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1. Motivation 
(Quick!)



1.2 Classical integrability of string theory
4

• AdSd/CFTd-1: attractive examples of Gauge/Gravity duality

d=5: [Maldacena-1998]

type IIB string on AdS5xS5 4D N=4 SU(N) SYM (N→∞)‘        ’

- Intriguing: integrable structures
allows us to determine physical quantities exactly, 
even at finite coupling, without relying on supersymmetries.

A comprehensive review: 
[Beisert et al-2010]

e.g. scattering amplitudes, conformal dims. of composite ops.  
 spectrum of strings etc…

→ Many directions of applications of integrability techniques!

An ongoing series of  
winter schools 
of integrability (=YRISW)



• AdSd/CFTd-1: attractive examples of Gauge/Gravity duality

d=5:

type IIB string on AdS5xS5 4D N≦4 SU(N) SYM (N→∞)‘        ’deformed deformed
integrable integrable

e.g. scattering amplitudes, conformal dims. of composite ops.  
 spectrum of strings etc…

- Significant: integrable deformations
construct a variety of examples of ↑dualities keeping the integrability

1.2 Classical integrability of string theory

- Intriguing: integrable structures
allows us to determine physical quantities exactly, 
even at finite coupling, without relying on supersymmetries.

→ Want to follow a systematic approach for such deformations.

→ Yang-Baxter deformation

5
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1.3 A bit about Yang-Baxter deformation

•  The YB deformed σ-model action                     (w/ WZ-term:                                  )[Klimcik 02, 08]

S� =

Z
d2� ⌘ab Tr


Ja

1

1� �R
Jb

�

<latexit sha1_base64="CFb4OB2cQQmVEQOoFEspio4yxac="></latexit><latexit sha1_base64="CFb4OB2cQQmVEQOoFEspio4yxac="></latexit><latexit sha1_base64="CFb4OB2cQQmVEQOoFEspio4yxac="></latexit><latexit sha1_base64="kdk5ZvzPamrQjYP1aJOECic/vzU="></latexit>

↑ const. deformation parameter

•  A linear operator R : g ! g
<latexit sha1_base64="s/nJ0/ACv8bm6FhGICqe5aMZs6c="></latexit><latexit sha1_base64="4Y/3hF1WYrzGZZbC+PrKdYFeWdI="></latexit><latexit sha1_base64="4Y/3hF1WYrzGZZbC+PrKdYFeWdI="></latexit><latexit sha1_base64="g6eP2l1yV3P5jNT9AsSsrMsaEcI="></latexit>

R(x) ⌘ hr12, 1⌦ xi =
X

j

aj hbj , xi

<latexit sha1_base64="VGwOldjEBC8abThoyHrDC16ovNM="></latexit><latexit sha1_base64="VGwOldjEBC8abThoyHrDC16ovNM="></latexit><latexit sha1_base64="VGwOldjEBC8abThoyHrDC16ovNM="></latexit><latexit sha1_base64="QxnfQoQawNIiFLmrpauYbAFn2u8="></latexit>

 including the classical r-matrix                             , r12 =
X

j

aj ⌦ bj

<latexit sha1_base64="0LA3B5uiqUFb5sjYvCFBrNFk4ik="></latexit><latexit sha1_base64="t1FKYbhS3909fVXPV1xitMjv2z0="></latexit><latexit sha1_base64="t1FKYbhS3909fVXPV1xitMjv2z0="></latexit><latexit sha1_base64="cHvtyEWO2f/Qc5zm1abRnTPqOQ0="></latexit>

x, aj , bj 2 g
<latexit sha1_base64="15Jn6ICtlnkC2bpBMUggGzyqKqg="></latexit><latexit sha1_base64="3pnmhGlYXZtFCA39UWX8PitlhQk="></latexit><latexit sha1_base64="3pnmhGlYXZtFCA39UWX8PitlhQk="></latexit><latexit sha1_base64="rvo4sWvM8RVkOBI+s7aXX4D59Kg="></latexit>

r 2 g⌦ g
<latexit sha1_base64="q1CL8GZH4m7V0cJvC0iBRHJ9Ask="></latexit><latexit sha1_base64="SsczMTEq+FJw2vYMFPcrbvHWrdc="></latexit><latexit sha1_base64="SsczMTEq+FJw2vYMFPcrbvHWrdc="></latexit><latexit sha1_base64="K0K03g94TSQAiTtrORxP+kEopMY="></latexit>

for

• The classical r-matrix is a solution of classical YB equation (CYBE)

[r12, r13] + [r12, r23] + [r13, r23] = 0
<latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="qFLFCxRUW7dg7SmdGk2kNontlaA="></latexit>

☆ The deformation simply labelled by the classical r-matrix 
( Given some r, then the deformed background data follows automatically. )

g 2 G
<latexit sha1_base64="PFUDLJRJckeVfnb3lqOQaBo4WgU="></latexit><latexit sha1_base64="XkWca2PIkdnYN2fjJdFVJNg4HqU="></latexit><latexit sha1_base64="XkWca2PIkdnYN2fjJdFVJNg4HqU="></latexit><latexit sha1_base64="aEgwlNjXdIM5i3bLgHAqS2p71yk="></latexit>

Ja = g�1@ag 2 g
<latexit sha1_base64="VAERxa1g5Arvwm5AmnemWGxWGrQ="></latexit><latexit sha1_base64="j+muaFxCe3fWWQ4FRRpO97iVt/o="></latexit><latexit sha1_base64="j+muaFxCe3fWWQ4FRRpO97iVt/o="></latexit><latexit sha1_base64="XjvJ9k6UfLyf929mq7gNgFBf/CQ="></latexit>

Pµ ,Mµ⌫ , D
<latexit sha1_base64="3uTetxUMapCJlyqz4Wc6AFdnWPc="></latexit><latexit sha1_base64="3uTetxUMapCJlyqz4Wc6AFdnWPc="></latexit><latexit sha1_base64="3uTetxUMapCJlyqz4Wc6AFdnWPc="></latexit><latexit sha1_base64="XLcuOn+fHAURQqtCH+5Ns2rU1I8="></latexit>

[Delduc, Magro, Vicedo, 14]
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1.3 Yang-Baxter (YB) deformation

In summary, the method consists of

1. Put classical r-matrix into the YB deformed sigma model action:

const. deformation parameter↑

2. Rewrite the action to read off the deformed background data  
     by comparing with the canonical formula:

S = �

p
�c

4

Z 1

�1
d⌧

Z 2⇡

0
d�
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⇤
ema �mDJK

b ⇥K +O(✓4)
<latexit sha1_base64="lykUs3dEBMl5g14uLF48Yjld+4Y="></latexit><latexit sha1_base64="lykUs3dEBMl5g14uLF48Yjld+4Y="></latexit><latexit sha1_base64="lykUs3dEBMl5g14uLF48Yjld+4Y="></latexit><latexit sha1_base64="qRC7+D4EgJpw9EXVPOLCYWDAD3E="></latexit>
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✏
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<latexit sha1_base64="4bLtmrC+z5Nh/PNeM6/jjb4NY40="></latexit><latexit sha1_base64="4bLtmrC+z5Nh/PNeM6/jjb4NY40="></latexit><latexit sha1_base64="4bLtmrC+z5Nh/PNeM6/jjb4NY40="></latexit><latexit sha1_base64="dUD4XkzF84NzRBCD8TtZHxjCyaw="></latexit>

S = �
p
�c

4

Z 1

�1
d⌧

Z 2⇡

0
d�(�ab � ✏ab)STr


Ja d � 1

1� �R � d (Jb)
�

<latexit sha1_base64="GwNgsSe4Jvn50hwsXDSVIvnzft4="></latexit><latexit sha1_base64="GwNgsSe4Jvn50hwsXDSVIvnzft4="></latexit><latexit sha1_base64="GwNgsSe4Jvn50hwsXDSVIvnzft4="></latexit><latexit sha1_base64="Lnmkr2r0PhNzClrxwH1aszrQ5eE="></latexit>

[Cvetic-Lu-Pope-Stelle]

cl. r-matrix inserted.

[Delduc, Magro, Vicedo], [Matsumoto, Yoshida] 
[Kawaguchi, Matsumoto, Yoshida]
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1.3 Yang-Baxter (YB) deformation

Important observations: Yang-Baxter → �O(d, d)

Some YB-deformations related to �  transformations (or T-duality)O(d, d)
☆ TsT (T-duality-shift-T-duality) transformation on �T2

☆ T-fold (non-geometric) backgrounds ~ some local �O(d, d)
☆ Some current-current  deformations ~ some global �O(d, d)

☆ Non-abelian T-dual backgrounds

Complimentary: focus on integrability of �  without Yang-BaxterO(d, d; ℝ)
→ Use the � -invariant formalismO(d, d)
→ To understand classical integrability of non-geometric backgrounds, 

started to focus on global �  transformationsO(d, d; ℝ)

T-duality vs. conformal symmetry on �  (dual conformal symmetry),AdS5 × S5

� -deformation (see Kentaroh’s talk)TT̄

Other motivations:

[Alday, Aturyunov, Frolov] etc…

[Borsato, Wulff]
[Araujo et al]

[Fernandez-Melgarejo et al]

[Borsato, Wulff]

[Ricci, Tseytlin, Wolf],  [Beisert]

[Giveon, Itzhaki, Kutasov] etc…

[Hull]
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1.4 Upshot

☆ Motivated by two recent developments in string theory

1.  Classical integrability of string theory

2.  Duality invariant approach to string theory}
☆ Take home message: a synthetic study of the above topics

• Systematically obtained � -deformed Lax pairsO(d, d)
 via doubled formalism (or � -map)O(d, d)

• Global �  transformations = integrableO(d, d; ℝ)

9



WZW2. Classical integrability 
(=the existence of Lax pairs) 

of WZW models



2.1 Basics of WZW model (on �  w/ � -flux)S3 H

\

Given the action

S[g] = �1

4

Z

⌃2

Tr [jL ^ ?jL] +
i

3!

Z

V3

Tr [jL ^ jL ^ jL]
<latexit sha1_base64="aLE3Dbq+3tIaISejnHl3Bc30p3o="></latexit>

(Six) Noether currents (for �  ):SU(2)L × SU(2)R

JL = (1� i ?) jL , JR = (1 + i ?) jR
<latexit sha1_base64="ZzjmKj+8hF5b117TqEIn48YlqVU="></latexit>

(and flat)
jL = +g�1dg

jR = �dg g�1
<latexit sha1_base64="S4wt6pxlLGXB4b70z3Z1yEcVtJg="></latexit>

→ (Six) Lax pairs given by 

a� =
1

2
(1� cosh�)

b� =
1

2
sinh�

<latexit sha1_base64="ZhBuODgtR+XpT969dDgnPqVqREg="></latexit>

LL/R = a�JL/R + b� ? JL/R
<latexit sha1_base64="2PxY464y9Wrvfr4VVHjSVU9zfF8="></latexit>

dL+ L ^ L = 0
<latexit sha1_base64="VEr079Rttd3X6kkY5xUKIbjEfWY="></latexit>

satisfying                                     on-shell for �  and � .L R
(flatness, zero-curvature condition)

� : spectral 
     parameter
λ
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2.2 Lax pair and monodromy matrix

\

Given Lax pairs, the monodromy matrix

satisfying the conservation laws:

T (⌧ ;�) = Pexp


�
Z +1

�1
d�0L�(�

0)

�

= 1 +
1X

n=0

�n+1Q(n)(⌧)
<latexit sha1_base64="j3I48Af4RiEfTuDJcGUaVTmmO5c="></latexit>

@

@⌧
Q(n) = 0, n 2 Z�0

<latexit sha1_base64="p8n1O84CB4XJpzXLyA7+1s+bBFI="></latexit>

The � -number of conserved charges written in non-local forms.∞
Intriguing: determine the type of algebra for their commutators.

(using flatness of Lax pairs)

Note: Lax connections (flat currents) are unique up to gauge transf.

L ! L̂ = h�1Lh+ h�1dh
<latexit sha1_base64="ouRJea8AayO9FtdDqzUZ1tfngZA="></latexit>

h 2 G
<latexit sha1_base64="LeD666bqJf0L+v1n65QMTjzdmy0="></latexit>
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2.3 Concrete gauged Lax pairs for �  w/ � -fluxS3 H

\

Given an �  element SU(2) g = e�Z+T2eY T1e+Z�T2

= e�(Z1+Z2)T2eY T1e+(Z1�Z2)T2
<latexit sha1_base64="eUE7Cn0PezC5s752fytRmQz5fs4="></latexit>

[T↵, T� ] = ✏↵��T� , Tr (T↵T�) = �1

2
�↵� , ✏123 = 1

<latexit sha1_base64="dcj8AAnyecY8fozarmbkpbshd1w="></latexit>

and                                                    , the gauged Lax pairs are }hL = e�(Z1�Z2)T2

hR = e�(Z1+Z2)T2
<latexit sha1_base64="8X4oSAI6sH/bR0Mz6Tlp/D++ElE="></latexit>

for �L

for �R
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2.3 Concrete gauged Lax pairs for �  w/ � -fluxS3 H

\

Given an �  element SU(2) g = e�Z+T2eY T1e+Z�T2

= e�(Z1+Z2)T2eY T1e+(Z1�Z2)T2
<latexit sha1_base64="eUE7Cn0PezC5s752fytRmQz5fs4="></latexit>

[T↵, T� ] = ✏↵��T� , Tr (T↵T�) = �1

2
�↵� , ✏123 = 1

<latexit sha1_base64="dcj8AAnyecY8fozarmbkpbshd1w="></latexit>

and                                                    , the gauged Lax pairs are }hL = e�(Z1�Z2)T2

hR = e�(Z1+Z2)T2
<latexit sha1_base64="8X4oSAI6sH/bR0Mz6Tlp/D++ElE="></latexit>

for �L

for �R

L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit>

F1(�) = [(ib� � a�) + (ia� � b�) ? ]

F2(�) = [(ib� + a�) + (ia� + b�) ? ]
<latexit sha1_base64="isMFOlLnazcLXo5xMWLXLJ0xCJk="></latexit>

☆ Remove the explicit dependence on �  !(Z1, Z2)
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�O(d, d)
3. Doubled formalism 

and 
�  transformationsO(d, d)

�Xi X̃ i



3.1 Setting of doubled formalism

\

Assume the following situation: 

Base manifold

Torus fiber �Td

Adapted coords: �Xi

( Killing vectors: �  ) ∂Xi

Dual torus fiber �̃Td

Dual coords: �̃X i
}Doubled torus �T2d

Doubled coords: �𝕏I = ( Xi X̃ i )t

( cf: Buscher rule )

Local coords: �Y

[Hull]
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3.2 Action of doubled formalism

\

Doubled sigma model action: 

with the generalized metric

HIJ =

✓
G�BG�1B BG�1

�G�1B G�1

◆

IJ
<latexit sha1_base64="+XhKrvcpHR2gcyAAP86Q0rSy5fA="></latexit>

Let some �  act asg ∈ O(d, d)

, then the action is invariant.

H ! gtHg, dX ! g�1dX, J ! gtJ
<latexit sha1_base64="JT1+bC+r9XaKdSk7dxTD9PEK2L8="></latexit>

X ! g
�1X, g 2 O(d, d;Z)

<latexit sha1_base64="HWnCa9VI3NICMSkLtePlpu0tiGI="></latexit>

Note!
: symmetry

g 2 O(d, d;R)
<latexit sha1_base64="fzBG5GV+OleoiK4h9mlotSuISLQ="></latexit>

: deformation (sol. generating tech.)

No

2 O(d, d)
<latexit sha1_base64="Y+X3IgxuvCtVYJFlvbC7SL8ZZUw="></latexit>

Xi
<latexit sha1_base64="IrgHKjfkLTvBq2dw1JHAvk40PFE="></latexit>

S =

Z
1

2
HIJ dXI

^ ?dXJ + dXI
^ ?JI(Y ) + L(Y )

<latexit sha1_base64="BMjPLcabaNm8V0jfgjQOKVAodUc="></latexit>

[Hull]
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3.2 Action of doubled formalism

\

Doubled sigma model action: 

with the generalized metric
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2 O(d, d)
<latexit sha1_base64="Y+X3IgxuvCtVYJFlvbC7SL8ZZUw="></latexit>

Xi
<latexit sha1_base64="IrgHKjfkLTvBq2dw1JHAvk40PFE="></latexit>

S =

Z
1

2
HIJ dXI

^ ?dXJ + dXI
^ ?JI(Y ) + L(Y )

<latexit sha1_base64="BMjPLcabaNm8V0jfgjQOKVAodUc="></latexit>

☆�  deformations via field redefinition:O(d, d; ℝ)

H(G,B) ! gtHg = H(G0, B0), dX ! g�1dX = dX0
<latexit sha1_base64="rYsVVOKQM3aD6HinwEagLeOBj9I="></latexit>

[Hull]
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\

(Suppose that there is no source term)

To get back to the sigma model from the doubled action
one condition imposed (self-duality constraint) :

dXI = LIJ
HJK ? dXK

<latexit sha1_base64="YpmnQsVeiTpnrfFnv7Thpca2iMk="></latexit>

LIJ =

✓
1 0
0 1

◆

<latexit sha1_base64="x+2FIo9LTn8Ye3GTdu73cDhkU9A="></latexit>Unpackaging the constraint, 

d eXi = ?
�
GijdX

j +Bij ? dX
j
�
= ?Ji

<latexit sha1_base64="4+1FtdylfPsbnwhtvytBf1IFNZU="></latexit>

☆ The winding coordinates turn into � -isometry currents.U(1)
☆ �  leads to the conservation of �   (EOMs for � ).d2 X̃ i = 0 Ji Xi

}EOMs for �  and �𝕏I Y
+ self-duality constraint }EOMs for �  and �Xi Y

of physical sigma modelof doubled sigma model

3.3 Constraint on doubled formalism [Hull]
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\

The transformation rule for �  under global �  :dXi O(d, d)

3.4 �  (-duality) mapO(d, d)

Start from                               withdX0 = g�1dX
<latexit sha1_base64="LGrjcAnl6uuOaJxlDJEMRPHrmbU="></latexit> ↵i

j , �ij , �ij , �i
j

<latexit sha1_base64="OuipnjSFcRMYFkuWgxI1qCpoqH0="></latexit>

: �  matrices.d × d

dXi = ↵i
jdX

0j + �ijd eX 0
j

<latexit sha1_base64="RTWOEOPh2Q/QjdTEIPNwzUqqMd0="></latexit>

g =

✓
↵ �
� �

◆

<latexit sha1_base64="s7rNsRaFLIb7hsGd4klAsoLtdB4="></latexit>

Then                                                 .
Using the self-duality constraint,

dXi = ↵i
jdX

0j + �ij ? J 0
j

<latexit sha1_base64="D/ddqs7vwcCzwLeIwl3m55+C0J0="></latexit>

Thus, the �  action on Lax pairs: O(d, d)

Gauging

L �! L̂(dX) �! L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="3ur7HeiAl0+NB8wveF4Ck2oSgcY="></latexit>

Just applied the �  map to the gauged Lax pairs!O(d, d)

= Di(dX
0)

<latexit sha1_base64="vmNbZv3ZDcaC8GOfagQg0Je2/5U="></latexit>

[Rennecke]
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\

Do � -deformed Lax pairs satisfy zero-curvature condition?O(d, d)

3.5 Flatness of � -deformed Lax pairsO(d, d)
19



\

Do � -deformed Lax pairs satisfy zero-curvature condition?O(d, d)

3.5 Flatness of � -deformed Lax pairsO(d, d)

dL+ L ^ L = 0
<latexit sha1_base64="J9uKD1jafYfH0C6VAllZ8Kbq1KI="></latexit>

(on-shell)

19



\

Do � -deformed Lax pairs satisfy zero-curvature condition?O(d, d)

3.5 Flatness of � -deformed Lax pairsO(d, d)

Anyways, start from the curvature of Lax connections

dL̂+ L̂ ^ L̂ = (EOMs)
<latexit sha1_base64="jGpnyV2/JS1jKACtVQO0X7xHkU8="></latexit>

 of the undeformed model
for �  and �Xi Y
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\

Do � -deformed Lax pairs satisfy zero-curvature condition?O(d, d)

3.5 Flatness of � -deformed Lax pairsO(d, d)

Anyways, start from the curvature of Lax connections

dL̂+ L̂ ^ L̂ = (EOMs)
<latexit sha1_base64="jGpnyV2/JS1jKACtVQO0X7xHkU8="></latexit>

 of the undeformed model

☆ The doubled action �  is invariant under � .S = S′� O(d, d)

for �  and �Xi Y

2. The EoMs for �  of the undeformed model Xi

→A linear combinations of EoMs for �  ‘s.X′�i

(thanks to the self-duality constraint)

19

1. The EoM for �  of the undeformed model Y
→ The EoM for �  of the deformed model.Y
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3.5 Flatness of � -deformed Lax pairsO(d, d)

Start from                               withdX0 = g�1dX
<latexit sha1_base64="LGrjcAnl6uuOaJxlDJEMRPHrmbU="></latexit> ↵i

j , �ij , �ij , �i
j

<latexit sha1_base64="OuipnjSFcRMYFkuWgxI1qCpoqH0="></latexit>

: �  matrices.d × d

The transformation rule for �  under global �  :d X̃ i O(d, d)

Then                                                 .d eXi = �ijdX
0j + �i

kd eX 0
k

<latexit sha1_base64="yTSxfGgd+8z+EwodxySZM/ivTh8="></latexit>

Using the self-duality constraint,

?Ji = �ijdX
0j + �i

k ? J 0
k

<latexit sha1_base64="EDTJQ1y6ve8Nhm5j23k0zsqrxTs="></latexit>

g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>
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◆
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Field equations of the original model are mapped to those 
of the deformed model. 

Zero-curvature conditions guaranteed after �  transformationsO(d, d) ✔

d ? Ji = �i
k d ? J 0

k
<latexit sha1_base64="UZwqPpJGoAthWEZwvkkx/wScHlQ="></latexit>
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4.1  �  (current-current) deformationJJ̄

Marginal deformation by the operator of

Deformed U(1) currents 
in the Cartan subalgbera

S(↵+�↵) � S(↵) ⇠ �↵

⇡
f(↵)

Z
d2zJ(↵)J (↵)

<latexit sha1_base64="hPbhWThELqXz0EHCBnYyl/SfHFM="></latexit>

Deformed generalized metric obtained by 
the �  matrixO(2,2)

g =

0

BB@

1 0 0 tan↵
0 1

1+tan↵ � tan↵
1+tan↵ 0

0 1
1+tan↵

1
1+tan↵ 0

�1 0 0 1

1

CCA

<latexit sha1_base64="1hKGcI/0SIU5DG9/Ttv0Jk4ubPw="></latexit>

in the basis of

XI =
⇣
Z1, Z2, eZ1, eZ2

⌘t

<latexit sha1_base64="m9VJ5Zh5YZo012ogop7G3gt4SzI="></latexit>

gtH(G,B)g = H(G0, B0)
<latexit sha1_base64="Iu822Zn8OsDNwGzEabdtro6sYqQ="></latexit>

Deformed  background data obtained via field redefinition

[Hassan, Sen]
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4.1  �  (current-current) deformationJJ̄

Given the �  matrix and deformed background data,O(2,2)
apply the �  map to �  :                                                  .O(2,2) (dZ1, dZ2) dXi = ↵i

jdX
0j + �ij ? J 0

j
<latexit sha1_base64="X7a0Ue6j9hGonCaEhya+khYL9DU="></latexit>

}dZ1 = dZ 0
1 + tan↵ ? J2(↵)

dZ2 =
1

1 + tan↵
[dZ 0

2 � tan↵ ? J1(↵)]
<latexit sha1_base64="/Aof38RXYbpIj8zbBMtzjNuKD6o="></latexit>

g =

0

BB@

1 0 0 tan↵
0 1

1+tan↵ � tan↵
1+tan↵ 0

0 1
1+tan↵

1
1+tan↵ 0

�1 0 0 1

1

CCA

<latexit sha1_base64="1hKGcI/0SIU5DG9/Ttv0Jk4ubPw="></latexit>
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L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit>
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dL0 + L0 ^ L0 = 0
<latexit sha1_base64="HCVluv2Pkm45V+wLRfixi2g18G8="></latexit>

still holds.

dZ1 = dZ 0
1 + tan↵ ? J2(↵) = D1(dZ

0)

dZ2 =
1

1 + tan↵
[dZ 0

2 � tan↵ ? J1(↵)]

= D2(dZ
0)

<latexit sha1_base64="0Ww+IMXmsfNuGzs8le3pmwcHAwI="></latexit>

L01
L = +F1(�)dY,

L02
L = �F1(�) [D1(dZ

0)�D2(dZ
0)� cosY (D1(dZ

0) +D2(dZ
0))]� (D1(dZ

0)�D2(dZ
0)) ,

L03
L = +F1(�) sinY (D1(dZ

0) +D2(dZ
0)) ,

L01
R = +F2(�)dY,

L02
R = +F2(�) [D1(dZ

0) +D2(dZ
0)� cosY (D1(dZ

0)�D2(dZ
0))]� (D1(dZ

0) +D2(dZ
0)) ,

L03
R = +F2(�) sinY (D1(dZ

0)�D2(dZ
0)) .

<latexit sha1_base64="J6vBSeHsfEqUBXMV3xbkaJ9McjU="></latexit>
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5 Conclusions and Outlook

This work completed the classical integrability of any global  
�  transformation using the doubled formalism.O(d, d; ℝ)

Possible future directions:
☆ What type of algebra of non-local charges?
☆ The �  map for the spectral parameter � ?O(d, d) λ
☆ The classical integrability of doubled formalism itself?

Beyond global � :O(d, d; ℝ)

☆ Extension to local �  transformations?O(d, d; ℝ)

(What would be a collective T-duality invariant framework…?)

→ classical integrability of non-geometric backgrounds
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