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§1. Introduction
*We study classical and quantum noncommutative cosmology with 
a Liouville-type scalar degree of freedom. 

*The noncommutativity is imposed on the minisuperspace variables 
through a deformation of the Poisson algebra. 

*We investigate the effects of noncommutativity of 
minisuperspace variables on the accelerating behavior of the 
cosmic scale factor. 

*The probability distribution in noncommutative quantum 
cosmology is also studied and we propose a  novel candidate for 
interpretation of the probability distribution in terms of 
noncommutative arguments.
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§2. The model
The Liouville scalar model

.

Assuming

, , Φ  is a fnc. of t

↓

"Cosmological" effective Lagrangian
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where

, ,

, , .

This "Cosmological" effective Lagrangian can also be 
obtained from various theories, including f(R) theory, 
higher-dim. theory with compactification (with flux, or 

cosmological const., or Ricci-non-flat int. space,).

5

Strings and Fields 2019



§3. Classical dynamics
Commutative Case

Lagrangian           ➡          Hamiltonian

 ➡ 

➡
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We are considering a "cosmological" model, so
Remember the Hamiltonian constraint!  H＝0

*solution*

(P, t0, y0 are constants)
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Noncommutative Case

Hamiltonian: 

Poisson brackets: 

Hamilton's equations:
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*solution* satisfying the constraint Hθ＝0

which is originally found by
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Noncommtativity from Commutative variables
Let us ident i fy:

ρ : an arbitrary constant.

Then,      
Hami lton's equat ions

recovers the same equations for X, Y, Π X, Π Y, and the same 
solutions, for any ρ.
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§4. Accelerating universe
, 

If >0, expansion is accelerating.

U>0                            U<0
red curves: , blue curves: 
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§5. Wave function of the Universe
To obtain Wheeler-DeWitt equation (for the minisuperspace),

replace momenta as  and .
Express WDW eq. in Noncommutative case by commutative variables:

　EX: Confirm  !

Note that if ρ＝－θ, Y＝y  !
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Now, WDW eq. of Noncommutative Quantum Cosmology becomes:

　The solution of the WDW eq.

where 

with 

and 

We are interested in , instead of  !
(We want to see some correspondence with class. sol.)
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if ρ＝－θ , Y＝y ←common variable both for C & NC

then .

Thus, for a wave packet peaking around ν～P ,
we can regard  approximately.

Hereafter, we consider 

　　　　　　 　　　　　

↑       ↑      ↑
             

(rectangular amplitude)
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U>0　　　

θ=0                    θ=0.1              θ=-0.1
bold curves indicate classical solutions!
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U<0　　　

θ=0                    θ=0.1              θ=-0.1
bold curves indicate classical solutions!
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§6. Wigner function of the Universe
For a wave function , the Wigner function is defined as:

properties: 

where  is the Fourier transform of .
For our wavefunction:
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Its Fourier transform:

Our idea:

define  and

integrate out Χ .

where 
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Check and Confirm our idea

Compare  with the Fourier transform of the density

obtained in the previous section:
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U>0

 

                 θ=0         θ=0.1        θ=-0.1

     

almost indistinguishable
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U<0

 

                 θ=0         θ=0.1        θ=-0.1

     

almost indistinguishable
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§7. Discussion and Outlook
●  A NonCommutative (NC) deformation of the 
minisuperspace variables is studied by means of an integrable 
model. Its analytical solutions are obtained in classical and 
quantum cosmology.

● We showed that the peak of the wave packet reproduces 
the classical trajectory by using exact solutions with an 
interpretation of the NC variables in the present model. 
● We proposed a new probability distribution in NC quantum 
cosmology constructed from the Wigner function. Its validity 
in the present solvable model is confirmed numerically.
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● In future study, we will investigate general NC cosmology 
by using the probability distribution function. General 
deformations of minisuperspace variables should be studied 
further. 
●  The model with a phantom scalar field and/or a phantom 
gauge field may also be worth studying in the context of NC 
cosmology.
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