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a conserved charge in curved spacetime?
Conserved charge in curved spacetime

There are difficulties to calculate a gravitational conserved energy in curved
spacetime.

o InSR
Va( Tabfb) = 07

where n? is the unit normal to X and 2 a time-like Killing field.
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a conserved charge in curved spacetime?
Conserved charge in curved spacetime

There are difficulties to calculate a gravitational conserved energy in curved
spacetime.

@ In SR
V3 (Tpe?)=0, — E= / Tapn?t?
>

where n? is the unit normal to X and 2 a time-like Killing field.
This guarantees that total energy is conserved.

@ InGR ]
R/tll - ERQMV = 87TTHV

the energy properties of matter are represented by 7,,,,
but a gravitational field energy is not included in T,,,.
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a conserved charge in curved spacetime?
Conserved charge in curved spacetime

There are difficulties to calculate a gravitational conserved energy in curved
spacetime.

@ In SR
V3 (Tpe?)=0, — E= / Tapn?t?
>

where n? is the unit normal to X and 2 a time-like Killing field.
This guarantees that total energy is conserved.

@ InGR ]
R/tll - ERQMV = 87TTHV

the energy properties of matter are represented by 7,,,,
but a gravitational field energy is not included in T,,,.

But some methods have been developed such as ADM method, Komar
method, AD(T) method, and etc.
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Introduction what is Smarr Relation?

Smarr relation by Larry Smarr in 1973 2

R2 R2

12
_ RPde? 4 Sllr:lp@ (Aa2 sin?6 — (& + r2)2) dé?,
RP=rP+dcos’), A=r+a-2Mr+Q@, a

2 .2
dsZy = (1 - M) d? + 2dudr + 22579 omr — @aude — 2asin? ddrde

NI

The black hole’s area is written as

S=dr {2/\42 F2(M* — P — MPQP)E — QZ},

2Larry Smarr, “Mass Formula for Kerr Black Holes”,Phys. Rev. Lett. 30, 521
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The black hole’s area is written as
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S ar @ Qt)?
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2Mr — QP in?6
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_ RPde? 4 Sllr:lp@ (Aa2 sin?6 — (& +r2)2) dé?,

RP=r’+a’cos’0), A=r"+a —2Mr+ @,

Y
Il
NI

The black hole’s area is written as

S=dr {2/\42 F2(M* — P — MPQP)E — QZ},

S ar @ Qt)?

dM = TdS + QadJ + ¢dQ

2Larry Smarr, “Mass Formula for Kerr Black Holes”,Phys. Rev. Lett. 30, 521
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Introduction what is Smarr Relation?

Smarr relation by Larry Smarr in 1973 2

2 .2
dsty = (1 - %) du? + 2dudr + 233,';2 O (oMr — Q?)dudg — 2asin? dardg
.2
_ RPde? 4 Sllr:lp@ (Aa2 sin?6 — (& + r2)2) dé?,

NI

RP=r*+ad%cos?9, A=rr+a2-2Mr+Q@, a
The black hole’s area is written as

S=dr {2/\42 F2(M* — P — MPQP)E — QZ},

MZ[m* s Tzt s

2 2 473
S 4d @  =Q } 2 M(S.J. Q)

dM = TdS + QdJ + ¢dQ = M =2TS+2QJ +oQ

2Larry Smarr, “Mass Formula for Kerr Black Holes”,Phys. Rev. Lett. 30, 521
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Smarr relation by Larry Smarr in 1973 3

Euler theorem states that if a function f(x, y, z) obeys the scaling relation

f(a’x,ad%y,afz) = o' f(x,y, 2), (1)

rf(x,y,Z)zp(§£>X+q(a;>y+ (g;)z 2

M in terms of S, L and Q satisfies this relation having a following scaling

then it satisfies

Moc[L], SocL?, Joc[l], Qecl[L], 3)

then the Euler’s theorem yields

M= (g"s/’)s+ (%Aj)J+ (gg) 0. (@)

SLarry Smarr, “Mass Formula for Kerr Black Holes”,Phys. Rev. Lett. 30, 521
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Smarr relation by Bardeen, Carter, and Hawking

In 1973, this work resulted in “The Four laws of black hole mechanics*” by
Bardeen, Carter, and Hawking

4J. M. Bardeen, B. Carter and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973)
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_ 1 as,, D'kY = 1 / ds, R* &

a n - 8rGJ, "MV

™ Jov

1
— — L o LV
2/>:GIS“T”g SWGﬁdS“"D ¢
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™ Jov
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— — L o e
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Smarr relation by Bardeen, Carter, and Hawking
In 1973, this work resulted in “The Four laws of black hole mechanics*” by
Bardeen, Carter, and Hawking

1 1
- Hpv — g
= ds,., D"k 87rG/VdS“R 3

™ Jov

1
_ (<2 eV
<2 fanTie g f a0

Differential form is interpreted as the first law of black hole thermodynamics

4J. M. Bardeen, B. Carter and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973)
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Smarr relation by Bardeen, Carter, and Hawking
In 1973, this work resulted in “The Four laws of black hole mechanics*” by
Bardeen, Carter, and Hawking

_ 1 as,, D'kY = 1 / ds, R* &

a n - 8rGJ, "MV

™ Jov

1
_ (<2 eV
<2 fanTie g f a0

Differential form is interpreted as the first law of black hole thermodynamics

M= LA+ 045Q
8w

4J. M. Bardeen, B. Carter and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973)
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Black hole thermodynamics

To completely characterize the black hole thermodynamic properties, we
need to check
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Black hole thermodynamics

To completely characterize the black hole thermodynamic properties, we
need to check

@ the first law of black hole thermodynamics
and also

@ Smarr relation
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why we need Quasilocal Formalism?
Quasilocal Formalism

Why do we need a quasilocal frame?
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why we need Quasilocal Formalism?
Quasilocal Formalism

Why do we need a quasilocal frame?

@ Approaching infinity is not always an appropriate theoretical idealization,
and is never satisfied in reality

@ black hole thermodynamics in a quasilocal frame can be applied to
gravitational and matter fields within a bounded, finite spatial region

@ Intrinsically, thermodynamics for AdS black hole should be studied at a
quasilocal frame, becuase

THawking(| - §M£#|1/2 = 1) (5)
| —€"€,|"2 #£1 r— oo for AAdS (6)
because N(r) ~ r’, r— oo (7)
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why we need Quasilocal Formalism?
Black Hole Thermodynamics

@ For electrically charged and AF

aM = THawkingdS + ¢do7
M=2TS+oQ

@ For electrically charged and AAdS

aM = THawkingdS+ odQ + VdP,
M=2TS+oQ—-2PV
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why we need Quasilocal Formalism?
Black Hole Thermodynamics

@ For electrically charged and AF

aM = THawkingdS + ¢dQ7
M=2TS+oQ

@ For electrically charged and AAdS

aM = THawkingdS+ odQ + VdP,
M=2TS+oQ—-2PV

How they will change in a quasilocal frame????

M?,  Taawking?, S?, @7, Q7

(8)
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Quasilocal Quantities : how they are defined
Tolman Temperature

Hawking Temperature

1
THaWking = EK/ (9)
Tolman Temperature
1
7-Tolman = W THawking (1 O)
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Quasilocal Quantities : how they are defined
Brown-York Quasilocal Formalism

@ The renormalized gravity action

Srenormalized = SEH + SGH + SMIVl—counterterm

1 4 = € 3,/ 5
_Tst/Md xy/ gF?+—87TG/8Md XV h<K K>

@ The energy-momentum boundary stress tensor

ab 2 5Srenormalized 2 ( ab Aab)
T = TI' — T

N \/—h 6hab N \/—h

@ The quasilocal quantities

£ = Ualp®,

: ab

Ji = —0iaupT ",
i

s’ = aaonTab

where ¢ is a two-dimensional induced metric.
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Quasilocal Quantities : how they are defined
Entropy in QLF from Euclidean Formulation

Define quasilocal free energy

FH = TR/E,(fh,R) (1 1)
for example,
1 10 1 .
le=— — R--F?) - hF*™ n, A, — —— Vh(K - K
£ /M \@(167@ 4 ) o VIE Ay = g | VK= K)
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Quasilocal Quantities : how they are defined
Entropy in QLF from Euclidean Formulation

Define quasilocal free energy

FH = TR/E,(fh,R) =E— (DRQ— TRS (11)

for example,

—_ 1 g 1) L R
I = /M\@(mWGR 4F) BMﬁF e e aMﬁ(K K)

quasilocal entropy

S= T 4G
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Quasilocal Quantities : how they are defined
Entropy in QLF from Euclidean Formulation

Define quasilocal free energy

F,qv = TR/E,(rh,R) =E-— ¢RQ— TRS (11)

for example,

__ v g Te)_ uv __1 K
Ie = /Mfg<167ren 4F) aMﬁF e e aMﬁ(K K)

quasilocal entropy
_ FrR—(E-9rQ) _A
S= Tr - 4G (12)
Electric charge and potential
h
ou(r) = ANw'(n] . Qu= [ F. (13)
R

4
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QL Smarr Relation by Euler Theorem
Construction Smarr Relation at a quasilocal frame

How can we find Smarr Relation at a quasilocal frame???
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QL Smarr Relation by Euler Theorem
QL Smarr Relation for AF by Euler Theorem

Euler theorem says

Ex[’® Sx[°’? Ax[]’2 Q[
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Quasilocal Smarr Relation in Asymptotically Flat spacetimes QL Smarr Relation by Euler Theorem

QL Smarr Relation for AF by Euler Theorem

Euler theorem says

Ex[’® Sx[°’? Ax[]’2 Q[

Smarr Relation in a quasilocal frame

(D-3)E=(D- 2)(‘3"8/’)3 (D - 2)<%’Z)A+(D 3)(8"”)0. (14)
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QL Smarr Relation for AF by Euler Theorem

Euler theorem says

Ex[’® Sx[°’? Ax[]’2 Q[

Smarr Relation in a quasilocal frame

(D—3)E=(D-2)TS— (D —2)PA+ (D - 3)0Q. (14)
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Quasilocal Smarr Relation in Asymptotically Flat spacetimes QL Smarr Relation by Euler Theorem

QL Smarr Relation for AF by Euler Theorem

Euler theorem says

Ex[’® Sx[°’? Ax[]’2 Q[

Smarr Relation in a quasilocal frame

(D—3)E=(D-2)TS— (D —2)PA+ (D - 3)0Q. (14)

The first law of thermodynamics for charged black holes is

dE = TdS — PdA+ ¢Q
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Example : Charged BH in n-dimensions

2 2 2 2,2 2 1 _\/ 14 q°
ds® = —N(r)*dt® + h(r) dr® + r°dQ >, N(r)—m_ - o5t oy
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Example : Charged BH in n-dimensions

2 2 .2 2,2, 2 1 M P
as® = —N(r) at° + h(f) ar® + rrdQn_», N(r) = W =14/1- =3 + 72(n—3)
@ Tolman temperature : Troiman = ﬁ THawking

wp 2,n—2

@ Entropy : S =

@ quasilocal area : A = w,_2R"2

(n— 2)(n 3)

@ electriccharge : Q=+ ) quin—2

@ electric potential : (R) = a1/ 55 25 (,,,‘13 - %)
h
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Example : Charged BH in n-dimensions

ds? = —N(r)2af + h(rf2dr + PdQ 2, N(r) = o = \/1 - ,nu_s

h(r)

@ Tolman temperature : Troiman = ﬁ THawking

n—2
wp_2fy

4G
@ quasilocal area : A = w,_2R"2

@ Entropy : S =

(n— 2)(n 3)

@ electriccharge : Q=+ ) quin—2

@ electric potential : ®(R) = ﬁ\/%(,,ﬂa - %)
h

From the Brown-York formalism with the background subtraction method,

@ Quasilocal energy : E = (=25, ,R"™ 3{ VA 3):|

@ surface pressure : p = =2 [% (1 - Zr,,%a) - 1}
Azt 2y

Miok Park (KIAS) Quasilocal Smarr Relations
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Quasilocal Smarr Relation in Asymptotically Flat spacetimes Example

Example : Charged BH in n-dimensions

The first law of thermodynamics is satisfied

dE = TdS + ¢rdQ + PdA
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Quasilocal Smarr Relation in Asymptotically Flat spacetimes Example

Example : Charged BH in n-dimensions

The first law of thermodynamics is satisfied J

dE = TdS + ¢rdQ + PdA

The Smarr relation is satisfied J

(n—3)E = (n—2)TS+ (n—3)drQ + (n— 2)PA
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes QL Smarr Relation for AAdS by Euler Theorem

QL Smarr Relation for AAdS by Euler Theorem

The cosmological constant is identified as the pressure

A (n—1)(n-2)
8rG 1672

P=- (15)

Euler theorem says

Ex[® Sx[? Ax[]’2 Q«[L°® P72
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes QL Smarr Relation for AAdS by Euler Theorem

QL Smarr Relation for AAdS by Euler Theorem

The cosmological constant is identified as the pressure
A (n—1)n-2)

P="8:G" 16712

(15)
Euler theorem says
Ex[P3 Sx[? Ax[’? Q«[l’® P«IL?

Smarr Relation in a quasilocal frame

(D-3)E=(D- 2)(25)8—(D—2)(Z§)A+(D 3)( )Q 2(271:;)77
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes QL Smarr Relation for AAdS by Euler Theorem

QL Smarr Relation for AAdS by Euler Theorem

The cosmological constant is identified as the pressure

A (n—1)(n-2)
8rG 1672

P=- (15)

Euler theorem says
Ex[P3 Sx[U’? Ax[’? Q«[l’® PxIL?

Smarr Relation in a quasilocal frame

(D—3)E=(D-2)TS— (D —2)PA+ (D —3)dQ — 2PV

The first law of thermodynamics for charged black holes is

dE = TdS — PdA + ¢Q
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes Example

Example : Charged BH in n-dimensions

ds® = —N(r)?df? + h(r)?dr® + r*dQ,_»,

1 r2 I q2 f2
N(r) = Vet K=o+ g Mol =
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes Example

Example : Charged BH in n-dimensions

ds® = —N(r)?df? + h(r)?dr® + r*dQ, »,
1 re w q? re
NO=pn = VE K 7= T o NO(’):\/; (18)

@ Tolman temperature : Troiman = ﬁ THawking

n—2
@ Entropy : S = "2
@ quasilocal area : A = w,_oR"2
@ electric charge : Q = £/ @23 gy, ,
@ The electric potential : ®g = ﬁ 32(’;@52) (R,,q,a - rg%a)

@ pressure : P = %
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes Example

Example : Charged BH in n-dimensions

From the Brown-York formalism with the background subtraction method,
e Quasilocal energy : E = 273, ,R-3 (N(R) — NO(R)>

@ surface pressure :
_ —P=3)(kr(R°r} 2 R")+q? Ry ) — RPr 2 ((n—3)Rry2(n—2)r,R")

p w3 R1—1N(R)
n—1 n—1 n—
@ The thermodynamic volume : V = 2£ = 1&’1‘”1”);2 ((R N(;r)h ) _ ,\70(,;))
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes Example

Example : Charged BH in n-dimensions

From the Brown-York formalism with the background subtraction method,
e Quasilocal energy : E = 273, ,R-3 (N(R) - NO(R)>
@ surface pressure :

_ —P=3)(kr(R°r} 2 R")+q? Ry ) — RPr 2 ((n—3)Rry2(n—2)r,R")
p= w3 R1—1N(R)

n—1 n—1 n—
@ The thermodynamic volume : V = a7> = 157’1“1");2 ((R N(;r)h ) _ ,\70(,;))

The first law of thermodynamics is satisfied \

dE = TdS + ¢rdQ + PdA + VAP
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Quasilocal Smarr Relation in Asymptotically AdS spacetimes Example

Example : Charged BH in n-dimensions

From the Brown-York formalism with the background subtraction method,
e Quasilocal energy : E = 273, ,R-3 (N(R) - NO(R)>
@ surface pressure :

_ —P=3)(kr(R°r} 2 R")+q? Ry ) — RPr 2 ((n—3)Rry2(n—2)r,R")
p= w3 R1—1N(R)

n—1 n—1 n—
@ The thermodynamic volume : V = a7> = 157’1“1");2 ((R N(;r)” ) _ ,\70(,?1))

The first law of thermodynamics is satisfied

dE = TdS + ¢rdQ + PdA + VAP

The Smarr relation is satisfied

(n—3)E=(n—2)TS+ (n—3)®rQ + (n—2)PA— 2PV
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Conclusion and Future works

The Smarr relation for AF

(n—3)E=(n—2)TS+ (n—3)®rQ + (n— 2)PA

The Smarr relation for AAdS
(n=8)E=(n-2)TS+(n—3)gQ+ (n—2)PA—-2PV
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Conclusion and Future works

The Smarr relation for AF

(n—3)E=(n—2)TS+ (n—3)®rQ + (n— 2)PA

The Smarr relation for AAdS
(n=8)E=(n-2)TS+(n—3)gQ+ (n—2)PA—-2PV

Future works

@ Quasilocal Smarr relation for hairy black holes or dyonic black holes in an
asymptotically flat spacetime?
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