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Introduc.on 2/17

What	is	Chaos?

○		In	classical	mechanics:	iniVal	value	sensiVvity	of	trajectory

Recently,	quantum	chaos	is	related	to	black	holes

○		There	is	a	"bound	on	chaos",	saturated	by	BH [Maldacena-Shenker-Stanford,	'15]

[Sachdev-Ye,	'92][Kitaev,	'15][Maldacena-Stanford,	'16]○		SYK	model	saturates	bound	and	dual	to	AdS				BH2
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modify	SYK	s.t.	gravity	dual	interpolates	BH	and	non-BH	(Hawking-Page	transiVon)

This	talk:	to	study	relaVon	between	BHs	and	chaos	more,

Hawking-Page	transiVon	⇒	chaos/integrable	transiVonProposal:
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Berry-Tabor/Bohigas-Giannoni-Schmit	conjecture:
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○		"Quantum	spectrum	of	integrable	system	has	same	fluctua7on	proper7es	
				as	independent	random	variables	(Poisson)."

○		"Quantum	spectrum	of	chao7c	system	has	same	fluctua7on	proper7es	
				as	eigenvalues	of	Random	Matrix	in	GUE/GOE/GSE,	depending	on	
						-invariance	property	of	Hamiltonian."

[Berry-Tabor,	’77]

[Bohigas-Giannoni-Schmit,	’84]

H 6= H
⇤
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Quantum	version	of	"iniVal	value	sensiVvity"

@x(t)

@x0
⇠ e�Lt h(i[W (t), V (0)])2i ⇠ e�Lt

[Larkin-Ovchinnikov,	'69]

①	out	of	Vme	ordered	correlators	(early	Vme	chaos)

{x(t), p(0)}PB ⇠ e�Lt

This	talk

How	to	define	quantum	chaos?

②	energy	spectrum	(late	Vme	chaos)

H = H
⇤
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Nearest-neighbor	spacing	distribuVon	(NNSD)

Adjacent	gap	raVo

How	to	characterize	RMT-likeness? 5/17
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min(Ei � Ei�1, Ei+1 � Ei)
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i									i-1

⇣
� ~2
2m

@2x + V (x)
⌘
 i = Ei i distribuVon	of	ΔE	=	E			-	E

same	level	repulsion	as	RMT
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Note

To	diagnose	quantum	chaos	correctly,	we	have	to	extract	only	one	symmetry	sector

H = H
(1) �H

(2)
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○		suppose

no	correlaVon

� = RMT-like	correlaVon

ex.:	stadium	billiard

H
(4) :  (x, y) = � (�x, y) = � (x,�y)
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:	Gaussian-distributed	random	couplings	with

○		1d	QM	with	disorder: hOi =
DZ

D iOe�S
E

J

[Maldacena-Stanford,’16]

○		low	energy	emergent	reparametrizaVon	symmetry	(spontaneously	broken	to	SL(2,R))

○		large	N	perturbaVon	is	dominated	by	melonic	diagrams

,																					,																					,			...
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 i@⌧ i �H
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{ i, j} = �ij

hJ2
ijk`i = N�3
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"Nearly	CFT		"

eG(!) · (�i! � e⌃(!)) = 1, ⌃(⌧, ⌧ 0) = G(⌧, ⌧ 0)3
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gravity	dual:	AdS				with	UV	cutoff	(Nearly	AdS			)

Jackiw-Teitelboim	gravity	(2d	gravity	+	dilaton)

○		No	bulk	graviton

[Teitelboim,'83][Jackiw,'85]

9/17

dynamical	d.o.f.	=	shape	of	boundary	 sin� ⇠ 0(t(u),�(u))

effecVve	theory	for	boundary	(=	Schwarzian) effecVve	theory	of	single	SYK

2																																																																					2

○	 ds2 =
�dt2 + d�2

sin�2
R+ 2 = 0 :	AdS2

Z
D�

○		low	energy	reparametrizaVon	symmetry	(u)	:	spontaneously	broken	to	SL(2,R)
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[Gao-Jafferis-Wall,’16]

But	if	we	couple	L	and	R	directly,

Prohibited	by	ANEC

T�� < 0
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is	possible	by	Casimir	effect

[Maldacena-Qi,	18]



(a) (b)

Figure 11: (a) The free energy of the saddle point solution. Starting from the highest
temperature, we decrease the temperature to lowest value and then increase it again back
to the highest value. The solution at each temperature step is used as the initial condition
of the next step. Two saddle points coexist in the region T 2 [Tc1, Tc2], and the free energy
of the two saddle points cross each other at some temperature Tc in this region. The
black dashed line is the free energy of decoupled two SYK sites, for comparison. (b) The
phase diagram in µ � T plane obtained by calculating the free energy hysteresis curves
for di↵erent values of µ. The red (blue) dots are data points where the free energy of the
high temperature saddle point is higher (lower) than that of the low temperature one. The
black solid lines are the lower and upper critical temperatures Tc1, Tc2, and the pink line is
the thermodynamic transition temperature Tc. The calculation is done for q = 4,J = 1.
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Hawking-Page	transi.on

,

→

2	SYK
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(figures	from	[Maldacena-Qi,'18])
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2.	Two	coupled	SYK	model
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To	evaluate	quantum	chaos,	we	have	to	extract	single	symmetry-protected	sector	
				and	idenVfy	T-reversal	property	(GUE/GOE/GSE)
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Figure 11: (a) The free energy of the saddle point solution. Starting from the highest
temperature, we decrease the temperature to lowest value and then increase it again back
to the highest value. The solution at each temperature step is used as the initial condition
of the next step. Two saddle points coexist in the region T 2 [Tc1, Tc2], and the free energy
of the two saddle points cross each other at some temperature Tc in this region. The
black dashed line is the free energy of decoupled two SYK sites, for comparison. (b) The
phase diagram in µ � T plane obtained by calculating the free energy hysteresis curves
for di↵erent values of µ. The red (blue) dots are data points where the free energy of the
high temperature saddle point is higher (lower) than that of the low temperature one. The
black solid lines are the lower and upper critical temperatures Tc1, Tc2, and the pink line is
the thermodynamic transition temperature Tc. The calculation is done for q = 4,J = 1.
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Result	(N=28)

chaos/integrable	transi.on	in	energy	(=	T)
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r ⇠ rPoisson r ⇠ rGOE

{E(1)
i }ri =

min(E(1)
i � E(1)

i�1, E
(1)
i+1 � E(1)

i )

max(E(1)
i � E(1)

i�1, E
(1)
i+1 � E(1)

i ) H

���
Smod 4=1(S=�7,�3,1,5)

:	spectrum	of

We	use	adjacent	gap	raVo

µ = 0.125 µ = 0.15µ = 0.05

r ⇠ rGOE everywhere:	C/I	transiVon	disappears



phase	transiVon	disappears	at

Finite	N	effect?

Quan.ta.ve	mismatch?

adjacent	gap	raVo

CompuVng	specific	heat

...	difficult	to	disVnguish	phase	transiVon
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FIG. 6. Specific heat as a function of temperature for di↵erent values of N. For kc = 0.175 (central) we observe that

as N increases, the observed peak becomes increasingly narrow which suggests the existence of the phase transition.

For larger k (right) the peak is broad which suggests a crossover. For small k (left), finite size e↵ects seems to be

stronger and we cannot reach any firm conclusion.

of the critical temperature can be obtained from the specific heat. For a first order phase transition, the

specific heat diverges at the transition, for a second order transition it shows a finite jump and for higher

order phase transitions, the specific heat is smooth.

In Fig. 6, we show results for the size dependence of the specific heat for di↵erent values of k. We

note that thermodynamic phase transitions only occur in the N ! 1 limit so information about the size

dependence is necessary for a correct understanding of the transition. For large couplings, the specific heat

has a broad maximum around the value of the gap, with a weak size dependence. Although the range of

sizes is rather limited, this is a strong indication of a crossover, not a transition. For very weak coupling

k = 0.05, the maximum is almost unnoticeable for N = 28 which suggests that larger couplings or larger

sizes are necessary for the wormhole phase to occur. Even for a larger N = 34, there is only a slight

indication of a gap in the spectrum and no clear signature of the transition. Larger values of N are necessary

to reach any firm conclusion. For a coupling strength of k ⇡ 0.2 around the one for which we have observed

a qualitative change in the ground state, there is a sharp jump of the specific heat for temperatures of the

order of the gap. The jump in the specific heat is noticeably sharper as N increases which strongly suggests

a phase transition takes place.

B. Solution of Schwinger-Dyson Equations

The above analysis, though illustrative, is not conclusive because of the limited size we can study by

exact diagonalization. In order to gain a more quantitative understanding, we have computed the free energy

and specific heat in the large N limit by solving the Schwinger-Dyson equations numerically. The details of

this calculation have been already explained in great detail in [39], to which we refer. The purpose of this

section is to perform a more precise analysis around the critical coupling kc.

SD	eq.	approach

non-RMT	region	disappears	at

c = �T
d2F

dT 2 	from	spectrum,	we	obtained

c = 1 	from	smooth	(though	sharp)	peak
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µ
µ
µ
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µ
µ
µ
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2.	Two	coupled	SYK	model



○		Propose	Hawking-Page	transiVon	⇒	chaos/integrable	transiVon

Summary	and	Future	works

Future	works:
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[TN-Rosa,	work	in	progress]

○		Does	C/I	transiVon	remains	and	becomes	sharp	transiVon	in	large	N	limit?

○		Gravity	interpretaVon	for															?

○		Check	C/I	transiVon	in	Lyapunov	exponent

Summary:

µ > µ⇤

○		GeneralizaVon	to	non-equal	(independent)	random	coupling	for	SYK			and	SYK

○		Studied	late	Vme	chaos	of	two	coupled	SYK	model	(dual	to	traversable	wormhole)

[TN-Numasawa,	in	preparaVon]
L																				R


