating BH.


(cf. charged superradiance by a charged BH)



Superradiant instability

In AdS, superradiance repeats, and the growth of 
the wave gives rise to an instability.

superradiance

superradiance

[Kunduri-Lucietti-Reall]



New solution with a helical Killing vector

superradiance

superradiance

[Kunduri-Lucietti-Reall]

time

rotation

helical

New solutions with less isometries will bifurcate 
from the onset of the instability.



Black resonators

Time-periodic black holes were constructed in 
AdS4 and named black resonators.

arXiv:1505.04793 [hep-th]

Black holes with a single Killing vector field:
black resonators

Óscar J. C. Dias,1, ⇤ Jorge E. Santos,2, † and Benson Way2, ‡
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We numerically construct asymptotically anti-de Sitter (AdS) black holes in four dimensions that
contain only a single Killing vector field. These solutions, which we coin black resonators, link
the superradiant instability of Kerr-AdS to the nonlinear weakly turbulent instability of AdS by
connecting the onset of the superradiance instability to smooth, horizonless geometries called geons.
Furthermore, they demonstrate non-uniqueness of Kerr-AdS by sharing asymptotic charges. Where
black resonators coexist with Kerr-AdS, we find that the black resonators have higher entropy.
Nevertheless, we show that black resonators are unstable and comment on the implications for the
endpoint of the superradiant instability.

Introduction. As the simplest of gravitating objects,
black holes (BHs) play a fundamental role in our under-
standing of general relativity. Indeed, four-dimensional,
asymptotically flat BHs are stable and uniquely speci-
fied by their asymptotic charges [1]. However, there are
circumstances where stability and uniqueness can be vio-
lated, such as those in higher dimensions [2–11]. We will
argue that this can also be accomplished in four dimen-
sions with asymptotically anti-de Sitter (AdS) BHs.

Unlike Minkowski or de Sitter space, AdS contains a
timelike boundary at conformal infinity where reflect-
ing (energy and angular momentum conserving) bound-
ary conditions are typically imposed to render the ini-
tial value problem well posed [12]. The presence of this
boundary has drastic consequences for the stability of so-
lutions in AdS. For example, rotating BHs contain an er-
goregion from which energy can be extracted by the Pen-
rose process [13]. For waves, this phenomenon is called
superradiance [14–16]. In AdS, these waves return after
scattering from the boundary and extract more energy.
The process continues until the waves contain enough en-
ergy to backreact on the geometry, causing the so-called
superradiant instability [17–19].

The reflecting boundary also has implications for the
stability of AdS itself. A nonlinear instability may occur
if an excitation with arbitrarily small, but finite energy
around AdS continues to reflect o↵ the boundary and
eventually forms a BH. There is numerical evidence in
support of this instability with a spherically symmetric
scalar field [20–22]. There is additionally a proposed per-
turbative explanation for this instability [20] which ap-
plies to pure gravity and beyond spherical symmetry [23].
At linear order in perturbation theory, AdS contains an
infinite tower of evenly-spaced normal modes. At higher
orders, resonances between modes cause higher modes to
be excited that grow linearly in time. In the generic case,
this leads to a breakdown of perturbation theory, and is
interpreted as the beginnings of a nonlinear instability.
This instability is called weakly turbulent due to this en-

ergy shift from longer to shorter length scales.
Though there is a breakdown of perturbation theory

for generic initial data, perturbation theory survives to
arbitrarily high orders when only a single mode is excited.
This leads to a family of horizonless time-periodic solu-
tions called oscillons (boson stars) for a real (complex)
scalar field [20, 21] and geons for pure gravity [23, 24].
These geons can be thought of as nonlinear normal modes
of AdS and are solutions that contain only a single Killing
field. Any gravitational radiation emitted by the geon is
balanced by absorption of waves reflected from the AdS
boundary. Since perturbation theory breaks down for
two-mode initial data, geons can be thought of as a basis
for the nonlinear instability [23, 24].
We will construct a new family of BHs that joins the

onset of the superradiant instability of Kerr-AdS [18, 19]
[40] to the geons. Since these BHs are time-periodic and
single out a particular frequency, we call them black res-
onators. One limit of black resonators corresponds to the
onset of the superradiant instability. Black resonators
are thus the BHs predicted by [25] and alluded to in
[19, 23, 26]. The opposite, zero-size limit of black res-
onators corresponds to the geons where this frequency is
given by a nonlinear normal mode of AdS [23, 24]. Like
the geons, black resonators are time-periodic and have
only one Killing field. The Killing field is also the hori-
zon generator, so black resonators have bifurcate Killing
horizons and globally well-defined horizon temperatures.
Numerical Approach. We will search for solutions

to the Einstein equation with a negative cosmological
constant ⇤ = �3/L2. That is, we will solve

Rab +
3

L2
gab = 0 , (1)

where L is the AdS length scale, gab the metric and Rab

the Ricci tensor. We wish to find asymptotically global
AdS solutions with a boundary metric conformal to the
Einstein static universe

ds2bdy = �dt2 + d✓2 + sin2 ✓d'2 . (2)
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This talk

The first black resonators were obtained by solving 
PDEs in 4D AdS.

2

We use the DeTurck method [27] which proceeds by
writing down any reference metric ḡ of our choice that
shares the same causal structure as the solution g we wish
to find. Then, rather than solve the Einstein equation
(1), we instead solve the Einstein-DeTurck equation:

Rab +
3

L2
�r(a⇠b) = 0 , (3)

with ⇠a = gcd[�a

cd
(g)��a

cd
(ḡ)], where �(g) is the Christof-

fel symbol associated with a metric g. Since we are solv-
ing di↵erent equations, we verify a posteriori that our
solutions to (3) satisfies ⇠a = 0 to machine precision, and
hence is also a solution to (1). In some cases, it is pos-
sible to prove that all solutions of (3) must have ⇠a = 0
[28], but we do not have such a proof for our case of in-
terest. However, we have verified that (3) yields elliptic
partial di↵erential equations for which local uniqueness
theorems exist [29]. Thus, solutions with ⇠ 6= 0 cannot

have ⇠ arbitrarily small for all ranges of parameters, and
are therefore distinguishable from solutions with ⇠ = 0.

Following the DeTurck method, we need an ansatz and
a reference metric containing a single Killing field,

K = @t + ⌦H@' , (4)

where ⌦H will be the horizon angular velocity. K is a
Killing field, but @t and @' are not. Thus, the solution
will neither be time independent nor axisymmetric, but
is instead time-periodic. We now perform the following
change of variables: d⌧ = dt and d� = d' + ⌦Hdt. In
these coordinates, K = @⌧ and the boundary metric is:

ds2bdy = �d⌧2 + d✓2 + sin2 ✓(d�� ⌦Hd⌧)2 . (5)

For a general ansatz containing a Killing horizon gen-
erated by K, we choose:

ds2 =
L2

(1� y2)2

"
� y2q1�(y) (d⌧ + y q6dy)

2 +
4y2+ q2dy2

�(y)
+

4y2+ q3
2� x2

⇣
dx+ yx

p
2� x2 q7dy + y2x

p
2� x2 q8d⌧

⌘2

+ (1� x2)2y2+q4

 
d�� y2q5d⌧ +

x
p
2� x2q9dx

1� x2
+ y q10dy

!2 #
, (6)

with �(y) = (1 � y2)2 + y2+(3 � 3y2 + y4) and qi =
qi(x, y,�). As a reference metric, we take (6) with
q1 = q2 = q3 = q4 = 1, q5 = ⌦H and qi = 0, for i � 6.

If ⌦H = 0, our reference metric is the Schwarzschild-
AdS BH with entropy S = ⇡y2+L

2 and temperature

T =
1 + 3y2+
4⇡y+L

. (7)

To recover more familiar coordinates, redefine r/L =
y+/(1 � y2) and cos ✓ = x

p
2� x2. We chose this ref-

erence metric rather than Kerr-AdS for tidiness.
Since black resonators branch from the onset of the

superradiant instability of Kerr-AdS [18, 19], let us now
describe this instability in more detail. Perturbations of
Kerr-AdS are labeled by a type (scalar or vector) and
polar and azimutal wavenumbers ` and m, respectively.
While all Kerr-AdS BHs with ⌦HL > 1 are superradi-
ant unstable, di↵erent perturbative modes have onsets in
di↵erence places in parameter space. At these onsets are
zero modes which mark the appearance of a new family
of solutions which will be the black resonators.
For definitiveness and simplicity, we will focus on the

scalar mode ` = m = 2, which has an extra discrete
symmetry under x ! �x. The Kerr-AdS parameters
corresponding to the onset of the superradiant instability

of this mode were obtained in [18, 19] [41].

Let us now discuss boundary conditions. At y = 0, we
demand a regular bifurcate Killing horizon generated by
@⌧ with temperature (7). This amounts to q1(x, 0,�) =
q2(x, 0,�), with the remaining functions having Neumann
conditions. The boundary (y = 1) must approach that of
the reference metric, which is a Dirichlet condition. The
discrete symmetry x ! �x requires that all of the qi’s
have Neumann boundary conditions at x = 0. At x = 1,
regularity requires q7(1, y,�) = q8(1, y,�) = 0 and Neu-
mann conditions for the remaining functions. Finally,
m = 2 requires that � be periodic in � 2 (0,⇡].

With equations and boundary conditions, we can
now solve the system of partial di↵erential equations
by numerical methods. We use a standard Newton-
Raphson algorithm and discretise the Einstein-DeTurck
equations using pseudospectral collocation (Chebyshev-
Gauss-Lobatto nodes along the x and y directions, and
Fourier nodes along the � direction). The resulting alge-
braic linear systems are solved by LU decomposition.

Our reference metric is not Kerr-AdS, so we must con-
struct Kerr-AdS numerically. We fix y+, assume inde-
pendence in �, and slowly increase ⌦H from zero until we
are at the onset of the superradiant instability. Note that
this is consistent with our boundary conditions above.

In 5D, we can write a simple metric and obtain 
a class of black resonators by solving ODEs.

[TI-Murata]

[Dias-Santos-Way]



Geons

This term was coined by Wheeler as 
"gravitational and electromagnetic entities."  

In the limit of zero horizon size, black resonators 
smoothly reduce to geons.

Geons are self-gravitating horizonless geometries.
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Myers-Perry AdS BH with 

equal angular momenta



Setup

5D pure Einstein gravity (AdS radius L=1)

<latexit sha1_base64="ovoua7z0ufmVbwRv93iIzkgilOE="></latexit>

Asymptotically global AdS (RxS3 boundary at r=∞)

<latexit sha1_base64="y2SlcDTAl/jOTNtccuGK0g1HDOA="></latexit>



Isometries of 5D black holes

Schwarzschild:
<latexit sha1_base64="Q0jIq+gbSQhINXkAADk8Ohxo86k="></latexit>

<latexit sha1_base64="I80GW1x8EXRIknItJDl6pZO+chg="></latexit>

General Myers-Perry:
<latexit sha1_base64="jBkfENYqGJ7gKmnLCzKvYVGpxvI="></latexit>

Myers-Perry with equal angular momenta:

⇒ broken to a helical Killing vector

<latexit sha1_base64="tmTRePwQQT+/83vRRZRwNXL8/I8="></latexit>



MPAdS5 with equal angular momenta

<latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit>

SU(2) invariant 1-forms (θ,φ,χ: Euler angles of S3)

U(1) isometry:


(No � -dependence in                                                    )χ

S2 S1 fiber



Superradiant instability



SU(2)-preserving U(1)-breaking perturbation

<latexit sha1_base64="WjeEGvNJNQfmzoRTRhIWsJxXywc="></latexit>

<latexit sha1_base64="92zScjSS6x3wnqDEYfK/GQ2yVqs="></latexit>

To break the U(1), we unbalance              .

In this frame, the perturbation we consider is

For technical reasons, we work in the rotating 
frame at infinity in which                   and                  



View as a time periodic perturbation

<latexit sha1_base64="u9a+LT9q2rWbKlXJGSDooEpBVE0="></latexit>

We can go to the non-rotating frame by

so that                              with                  .
<latexit sha1_base64="(null)">(null)</latexit>

σi transform as                         .

In this frame, hence, the perturbation is time periodic
<latexit sha1_base64="92zScjSS6x3wnqDEYfK/GQ2yVqs="></latexit>



Onset of superradiant instability

As Ω is increased, the perturbation induces an instability.


New solutions bifurcate from the onset of the instability.
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[Murata 0812.0718]



Black resonators and geons



Isometries:

Cohomogeneity-1 metric ansatz

In the non-rotating frame, the ansatz is time periodic.

<latexit sha1_base64="M30+eCdZFnqOw4NVykpV/eGxTNI="></latexit>

<latexit sha1_base64="VBVHLZCGLyX8MWdqMdgmIy+58Wo="></latexit>

helical



Einstein equations

<latexit sha1_base64="WrVCKVFiLybXgxUYywamss5b9tM="></latexit>



Einstein equations

Boundary conditions for the ODEs:

1) Asymptotically AdS with h|r=∞=Ω

2) Geon: regular at r=0

    Black resonator: horizon at r=rh 

Coupled ODEs for (f',g',h'',α'',β'').



(E,J) diagram for MPAdS5

E

J

extreme BH
superradiant instability

Ω=1

No regular MPAdS

<latexit sha1_base64="1wmJBJthKA2I3lwZY4dwho6brfQ="></latexit>



(E,J) diagram for black resonators
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Black resonators extend to the (E,J) region 
where no regular MPAdS BHs exist.



Entropy

SBR > SMPAdS at the same (E,J). This means that an 
unstable MPAdS evolves into a black resonator.
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Implications to AdS/CFT

The black resonators constructed so far have Ω>1, 
and in fact, BH with Ω>1 are small BH.

MPAdS MPAdS

What are dual (unstable) states to black resonators?



Application



Instability of black resonators

By using the cohomogeneity-1 metric, it is doable 
to study perturbations of black resonators.

We find instabilities against general perturbations 
which include SU(2) breaking modes.

There is a theorem: a BH with Ω>1 is always 
unstable (against some perturbations).

[Green-Hollands-Ishibashi-Wald]

[TI-Murata-Santos-Way, to appear]



Adding matter fields

We can add matter fields to the cohomogeneity-1 
black resonators.

Coupling to a Maxwell field, we can obtain black 
resonators dressed with photons.

[TI-Murata, to appear]



Conclusion

We constructed black resonators and geons with 
a cohomogeneity-1 metric in 5D AdS


They bifurcate from the superradiant instability of 
MPAdS BH with equal angular momenta and 
have a helical Killing vector and a SU(2) isometry. 

We can use of this metric to study properties of 
black resonators including instability.


