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Susy. Gauge Theory
encoded in algebraic curve

Mirror Map 
 redefining the variables

well studiednot well studied

A-period B-period

Free energy relating to 
BPS indices

⇧A(z) ⇠ c1z + c2z + ...
<latexit sha1_base64="v525ikpCJY0aawz2BguTKZ9/oYU="></latexit>



Susy. Gauge Theory

Mirror Map 
 redefining the variables

not well studied

⇧A(z) ⇠ c1z + c2z + ...
<latexit sha1_base64="v525ikpCJY0aawz2BguTKZ9/oYU="></latexit>

We need this to obtain  
physical quntities and 
reach important results.

encoded in algebraic curve

A-period



ABJM theory (U(N)k x U(N)-k)
(see also Moriyama, Kubo, Furukawa’s slides&Poster)

encoded in local P1 x P1 with quantization
bH =

⇣
bQ1/2 + bQ�1/2

⌘⇣
bP 1/2 + bP�1/2

⌘

<latexit sha1_base64="AJRuSImHKoCnLtYIHOG/XNRLmvY="></latexit>

[Aharony-Bergman-Jafferis-Maldacena 2008]

Quantum Mirror Map

⇧A(z)
<latexit sha1_base64="xOCzbF3lZnTWlcaxC8VOtgDKRQ8="></latexit>

⇧A(z, ~)
<latexit sha1_base64="I0eCl6BtDUOanoMPdONcNquLP8s="></latexit>

bQ bP = q bP bQ
<latexit sha1_base64="9xBWkbLZxOgSEDpiWWJNTaNKejU="></latexit>

�
q = ei~

�
<latexit sha1_base64="+y9bkQKOnHuXTbvdKZzeuXW7oL8="></latexit>



U(N)k x U(N)-k x U(N)k x U(N)-k (1,1,1,1) model

generalization

bH =
h⇣

Q1/2 +Q�1/2
⌘⇣

P 1/2 + P�1/2
⌘i2

<latexit sha1_base64="/h01glb193CpEtEnr7M8lsf9ZLU="></latexit>

ABJM theory (U(N)k x U(N)-k)
(see also Moriyama, Kubo, Furukawa’s slides&Poster)

encoded in local P1 x P1 with quantization
bH =

⇣
bQ1/2 + bQ�1/2

⌘⇣
bP 1/2 + bP�1/2

⌘

<latexit sha1_base64="AJRuSImHKoCnLtYIHOG/XNRLmvY="></latexit>

[Aharony-Bergman-Jafferis-Maldacena 2008]

bQ bP = q bP bQ
<latexit sha1_base64="9xBWkbLZxOgSEDpiWWJNTaNKejU="></latexit>

[Honda, Moriyama, 2014]



A1 (SU(2)) sym.

We study D5 Del Pezzo

D5 (SO(10)) sym. → [SU(2)]  sym.3

ABJM theory (U(N)k x U(N)-k)

U(N)k x U(N)-k x U(N)k x U(N)-k (1,1,1,1) model

generalization

bH =
h⇣

Q1/2 +Q�1/2
⌘⇣

P 1/2 + P�1/2
⌘i2

<latexit sha1_base64="/h01glb193CpEtEnr7M8lsf9ZLU="></latexit>

(see also Moriyama, Kubo, Furukawa’s slides&Poster)

encoded in local P1 x P1 with quantization
bH =

⇣
bQ1/2 + bQ�1/2

⌘⇣
bP 1/2 + bP�1/2

⌘

<latexit sha1_base64="AJRuSImHKoCnLtYIHOG/XNRLmvY="></latexit>

[Aharony-Bergman-Jafferis-Maldacena 2008]

bQ bP = q bP bQ
<latexit sha1_base64="9xBWkbLZxOgSEDpiWWJNTaNKejU="></latexit>



A-period is similar to B-period
expressed by Weyl characters 

coef. of characters = Integer 

Result

has same reps. as those in B-period



②

① expressed by Weyl characters 

coef. of characters = Integer 

Plan

has same reps. as those in B-period



bH
↵

= e3e4 bQ�1 bP � (e3 + e4) bP + bQ bP

� h�1
2 e3e4(e5 + e6) bQ�1 +

E

↵
� (e�1

1 + e�1
2 ) bQ

+ h2
1(e1e2e7e8)

�1 bQ�1 bP�1 � h1(e1e2)
�1(e�1

7 + e�1
8 ) bP�1 + (e1e2)

�1 bQ bP�1
<latexit sha1_base64="Nr0moXM5agr2hY65PrckFqOrgD8="></latexit>

D5 Del Pezzo geometry

Q = 0
<latexit sha1_base64="yGfdQ7nKLWgcKHYQb9v8obTzXYE="></latexit>

P = 0
<latexit sha1_base64="SghZGm+O9CFYiRz2Wz8Of5NzvrE="></latexit>

P = 1
<latexit sha1_base64="Q4CsTvk7z0dAgg62Av3h22DtR/w="></latexit>

Q = 1
<latexit sha1_base64="aszeUDvugaVOIP7JMN3Y1S2YUoo="></latexit>

e4
<latexit sha1_base64="qkNPC7aagXJJ68q4v4qax9feKqg="></latexit>

e3
<latexit sha1_base64="HDzKSgefJW/uzauFSY1N12Nxu34="></latexit>

h1e
�1
8

<latexit sha1_base64="LOaFwMATVFhFqDb+qc4ZJs8PGFU="></latexit>

h1e
�1
7

<latexit sha1_base64="1IAgu192M0dYhdGx3z/dZSquUvk="></latexit>

e�1
2

<latexit sha1_base64="7ia7L8ZIGNrw3aSebl8M3NUI9ro="></latexit>

e�1
1

<latexit sha1_base64="4mVUrj4zl14frJDRMF/DGuSOkZg="></latexit>

e6h
�1
2

<latexit sha1_base64="vVUeIRsFZ1iO5jFcp1CovUDmr1k="></latexit>

e5h
�1
2

<latexit sha1_base64="+2r0VA8nD78VtKAgPbY5CCgeq3s="></latexit>

s0
<latexit sha1_base64="OGVaEN+Oa74rOw4mjSn7DpsXiaE="></latexit>

s1
<latexit sha1_base64="gFHQETiu8CG+L2dqSBvJKonVPKM="></latexit>

s2
<latexit sha1_base64="Q8YPSzgTfP+MUAJOEss+W4s5aL8="></latexit>

s3
<latexit sha1_base64="rXCMdtgJBTcvMmf571hU23svzys="></latexit>

s4
<latexit sha1_base64="LSKWKP0c1fJPdIxxVj+RXjp4n5w="></latexit>

s5
<latexit sha1_base64="WOTC12UYnj+o6/DA2wJmHok5YhE="></latexit>

D5 Weyl Group

10 parameters
(s1, s2, s3, s4, s5)

<latexit sha1_base64="pD1Stg0J8yUL6DmzMCUZF6JJEy8="></latexit>

h2
1h

2
2 =

8Y

i=1

ei
<latexit sha1_base64="L2FhP3wQbIhStmMDllQcH5bZQr0="></latexit>

Kubo-Moriyama-Nosaka(2018)



bH
↵

= e3e4 bQ�1 bP � (e3 + e4) bP + bQ bP

� h�1
2 e3e4(e5 + e6) bQ�1 +

E

↵
� (e�1

1 + e�1
2 ) bQ

+ h2
1(e1e2e7e8)

�1 bQ�1 bP�1 � h1(e1e2)
�1(e�1

7 + e�1
8 ) bP�1 + (e1e2)

�1 bQ bP�1
<latexit sha1_base64="Nr0moXM5agr2hY65PrckFqOrgD8="></latexit>

D5 Del Pezzo geometry

10 parameters - (2  + 2 + 1) parameters

( bP , bQ) ⇠ (A bP ,B bQ)
<latexit sha1_base64="18LEiGQ2SNK91T+4kJPq2C7Ujss="></latexit>

h2
1h

2
2 =

8Y

i=1

ei
<latexit sha1_base64="L2FhP3wQbIhStmMDllQcH5bZQr0="></latexit>

5 parameters (e1, e3, e5, h̄1, h̄2)
<latexit sha1_base64="4e1oU6JckWMHCR7tJ0AZeYPYRYE="></latexit> �

h̄1 = qh1, h̄2 = q�1h2

�
<latexit sha1_base64="FJaaG6I7USAlWheZ80Cb+oLpo+k="></latexit>

8 asymptotic values

Kubo-Moriyama-Nosaka(2018)



Quantum mirror map

P [X] =
 [q�1X]

 [X]
, bQ [X] = X [X]

<latexit sha1_base64="9AkIXw7qc58hj5g31SHqiLGYG+U="></latexit>

"
bH
↵

+
z

↵

#
 [X] = 0

<latexit sha1_base64="hD1DCXwinDlpgC3fE0RaleswJ3I="></latexit>

solve Schrodinger eq. order by order̈

invariant under Weyl transf. character ??

A2

↵2q�1
=

e3
e1

+
h1

e1
+

h1e3
e1

+
e3e5

h
2
2

+
e3e5

h1h
2
2

+
e23e5

h1h
2
2

+
e3
h2

+
e3

h2e1
+

e3e5
h2

+
e3e5
h2e1

<latexit sha1_base64="LOjc5BFqX6eDOYw6GBf6xhB2jws="></latexit>

�10(e
�1
i , h̄�1

i ) = �10(ei, h̄i)
<latexit sha1_base64="RbFwNdZB4LWaOHg8tvHobkiQjTM="></latexit>

??

⇧A(z, ~) ⇠
I

logP [X]

X
dX = Ez�1

+

✓
�E2

2

�A2

◆
z�2

+ · · ·
<latexit sha1_base64="SCV84544vs8GyABmy8h7AErsvf8="></latexit>

10 terms



Weyl character
A2

↵2q�1
=
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+
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<latexit sha1_base64="LOjc5BFqX6eDOYw6GBf6xhB2jws="></latexit>

act on(s1, s2, s3, s4, s5)
<latexit sha1_base64="pD1Stg0J8yUL6DmzMCUZF6JJEy8="></latexit>

(e1, e3, e5, h̄1, h̄2,↵)
<latexit sha1_base64="+SJwj4jvu7R7YKE9XWiXq1rk2eE="></latexit>

Kubo-Moriyama- 
Nosaka(2018)

s2 : (e1, e3, e5, h̄1, h̄2,↵) 7!
✓
e1,

1

e3
, e5,

h̄1

e3
, h̄2, e3↵

◆

<latexit sha1_base64="QANBRzwsE25ZSBxGo+zM0gW9LCw="></latexit>

E.g.)



Weyl character
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<latexit sha1_base64="LOjc5BFqX6eDOYw6GBf6xhB2jws="></latexit>

acting only 5 parameters 
generate D5 Weyl group

act on(s1, s2, s3, s4, s5)
<latexit sha1_base64="pD1Stg0J8yUL6DmzMCUZF6JJEy8="></latexit>

↵
<latexit sha1_base64="5vfKUC1XlKnzEhl9imHzM3/Xf2s="></latexit>role of      ??

(e1, e3, e5, h̄1, h̄2,↵)
<latexit sha1_base64="+SJwj4jvu7R7YKE9XWiXq1rk2eE="></latexit>

Kubo-Moriyama- 
Nosaka(2018)



Weyl character
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<latexit sha1_base64="LOjc5BFqX6eDOYw6GBf6xhB2jws="></latexit>

redundant

�10
<latexit sha1_base64="jSRDcgLoRszd2lboD9+P4LLC/GE="></latexit>

act on(s1, s2, s3, s4, s5)
<latexit sha1_base64="pD1Stg0J8yUL6DmzMCUZF6JJEy8="></latexit>

(e1, e3, e5, h̄1, h̄2,↵)
<latexit sha1_base64="+SJwj4jvu7R7YKE9XWiXq1rk2eE="></latexit>

↵ = q1/2h̄1/2
2 e1/41 e�1/2

3 e�1/4
5

<latexit sha1_base64="Yv2x0wwTxEpatn2SQa0dM8xzr6A="></latexit>
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<latexit sha1_base64="TkJgGx9U0zF1cLzeVHQEZVe/tZo="></latexit>

Kubo-Moriyama- 
Nosaka(2018)



②

① expressed by Weyl characters 

coef. of characters = Integer 

Plan

has same reps. as those in B-period



Multi-covering & BPS

fractional
simpler structure ? 

A-period for A1 geometry  has multi-covering structure           
[Hatsuda-Marino-Moriyama-Okuyama(2013)]

⇧A (z, ~) ⇠
1X

l=1

(�1)l+1Alz
�l

<latexit sha1_base64="vkW0Uhre3ySY5gUqkHxDatgXN8Q="></latexit>

A4 3 3

2
�54 +

5

2
�45 +

11

2
�1

<latexit sha1_base64="zZjDK9zHXxD9krZ+BFA49/sVgPc="></latexit>

(coef. of n-th order) = Σ (coef. of j-th order) 
multi-covering structure           

j≦n



⇧A (z, ~) ⇠
1X

l=1

(�1)l+1Alz
�l

<latexit sha1_base64="vkW0Uhre3ySY5gUqkHxDatgXN8Q="></latexit>

A1 = 0

A2 = �10

A3 = (q1/2 + q�1/2)�16

A4 =
�
q2 + q�2

�
�1 +

⇣
q3/2 + q�3/2

⌘
(�45 + 3�1) +

3�54 + 5�45 + 11�1

2
<latexit sha1_base64="50/tx1HCoNk65968pNcQIivwuTE="></latexit>

Multi-covering & BPS

still fractional

log z ⇠ �A1z
�1
e↵ +

�
A2 �A2

1

�
z�2
e↵ �

✓
A3 � 3A1A2 +

3

2

A3
1

◆
z�3
e↵

+

✓
A4 � 2A2

2 � 4A1A3 � 8A2
1A2 �

8

3

A4
1

◆
z�4
e↵ + ...

<latexit sha1_base64="Z2PNn2H+aw1Cumg+kA018wI+tVc="></latexit>

=: log ze↵ � log z
<latexit sha1_base64="J3pUheIqGetKxqyuN4oQIJ/J0SY="></latexit>



Multi-covering & BPS

= ✏1(q, ei, h̄i)

= �✏2(q, ei, h̄i) +
✏1(q2, e2i , h̄

2
i )

2

= ✏3(q, ei, h̄i) +
✏1(q3, e3i , h̄

3
i )

3

= �✏4(q, ei, h̄i) +
✏2(q2, e2i , h̄

2
i )

2
+

✏1(q4, e4i , h̄
4
i )

4<latexit sha1_base64="X1POhG9JiUE9J3AlvE8c8LxS1HY="></latexit>

multi-covering  
structure

log z ⇠ �A1z
�1
e↵ +

�
A2 �A2

1

�
z�2
e↵ �

✓
A3 � 3A1A2 +

3

2

A3
1

◆
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e↵

+

✓
A4 � 2A2

2 � 4A1A3 � 8A2
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8

3
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1

◆
z�4
e↵ + ...

<latexit sha1_base64="Z2PNn2H+aw1Cumg+kA018wI+tVc="></latexit>

integer !✏1 = 0, � ✏2 = �10,

✏3 =
⇣
q1/2 + q�1/2

⌘
�16 ,�✏4 =

�
q2 + q�2

�
�1 +

�
q + q�1

�
(�45 + 3�1) + 4�1

<latexit sha1_base64="ifLiWrHsc98J603kMnCFX20tBdc="></latexit>

⇧A (z, ~) ⇠
1X

l=1

(�1)l+1Alz
�l

<latexit sha1_base64="vkW0Uhre3ySY5gUqkHxDatgXN8Q="></latexit>

=: log ze↵ � log z
<latexit sha1_base64="J3pUheIqGetKxqyuN4oQIJ/J0SY="></latexit>



log z ⇠ �A1z
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�
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<latexit sha1_base64="Z2PNn2H+aw1Cumg+kA018wI+tVc="></latexit>

Multi-covering & BPS

multi-covering structure

(1,1,1,1) has multi covering structure

✏1 = 0,

�✏2 = �10,

✏3 = (q
1
2 + q�

1
2 )�16,

�✏4 = (q2 + q�2)�1 + (q + q�1)(�45 + 3�1) + 4�1,

✏5 = (q
5
2 + q�

5
2 )�16 + (q

3
2 + q�

3
2 )(�144 + 3�16) + (q

1
2 + q�

1
2 )3�16,

<latexit sha1_base64="Oq1O2v3Xl3VVw6EBsQYElEAw/EE="></latexit>

⇧A (z, ~) ⇠
1X

l=1

(�1)l+1Alz
�l

<latexit sha1_base64="vkW0Uhre3ySY5gUqkHxDatgXN8Q="></latexit>

=: log ze↵ � log z
<latexit sha1_base64="J3pUheIqGetKxqyuN4oQIJ/J0SY="></latexit>

⇠
1X

l=1

0

@
X
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n
(qn, eni , h̄

n
i )

n

1

A z�l
e↵

<latexit sha1_base64="QK778FLf2e3gndXlpVtSxs8qGTQ="></latexit>



Multi-covering & BPS

B-period

[Moriyama-Nosaka-Yano(2017)]

same reps. as B-period in same degree

✏1 = 0,

�✏2 = �10,

✏3 = (q
1
2 + q�

1
2 )�16,

�✏4 = (q2 + q�2)�1 + (q + q�1)(�45 + 3�1) + 4�1,

✏5 = (q
5
2 + q�

5
2 )�16 + (q

3
2 + q�

3
2 )(�144 + 3�16) + (q

1
2 + q�

1
2 )3�16,

<latexit sha1_base64="Oq1O2v3Xl3VVw6EBsQYElEAw/EE="></latexit>



expressed by Weyl characters 

coef. of characters = Integer 

A-period is similar to B-period
Summary

has same reps. as those in B-period



Future work

what happen when use SU(2) character ?

why same structure ?Q.

Q.

Q. what meaning of     ?↵
<latexit sha1_base64="5vfKUC1XlKnzEhl9imHzM3/Xf2s="></latexit>



✏7 = (q
11
2 + q�

11
2 )�16 + (q

9
2 + q�

9
2 )(�144 + 4�16) + (q

7
2 + q�

7
2 )(�560 + 4�144 + 13�16)

+ (q
5
2 + q�

5
2 )(�720 + 4�560 + 9�144 + 25�16) + (q

3
2 + q�

3
2 )(3�560 + 8�144 + 27�16)

+ (q
1
2 + q�

1
2 )(�720 + 3�560 + 9�144 + 27�16),

<latexit sha1_base64="XzmIrHcwnMeVSeA+O3rl11kyye0="></latexit>

before using SU(2) character

after using SU(2) character
✏7 = � 11

2
�16 + � 9

2
(�144 + 3�16) + � 7

2
(�560 + 3�144 + 9�16)

+ � 5
2
(�720 + 3�560 + 5�144 + 12�16) + � 3

2
(��720 � �560 � �144 + 2�16)

+ � 1
2
(�720 + �144),

<latexit sha1_base64="5zyXyqh/KGSufkW0r0aQbyZZb34="></latexit>

much simpler for q-dependent term & coef.  
but negative coef,

�n
<latexit sha1_base64="R8sUVsJzxieEoC9oja04zSFbjQo="></latexit>

SU(2) character



Future work

what about SU(2) character ?

why same structure ?Q.

Q.

Q. what meaning of     ?↵
<latexit sha1_base64="5vfKUC1XlKnzEhl9imHzM3/Xf2s="></latexit>



expressed by Weyl characters 

coef. of characters = Integer 

A-period is similar to B-period
Summary

has same reps. as those in B-period



without overall minus sign

with overall minus sign
�✏4 = (q2 + q�2)�1 + (q + q�1)(�45 + 3�1) + 4�1

<latexit sha1_base64="19GjpH4t0tP2SvY8XBfl43FpLCM="></latexit>

do not appear 
✏4 =

�
q2 + q�2

�
�1 +

�
q + q�1

�
(�45 + 3�1) + (��54 + �45 + 3�1)

<latexit sha1_base64="v8Ma8w7j6eAJyJfLc9r5DfFg804="></latexit>

(coef. of n-th order) = Σ (coef. of j-th order) 
multi-covering structure           

j≦n



(1,1,1,1) model
(2,2)   model(e1, e3, e5, h̄1, h̄2) = (1, 1, 1, q, q�1)

= (q�1/2, q1/2, q�1/2, q, q�1)
<latexit sha1_base64="1o4lHbmn9xrHBhAHggtFtF8VGJM="></latexit>

(effective) chemical pot.  
            = log [ (effective) complex modulus ]

µ = log z, µe↵ = log ze↵
<latexit sha1_base64="LnRqn/HJM4NhYH/HjnAvX8GXr1M="></latexit>

⌅k(z) =
1X

N=0

zNZk(N) = Det
h
1 + z bH�1

i
,

<latexit sha1_base64="l45T7gBI87kc8v1pTRBS/f76Opc="></latexit> Partition fn. of N M2-branes



from [Kubo,Moriyama,Nosaka(2018)]

Q = 0
<latexit sha1_base64="yGfdQ7nKLWgcKHYQb9v8obTzXYE="></latexit>

P = 0
<latexit sha1_base64="SghZGm+O9CFYiRz2Wz8Of5NzvrE="></latexit>

P = 1
<latexit sha1_base64="Q4CsTvk7z0dAgg62Av3h22DtR/w="></latexit>

Q = 1
<latexit sha1_base64="aszeUDvugaVOIP7JMN3Y1S2YUoo="></latexit>

e4
<latexit sha1_base64="qkNPC7aagXJJ68q4v4qax9feKqg="></latexit>

e3
<latexit sha1_base64="HDzKSgefJW/uzauFSY1N12Nxu34="></latexit>

h1e
�1
8

<latexit sha1_base64="LOaFwMATVFhFqDb+qc4ZJs8PGFU="></latexit>

h1e
�1
7

<latexit sha1_base64="1IAgu192M0dYhdGx3z/dZSquUvk="></latexit>

e�1
2

<latexit sha1_base64="7ia7L8ZIGNrw3aSebl8M3NUI9ro="></latexit>

e�1
1

<latexit sha1_base64="4mVUrj4zl14frJDRMF/DGuSOkZg="></latexit>

e6h
�1
2

<latexit sha1_base64="vVUeIRsFZ1iO5jFcp1CovUDmr1k="></latexit>

e5h
�1
2

<latexit sha1_base64="+2r0VA8nD78VtKAgPbY5CCgeq3s="></latexit>

s0
<latexit sha1_base64="OGVaEN+Oa74rOw4mjSn7DpsXiaE="></latexit>

s2
<latexit sha1_base64="Q8YPSzgTfP+MUAJOEss+W4s5aL8="></latexit>

s3
<latexit sha1_base64="rXCMdtgJBTcvMmf571hU23svzys="></latexit>

s4
<latexit sha1_base64="LSKWKP0c1fJPdIxxVj+RXjp4n5w="></latexit>

s5
<latexit sha1_base64="WOTC12UYnj+o6/DA2wJmHok5YhE="></latexit>


