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Finite cutoff holography 
[L. McGough, M. Mezei, H. Verlinde, 2016]
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 Entanglement entropy 
in finite cutoff holography 
[W. Donnelly, V. Shyam, 2018] [B. Chen, L. Chen, P.-X. Hao, 2018]…
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Entanglement entropy with the      -deformation   
are studied by QFT and holographic calculation. 
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Our target: 
Entanglement entropy (EE) 

of multiple intervals 

connected surface

Are they still valid 
in the      -deformed CFTs?

[T. Hartman, 2013]

• Entanglement entropy for a single interval   
 of the ground state in 2d CFTs is universal, 
  but EE for multiple intervals is not universal.  
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• Additive property of EE in the 2d holographic CFTs  
   (EE of multiple intervals = summation of EE of single interval) 

[C. Holzhey, F. Larsen,  
               F. Wilczek, 1994]
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Our result 1 
Formula of the first order perturbation  

of Renyi entanglement entropy 
(2d CFT deformed by    ,      intervals, period    of Euclidean time)µ m �
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Our result 2 
Check of the additive property

• Entanglement entropy in the 2d deformed holographic CFTs  

• Renyi entanglement entropy of two well-separated intervals 
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The mixing term goes to zero  
when the distance between the intervals are large enough.
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Our result 3 
Phase diagram of         with finite cutoffSHEE
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 Outline

2. Explicit computation in QFT

3. Holographic computation

1.Formula of Renyi entanglement entropy



Replica method  
for a perturbative computation
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Twist operator method
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Formula of the first order perturbation  
of Renyi entanglement entropy 

�Sn(A) =

µ

n� 1

✓Z

Mn

hTT iMn � n

Z

M
hTT iM

◆

= � µc

12(n� 1)

8⇡4

�4

⇥
Z

M

"
z2

2mX

j=1

✓
c(n� 1/n)

24(z � zj)2
+

@zj logh
Qm

i=1 �n(z2i�1, z̄2i�1)�̄n(z2i, z̄2i)iC
(z � zj)

◆

+ z̄2
2mX

j=1

✓
c(n� 1/n)

24(z̄ � z̄j)2
+

@z̄j logh
Qm

i=1 �n(z2i�1, z̄2i�1)�̄n(z2i, z̄2i)iC
(z̄ � z̄j)

◆ #

+

µ

n(n� 1)

16⇡4

�4

1

h
Qm

i=1 �n(z2i�1, z̄2i�1)�̄n(z2i, z̄2i)iC

⇥
Z

M
z2

0

@
2mX

j=1

✓
c(n� 1/n)

24(z � zj)2
+

@zj
(z � zj)

◆1

A z̄2

0

@
2mX

j=1

✓
c(n� 1/n)

24(z̄ � z̄j)2
+

@z̄j
(z̄ � z̄j)

◆1

A

⇥ h
mY

i=1

�n(z2i�1, z̄2i�1)�̄n(z2i, z̄2i)iC

(2d CFT deformed by    ,      intervals, period    of Euclidean time)µ m �
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2. Explicit computation in QFT

3. Holographic computation

1.Formula of Renyi entanglement entropy



Entanglement entropy  
of a single interval

The two point function for a single interval
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This computation is matched with the result  
in                                   . [B. Chen, L. Chen, P.-X. Hao, 2018]



Entanglement entropy of two intervals 
in the deformed holographic CFTs

The four point function for the two intervals 
in the holographic CFTs is factorized.
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EE of the two intervals in the deformed holographic CFTs  
becomes summation of ones of the single interval.

[T. Hartman, 2013]
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Renyi entanglement entropy  
of a single interval

The second term becomes zero at          , 
and the second integral diverges. 

n ! 1

The similar divergence happens  
in a perturbative computation  

of the correlation function on a flat plane.
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Renyi Entanglement entropy  
of two well-separated intervals 

When the two intervals are well-separated, 
the four point function is factorized. 
(cluster decomposition)
Even though the four point function is factorized, 
REE includes a mixing term.
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2. Explicit computation in QFT

3. Holographic computation

1.Formula of Renyi entanglement entropy



Holographic prescription  
              in [B. Chen, L. Chen, P.-X. Hao, 2018]
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Holographic entanglement entropy  
of a single interval with finite cutoff 
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Our holographic computation: 
Holographic entanglement entropy  
of two intervals with finite cutoff 

disconnected surface connected surface
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We study phase transition of 
     with finite cut off           
based on the prescription  
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Phase diagram of         with SHEE
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• When      decreases (high temperature with      ) 
                  becomes dominant. 
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• When      increases (large cutoff), 
            becomes dominant. 
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• In the high temperature            ,  
             is always dominant.
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 Summary
• We study Renyi and entanglement entropy  
   of multiple intervals in the       -deformed CFTs  
   on 2d cylinder. 

TT

• In the QFT side, we develop a formula of  
   the Renyi entanglement entropy at the first order 
   and check the additive property of some examples.

• In the holographic side, we study a phase transition  
   of the holographic entanglement entropy of two  
   intervals with a finite cutoff. 


