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M2-breanes 
• M2-brane is one of the most important object in the 

M-theory. 

Type IIB string theory 

NS5 1, 𝑘 5 

𝑁1 D3 

𝑁2 D3 

M2-branes on ℂ4/ℤ𝑘 

Worldvolume 
theory 

ABJ(M) theory 

[Aharony-Bergman-Jafferis-Maldacena 2008] 
[Aharony-Bergman-Jafferis  2008] 

3d  𝒩 = 6  𝑈 𝑁1 𝑘 × 𝑈 𝑁2 −𝑘 
super Chern-Simons theory 

Dimensional reduction 



Quiver gauge theories 

Quiver 𝑈 𝑁 𝑅 𝒩 = 4 
superconformal Chern-
Simons theory 

[Imamura-Kimura 2008] 

𝑁1 𝑁2 

𝑁𝑅 

Worldvolume 
theory 

M2-branes on ℂ4/Γ 
Dimensional reduction 

• A partition function on 𝑆3 reduces to a partition function 
of matrix model by using the localization technique. 



Grand partition function 

• A grand partition function plays an important role.  

Only relative ranks are important in this expression. 

𝑀1 𝑀2 

𝑀𝑅 



• Large 𝑁 behavior of a grand partition function can be 
expressed by a character of corresponding exceptional 
type group. 

Hidden group structure 

[Moriyama-Nosaka-Yano 2017] 

𝐸7 − 𝐸6 − 𝐷5 − 𝐴4 − 𝐴2 + 𝐴1 − 𝐴1 + 𝐴1 − 𝐴1 

Can we realize this symmetry? → We could carry out. 
[NK-Moriyama-Nosaka 2018] 

𝐷5 theory 



Realization of symmetry 
Conjecture: 

[Grassi-Hatsuda-Marino 2014] 

For 𝐷5 theory, 

𝑀1 𝑀2 

𝑀𝑅 

(Quantum curve) 

(No parameter identification) 

Important for the realization 



Realization of symmetry 

• The results are consistent with the large 𝑁 results. 

𝑊 𝐷5    

[NK-Moriyama-Nosaka 2018] 

We introduced maps generated by similarity 
transformations. 

A set of these maps have Weyl group structure! 

𝐷5 theory 

 (Weyl group of D5) 



Correspondence? 

Parameter identification of 𝑀 and 𝑒   
→ We can interpret the Weyl group as symmetries of branes. 

Symmetries? 

𝑀3 

𝑀2 𝑀1 
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Symmetries of branes 
Branes of type IIB string theory possess many symmetries. 

 Hanany-Witten transitions 

 SL 2, ℤ  transformations 

D3 

1, 𝑘 5 

𝑁1 𝑁2 𝑁3 

NS5 

𝑁1 𝑘 + 𝑁1 + 𝑁3 − 𝑁2 𝑁3 

with 
1 0

−𝑘 1
∈ SL 2, ℤ  and flipping the sign 

of RR charge of D5-branes. 

𝑁1 𝑁1 + 𝑁3 − 𝑁2 𝑁3 𝑁1 𝑁2 𝑁3 



Results 

Hanany-Witten 
+SL 2, ℤ   

• Only 𝑊 𝐵3 ⊂ 𝑊 𝐷5  works as symmetries of brane 
configurations. 

• 𝑊 𝐵3  is bigger than Hanany-Witten+SL 2, ℤ . 



Results 

We could unify Hanany-Witten+SL 2, ℤ  into a Weyl group. 

Hanany-Witten 
+SL 2, ℤ   

𝑁1 𝑁2 

𝑁3 𝑁4 

𝑁1 𝑁2 

𝑁3 𝑁4 

0 0 

0 0 

𝑁2 + 𝑁4 − 𝑁1 𝑁2 

𝑁3 𝑁4 

𝑁1 𝑁2 

𝑁3 𝑁4 

Hanany-Witten 

SL 2, ℤ  

𝑘 2𝑘 

𝑘 0 
Hanany-Witten 

ex) 



Results 

New brane symmetries? 

Hanany-Witten 
+SL 2, ℤ   

𝑁1 𝑁2 

𝑁3 𝑁4 

𝑁1 𝑁2 

𝑁3 𝑁4 

𝑁2 𝑁1 

𝑁3 𝑁4 

𝑁1 𝑁3 

𝑁2 𝑁4 

ex) 
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Parameters 

• Brane configurations  

• Quantum curves 

3 parameters 

𝑀1, 𝑀2, 𝑀3  

5 parameters 

𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5  

Relation? 

𝑀3 

𝑀2 𝑀1 



Reference  frame 

• Technically, “reference frame” appear in the 
definition of grand partition function.  

• A concept “reference frame” is important. 

𝑀1 
𝑀2 

𝑀𝑅 



Identification 
• The relation was proved for no rank deformations cases. 

(Fermi gas formalism) [Marino-Putrov 2012] 
[Moriyama-Nosaka 2014] 

ex) 



Identification 
Non-trivial rank deformations from no rank deformations. 

Hanany-Witten normal ordering 

ex) 

𝑘 2𝑘 



Identification 

→We conjecture natural parameter identification. 



Consistency check 

• We proved the equality for some rank deformations.  

𝑀1 

𝑀2 

𝑀1 

𝑀2 

The results are consistent with our conjecture. 



Large 𝑁 behavior, revisit 

This factor affects the large 𝑁 expansion highly non-trivially 
and changes the symmetry drastically. 

The results are completely consistent with quantum 
curve analysis. 

• Only one interval of D3-branes was chosen to be 
reference frame before our work. 

 → We test large N behavior for new reference frames. 



Summary & future work 
 Summary 

• We conjectured the parameter correspondence between 
brane configurations and quantum curves. 

• We unified Hanany-Witten transitions and SL 2, ℤ  
transformations into the subset of 𝑊 𝐷5 . 

• We found new symmetries of brane configurations. 

 Future work 

• Applying the same procedure for quiver gauge theories 
with exceptional type symmetries and also for higher genus  
quiver gauge theories.  

• Establishing M-theoretical meaning of parameter space of 
quantum curves. 

• Relation to the Painlevé equations through the Weyl group.  



Back-up 



Rest parameter space? 

Parameter space of 
quantum curves (5d) 

Parameter space of 
brane configurations (3d) 

M-theoretical 

Does this 5d parameter space have M-theoretical meaning? 


