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Introduction

Review: SCFT/VOA correspondence

® [Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees, ‘13][Beem, Rastelli,
17]

® Consider V 4d N/ =2 SCFT T on ERZL?I,"EQ@?)@AL ~ ~
Symmetry generators P, K, H, M, M, r, R, R*|Q, Qr, S1, 5"

2 _ 4 (,— 0y o
® Ry, 5 =C.zCR* (2= a3 + imy)
R4
2
T1,T2



Introduction

Review: SCFT/VOA correspondence

3 special supercharge Q: Q2 =0

3 special operators: J[IIENITETTENOICAAN at (2, 2) € C, 2

Q-closed: [9,0(2,2)} =0

Q-Cohomology class [O(z, 2)]: independent of z

denote [O](2) = [O(z, 2)]

Induced OPE between classes: holomorphic

[O1(2 2)][02(0,0)] = [O1]([O2)(0) = D C1u(2)  [O(0)

k holomorphic coeff



Introduction

Review: SCFT/VOA correspondence

® The space of Schur operators forms a vertex operator algebra

(von

® Basic properties (among many) of x 1

o Must 3 Virasoro subalgebra Vo=_12¢,, C X7, generated by

= 3 = )00

L Schur index Jsci.. [ vacuum character g%y

g g (—1)F g e MR = B g (1)l

Ischur (qg=€2™T) cho[x ]

Depends on ¢ = ¢*™, not 3 [Nishinaka's talk]



Introduction

Review: localization

® Exact method to compute some path integral [Nekrasov, Pestun,
Hama, Hosomichi, many others] [Hosseini's talk]
® Crucial for dualities: AGT, AdS/CFT, mirror symmetry
® Input:
o Spacetime M (curved or flat)

o Supermultiplets ® and supersymmetry variations d®
o Supersymmetric action S[®] on M: §S5[P] =0

o Well chosen functional V[®] (“localizing/deformation term”):

(0V)bosonic =0, 6(5V[®]) =0



Introduction

Review: Supersymmetric localization

® “Localization argument”: if O(z;) = 0 = independence of s,
/[D‘D}O(mi)e—s[dﬂ — /[Dq)]o(mi)e—S[@}—s-av

Send s — +00: exact WKB approximation, contributions

from REEERSGITERIE (zeros of 0 VP Bosonic) only,

— 9
above = / O|BPS - € [BPs . Zl—loop . Znon—pert
BPSsoln



Introduction

Goal

e Combine the two: localization in the context of SCFT/VOA
® Using path integral

o Show Ischur = cho(x7), aka, a 77 partition function

o Compute correlation functions of Schur operators

o Explore surface defects in 7 and modular differential equations
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Preparation

Spacetime background

e Topology: $® x S': coordinate (¢, x, 0, t)

(Reason: Iscpy, is a partition function ZSSXSl)

5 o
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Spacetime background

e Topology: S x S': coordinate (¢, x, 0, t)

(Reason: Iscpy, is a partition function ZSSXSl)

5
Th—o

e “Boundary torus” 77_, C $* x S
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Spacetime background

Geometry: fixed by N' = 2 supersymmetry

Rigid limit of supergravity [Closset, Dumitrescu, Festuccia, Seiberg,

Solve spinor PDEs (Killing spinor equations) [Hama, Hosomichi]

Dufj—i- TAPU)\pO'Mg[: — iauf’l, e

e QOutput:
o SUSY transformation &, parameter &7, &;
o background fields g, Ty, (V') - -

[ ]

Output depend on (7, 3)
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Superconformal theories

e Fields: A/ = 2 vector multiplet and hypermultiplets

Aua DIJ 7)‘17"'; QIA,T/)A:u-
~—
hidden VIP

® Actions: Syy and Spw [Hama, Hosomichi, '12]

1 1 1
SvyMm = /\/§d4$— tr | sFu P+ .+ ~ DDV
P 2 2

1 1
SHM = /\/§d4$ <§DNQIADMQIA + ...+ QQIA(DL])ABqé)

® Crucial: Syy is d-exact on our geometry, Syn = 0=

= good localizing term
12/30



Localization

Localization
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Localization

BPS solutions

® Localizing term (S 01 = Syt + S +0V)

5V=(5—1MHM+ﬁC/V@f$5(wwﬁw#—@&ﬁ&)
~——

VM sector

HM sector

® BPS solutions (zeros of (§ V)|Bosonic)
(1) VM fields

A = adt (flat connections), p=¢=Dr=0

(2) HM fields: ¢4 solutions to elliptic PDE, one to one
correspondence with boundary values on T%:o
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Localization

Classical and one-loop

® On BPS solutions

1
S — 51 = /TQ Vadpdie B QuDEQp, Sy — 0
0=0

™

= B system on T2 (where Q4 = €T qua—e % ¢24)

® Quadratic fluctuations

2
ZHM-1-loop = 1, ZvM-1-loop = /[Db] [Dd]’ e

full path integral
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Localization

Schur index

3 ol .
® Isohur = Z2°°%5 localizes to

ocalize 1 _gT? _gT?
Ischur LW /da /[DQA]e ng/[DbHDc]’e Sch]

——
VM BPS HM BPS VM one—loop

= cho(xT = befy quotient)

® Reproduce the known contour integral formula of Ischur, €.8.

7—) dnn 3rank
I = d [ g 0
Schur W / a H 94 (a H 1 )

a#0

Zﬁ’y Zpe

16/30



Localization

Naive Schur letters

* Gauge invariant operator (“word") O(z € T5_,) from naive
“Schur letters” on S8 x St

)\zE ~I~z>\ P S\ZE ! ZS‘ ’ DZ
(& a 1) i (EoxAn }restricted on Ty

Qa = es 1A — € 224
® Fatal problem: 6O # 0 (non-BPS)
S\, =0\, ~ Dy, 6D, = —(\,— A,) = 00 ~ Dyj o, ).

= localization argument doesn’t apply!
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Localization

Naive Schur letters

* Gauge invariant operator (“word") O(z € T5_,) from naive
“Schur letters” on S8 x St

Az = (é{ﬁz)\l)v 5\2 = (510_25‘1)’

ip _ e
Qa=ezqa—€ 2qa

: }restricted onTs_,

® Fatal problem: 6O # 0 (non-BPS)
0N =0X,~ Dpj, 6Dy = —(A\,—X,) = 60 ~ Dy Ao, A
= localization argument doesn’t apply!

® Generalize localization argument

17/30



Localization

Generalize Localization Argument

e Allow O to depend on s
1
(0= / DBO, ¢~ 519130V

Insist s-independence

d
£<05>5 == 0 = <8505 - 05(5 >5 == O

= {1 [FETI AR prior to localization, a full path integral

equation needs to be verified

005=0;0s=0 . .
—=———" — usual localization

18/30



Localization

New Schur letters

® Gauge invariant word Oy(z; € T%_,) from new letters
\/g . A,27 \/g : S\Za DZ7 QA
—— =
A, A
® Main claim: if §%°Os(z;) = 0, then

4 (0uas = (0,0, 0,6V) =0

On-shell supercharge 0°° [EliF N IALIEN:
%A, ~ puz, 503[\2 ~ 0D, = 5\z - 6%Q4=0
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Localization

Short proof

® Integrate out Dj; in the path integral equation
0
—0 ~-Dfe 50 =
(@o) reve(o = )
~Drr - ~Drps A

Second term splits (using Dy 1-pt and 2-pt functions)

- 0 N
= (-1)fo 50=), = - <805> + (=1)Fe (5%0,E),
5 5
® The localizability condition

d

Z(Os(2))s = (9,05 = OBV) ~ (3°0s)s =0
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Localization

Localizing Schur operators

® §0Oq4(x) = 0: algebraic characteristics of Schur operators

[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees, ‘13]

Schur operators are localizable

® The localization formula

o 1
(Os=1)s=1 = (Og)s 52 W/da (O)irve  ZoeZay
——

2d Bybc VEV
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Modular Differential Equations

Modular Differential Equations
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Modular Differential Equations

N =4 SYM

® Example: N =4 SU(2) SYM
® 7 = “2d small N' = 4 superconformal algebra” (¢ = —9)

o Bosonic generators T(2), J¥(z)
T= [tr <—ﬂeijQ’DgQ7 . )\z)\zﬂ . Ji= [—5 - QZQJ}

o Fermionic generators G = [tr Q°A.], Gi= [tr Qij\z}

23/30



Modular Differential Equations

N =4 SYM

B Expect Sugawara condition: T+ J7.J; =0
® Verify ((T'+ J7J;;)(2) X(w;)) = 0 (g-series)
® Sample calculation: X =1

L[ 20%(2a)  9(0)
VA 1 1
7{‘1“ ﬁ7b087r2€2[ 191(2a) 90

1(2na + b)
B g_:l V4(2na + b)]

()=

In=4

) 1 1 [307(0)
i ]y = ——— & daZgpe—e— | ok
S IN_Jd“ ﬂ””‘f&r?ﬁ[ﬁa(m - ]
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Modular Differential Equations

N =4 SYM

® The Sugawara condition = 2nd order modular differential
equation (MDE) [Beem, Peelaers]

1 3
DM — §D§ + S Ea(7) + | Tsehur = 0

DY) ~ g0y, DY ~ (b0;)>
Covariant under SL(2|Z)

® Additional solutions ~ non-vacuum modules of x 1
[Gaberdiel, Keller]
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Modular Differential Equations

Monodromy defects and extra solution

® Include singular background gauge field A = a,dp
o F'~ 57«5:7”2 (szﬂ/2 “links” the boundary torus T5_,)
o gauge monodromy defect
® Recompute the Schur index with defect: new solution to the
MDE at special a,

= monodromy defect ~ non-vacuum module

® Related discussions on surface defects <+ non-vacuum module

[Cordova, Gaiotto, Shao; Dedushenko, Fluder ...]
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Summary and outlook

Summary and outlook
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Summary and outlook

Summary

® Apply localization to SCFT/VOA correspondence
® Generalize localization argument

o Localize Schur index
o Schur operators are localizable

o Integral formula for Schur correlation functions

e MDE additional solutions ~ surface defect

28/30



Summary and outlook

Outlook

e Schur correlators on S$* [Pan, Peelaers]?

® Relation to deformation quantization [Dedushenko, Pufu,

Yacoby][Beem, Peelaers, Rastelli]

® Modular transformation of Ig.,,, and surface defects

29/30



Thank you!
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