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1. Motivation
(Quick!)



1.2 Classical integrability of string theory

° Ade/CFTd 1: attractive examples of Gauge/Grawty duality
S e

d=5: [Maldacena-1998] g

1

4D N=4 SU(N) SYM (N— ) |

type lIB string on AdS5xS5

- Intriguing: integrable structures

allows us to determine physical quantities exactly,
even at finite coupling, without relying on supersymmetries.

e.g. scattering amplitudes, conformal dims. of composite ops.
spectrum of strings etc...

— Many directions of applications of integrability techniques!

A comprehensive review:

[Beisert et al-2010]
An ongoing series of

winter schools
of integrability (=YRISW)



1.2 Classical integrability of string theory

° Ade/CFTd 1: attractive examples of Gauge/Grawty duallty

d 5. mtegrable mtegrable
' deformed = = deformed |

type lIB string on AdS5xS5

4D N=4 SU(N) SYM (N— o) |

- Intriguing: integrable structures

allows us to determine physical quantities exactly,
even at finite coupling, without relying on supersymmetries.

e.g. scattering amplitudes, conformal dims. of composite ops.
spectrum of strings etc...

- Significant: integrable deformations
construct a variety of examples of T dualities keeping the integrability
— Want to follow a systematic approach for such deformations.

— Yang-Baxter deformation



1.3 A bit about Yang-Baxter deformation

o N
e The YB deformed o-model action i«iimcik 02, 03] (w/ WZ-term: [pelduc, Magro, Vicedo, 14] )
] . _ ge G
Sy= [ Pon®Tr|J Jy|  Ja=g '0ug€g

T const. deformation parameter

e Alinearoperator R: g — g

including the classical r-matrix r € gQg , r2= Zaj ® b,
R($)E 7“12,1@513 Za] b],ZC for CB,CLj,bjEQ

e The classical r-matrix is a solution of classlcal YB equation (CYBE)

712, 713] + |[r12, 23] + [r13,723] = 0

L. 7

v¢ The deformation simply labelled by the classical r-matrix
( Given some r, then the deformed background data follows automatically. )




7
1 ® 3 Ya n g - BaXte r (YB ) d efo rm atl o n [Delduc, Magro, Vicedo], [Matsumoto, Yoshida]

[Kawaguchi, Matsumoto, Yoshida]
' N
In summary, the method consists of

1. Put classical r-matrix into the YB deformed sigma model action:

\/)\_c 00 2m : : 1
_ ab  _a T ;
S 1 /—oodT/O do(~y €*?)S rjdol—)\Rod(Jb)

const. deformation parameter? ™~ cl. rrmatrix inserted.

2. Rewrite the action to read off the deformed background data
by comparing with the canonical formula:

)\c e 27
S =— \/4_/ dT/ do lvabGMN(‘?aXMabXN — EabBMNaaXMabXN]
—00 0

V216, [y8" — etod |, D O +O(6")

. 1 1
with Déj — 51‘](8a — ngnnrmn) + gU?{J@;nHmonnp [Cvetic-Lu-Pope-Stelle]
€<I>
8

1
[eI TPE, + —01'TPI"F,,,. +

1J t

25!

==,



1.3 Yang-Baxter (YB) deformation

4 ™
Important observations: Yang-Baxter = 0O(d, d)

Some YB-deformations related to O(d, d) transformations (or T-duality)

v TsT (T-duality-Shift-T-duaIity) transformation on 77  (alday, Aturyunov, Frolov] etc..

[Borsato, Wulff]
[Araujo et al]

¢ Some current-current deformations ~ some global O(d, d)

¥¢ T-fold (non-geometric) backgrounds ~ some local O(d, d) irernandezmelgarejo et al

¢ Non-abelian T-dual backgrounds isorsato, wuitf)

Complimentary: focus on integrability of O(d, d; R) without Yang-Baxter
— Use the O(d, d)-invariant formalism +un

— To understand classical integrability of non-geometric backgrounds,
started to focus on global O(d, d; R) transformations

Other motivations: - ,
[Ricci, Tseytlin, Wolf], [Beisert]

T-duality vs. conformal symmetry on AdS: X S° (dual conformal symmetry),

TT-deformation (see Kentaroh'’s talk) iGiveon, itzhaki, Kutasov] etc...
ettt —————




1.4 Upshot

Y% Motivated by two recent developments in string theory

1. Classical integrability of string theory

2. Duality invariant approach to string theory

¢ Take home message: a synthetic study of the above topics

e Systematically obtained O(d, d)-deformed Lax pairs
via doubled formalism (or O(d, d)-map)
e Global O(d, d; R) transformations = integrable




2. Classical integrability

(=the existence of Lax pairs)

of WZW models
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2.1 Basics of WZW model (on S° w/ H-flux)

4 N
Given the action
1 . . ? . . .
Slgl = —= | Trlju Axju]+ o [ TrljL Aje A gl
4 Js., 3! Jy,
(Six) Noether currents (for SU(2); X SUQ2)y, ) ?L - +g_1d91
(and flat) Jjr=—dgg~
JL:(l—’i*)jL, JR:(1+Z*)]R

— (Six) Lax pairs given by

ﬂ:spectral .
,CL/R — CLAJL/R—l-b)\*JL/R

1
satisfying dL + £ A L = 0 on-shell for L and R. .

(flatness, zero-curvature condition) by = 5 sinh A
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2.2 Lax pair and monodromy matrix

4 ™)
Given Lax pairs, the monodromy matrix

S e _
T (17; A) = Pexp —/ do'L, (o)

— OO -

=1+ ) A" Q)(7)
n=0

0

satisfying the conservation laws: — o) — 0, n € Z>g
(using flatness of Lax pairs) oT =

The co-number of conserved charges written in non-local forms.
Intriguing: determine the type of algebra for their commutators.

Note: Lax connections (flat currents) are unique up to gauge transf.

LS L=h'Lh+htdh hed
e —————




2.3 Concrete gauged Lax pairs for S° w/ H-flux

Fl”'f

~Z4:To YT+ Z-To

Given an SU(2) element g =c¢ €
— o (Z1+22)T2 YT (21— 22)T

1
[Ta,Tﬁ] = €a57T’77 Tr (TaTB) - _550467 €123 — 1

hi = e (41=22)T2 for L
and by — e~ (D1H7)Ts gorR , the gauged Lax pairs are




2.3 Concrete gauged Lax pairs for S° w/ H-flux

r D
Given an SU(2) element g = ¢ “+12e" T1et4-12

— o (Z1+22)T2 YT (21— 22)T

1
[Ta,Tﬁ] = 60457T’77 Tr (TaTﬁ) - —5(5@5, €123 — 1

hi = e (41=22)T2 for L
and by — e (D14 2T forR , the gauged Lax pairs are

L2 = —Fy(\)[dZ, — dZy — cosY (A2 + dZ5)] — (dZ1 — dZ,),
£3 — —I—Fl()\) sin Y (le + dZQ) , Fy(N) = [(iby — ay) + (iay — by) *]
FQ()\) [(’Lb)\ + CL)\) + (iCL)\ + b)\) *]

LE = 4+F,(\)dY.
L2 = +F5(\) [d21 +dZy —cosY (A2 — d25)] — (dZy + dZ,)
L3 =4+F,(\)sinY (dZ; — dZ,)

7 Remove the explicit dependence on (Zl, Zz) !
el




3. Doubled formalism
and

O(d, d) transformations



3.1 Setting of doubled formalism xun) -

4 ™
Assume the following situation:

Doubled torus 7%¢
Doubled coords: X' = (X' X.)

~

Dual torus fiber Td

Dual coords: Yi
( cf: Buscher rule)

Torus fiber 7%

Adapted coords: X'
( Killing vectors: 0y )

Local coords: Y

Base manify




3.2 Action of doubled formalism (Hun; '

4 ™)
Doubled sigma model action:

1
S = / M dX! A *dX7 4+ dXI A x T (V) + L(Y)

with the generalized metric . No X° |

Letsome g € O(d,d) act as

H — ¢'Hg, dX — ¢ 'dX, T — ¢'T
, then the action is invariant.

Note!
X—g¢g'X, ge0(d,d;Z) : symmetry

g € O(d,d;R) : deformation (sol. generating tech.)
e ————————————————————————————




3.2 Action of doubled formalism (Hun; '

4 ™)
Doubled sigma model action:

1
S = / M dX! A *dX7 4+ dXI A x T (V) + L(Y)

2 A

¥ 0(d, d; R) deformations via field redefinition:

H(G,B) = ¢"Hg = H(G',B)), dX — ¢ 'dX =dX

MMM A A

[% — ¢'Hg, dX — g_ldXJ T — ¢t T

, then the action is invariant.

Note!
X—g¢g'X, ge0(d,d;Z) : symmetry

g € O(d,d;R) : deformation (sol. generating tech.)
N ————————————————————




3.3 Constraint on doubled formalism (Hun; Y

4 N
(Suppose that there is no source term)

To get back to the sigma model from the doubled action
one condition imposed (self-duality constraint) :

dX? = LTIH 5 5 dXE (1 o)
Liy=

0 1
Unpackaging the constraint,

dX; =« (GijdX7? + B;j % dX7) = *J;

Y% The winding coordinates turn into U(1)-isometry currents.
PA dszi = 0 leads to the conservation of /. (EOMs for X').

EOMs for X and Y

+ self-duality constraint

EOMs for X'and Y

of doubled sigma model of physical sigma model
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3.4 O(d, d) ('dualitY) map [Rennecke]

4 | ™
The transformation rule for dX' under global O(d, d) :

/=1 o . . .
Start from dX' = g~ "dX with o (a 5) ol B i 657

Y 0 : d X d matrices.

Then dX' = a;dX"7 + gYdX'; .

Using the self-duality constraint,

3 ™y
dX' = a';dX"7 + B9 % J; | =D;(dX")

e - —

Thus, the O(d, d) action on Lax pairs:

H 2(dX) — [L’ dX’") = L(dX — D(dX"))

A s AR £t ARSVRL RS AMSARNRAAN AR L AN AN S M

Just applied the O(d, d) map to the gauged Lax pairs!




19

3.5 Flatness of O(d, d)-deformed Lax pairs

Fl"'f

W
Do O(d, d)-deformed Lax pairs satisfy zero-curvature condition?
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3.5 Flatness of O(d, d)-deformed Lax pairs

F’r

_\‘
Do O(d, d)-deformed Lax pairs satisfy zero-curvature condition?

dL + L N L = 0 (on-shell)




1

3.5 Flatness of O(d, d)-deformed Lax pairs

9

r"’f

Do O(d, d)-deformed Lax pairs satisfy zero-curvature condition?

Anyways, start from the curvature of Lax connections

A

dL + L A L = (EOMs)
forX'and Y

of the undeformed model

"‘\!
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3.5 Flatness of O(d, d)-deformed Lax pairs

4 ™
Do O(d, d)-deformed Lax pairs satisfy zero-curvature condition?

Anyways, start from the curvature of Lax connections

A

dL + L A L = (EOMs)
forX'and Y

of the undeformed model

¢ The doubled action S = S’ is invariant under O(d, d).

1. The EoM for Y of the undeformed model
— The EoM for Y of the deformed model.

2. The EoMs for X' of the undeformed model

— A linear combinations of EoMs for X' ’s.

(thanks to the self-duality constraint)
e e—————————————————————————————




3.5 Flatness of O(d, d)-deformed Lax pairs

20

r"’f

The transformation rule for in under global O(d, d) :

Y 0 : d X d matrices.

I 41 . | g |
Start from dX = ¢~ "dX with . (a 5) SOC RN
Then dj\(:z — ’yf,;jdX/j + 5zkd5(:/k
Using the self-duality constraint,

*Ji = ’}/ijdX,j + (Szk * J/k
Nemsmssmem s mms———————————
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3.5 Flatness of O(d, d)-deformed Lax pairs

r"’f

The transformation rule for in under global O(d, d) :
/=1 o . . .
Start from dX = ¢~ "dX with g: (a 5) ol B i 657

Y 0 : d X d matrices.

Then d)A(/z — "yf,;jdX/j + 5zkd5(:/k

Using the self-duality constraint,

i ™y

d*Jf,; :5ikd*J/k

PANRAP PANRAAN LS LANAMSL RO — " " J

.

Field equations of the original model are mapped to those
of the deformed model.

Zero-curvature conditions guaranteed after O(d, d) transformations ¢/




4. Application



4.1 JJ (current-current) deformation iHassan, sen)

22

r"’f

1
(0
I=1 o

\—1

Marginal deformation by the operator of

oa+oo o o IR 7 |
010 -5~ Z210) [ Pt T

0
1

1+tan o
1

1+tan o

0

0

tan «

o 1—|—1tan s

1+tan o

0

Deformed generalized metric obtained by
the O(2,2) matrix

tan «
o)

0
1)

Deformed U(1) currents
in the Cartan subalgbera

in the basis of

~ ~\t
XI — (Zl,ZQ,Z]_,ZQ>

Deformed background data obtained via field redefinition

g'H(G,B)g = H(G', B

S ——




4.1 JJ (current-current) deformation

23

r"’f

Given the O(2,2) matrix and deformed background data,
apply the O(2,2) map to (dZ;,dZ,) : dX* = a*;dX"7 + 89 x J';.

1
dZy = p—— [dZ’y — tan a % Jy ()]

1 0 0 tan o le — dZ,l + tan o % JQ(O&)
g= (8 1+tan o _1—|-1tana 0 )
1
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4.1 JJ (current-current) deformation

4 ™
Given the O(2,2) matrix and deformed background data,

apply the O(2,2) map to (dZ;,dZ,) : dX* = a*;dX"7 + 89 x J';.

1
dZy = p—— dZ'y — tan a % Jy ()]

0 0 tan a le — dZ/l + tan o % JQ(C\{)
—1 0

L2 = —F(\)[dZ, —dZy —cosY (dZ1 + d25)] — (A2, — dZs),
L3 =4+F(\)sinY (dZ; + dZ,),

L2 = +F(\) [dZ) + dZs — cosY (dZ) — dZ5)] — (dZ) + dZ,)
2,3 — —|_F2()\) sinY (le — dZQ)

S —
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4.1 JJ (current-current) deformation

4 ™
Given the O(2,2) matrix and deformed background data,

apply the O(2,2) map to (dZ;,dZ,) : dX* = a*;dX"7 + 89 x J';.

(1 0 0 tanoz) le — dZ,l + tan o * JQ(OK) — @1((12/)
0 1 __tana 0
I=1 o

I+tana T-+tan o 0 1 p
1+tan o l14+tan o dZ p— dZ — t * e]
10 0 1 2 |+ tan o [ 2 an & 1(04)]
= Dy (dZ’)

dL + L' A L = 0 still holds.
T




5. Conclusions and Outlook



5 Conclusions and Outlook

25

r"’f

S ——

This work completed the classical integrability of any global
O(d, d; R) transformation using the doubled formalism.

Possible future directions:

[work in progress]

v What type of algebra of non-local charges? ixwasuchi, Matsumoto, oshic

[Kawaguchi, Yoshida]

v¢ The O(d, d) map for the spectral parameter 4 ?

Y% The classical integrability of doubled formalism itself?

Beyond global O(d, d; R):

¢ Extension to local O(d, d; R) transformations?

— classical integrability of non-geometric backgrounds

(What would be a collective T-duality invariant framework...?)







