
Compact boson stars and charged  black hole in the 𝐶𝑃2𝑛+1model 

The principal variable X
The action

A set of complex scalar fields 𝑢𝑖 𝑖 = 1,2,⋯ ,𝑁

The gravitating 𝐶𝑃𝑁compact Q-ball

The potential (compacton potential)

We get an ordinary differential equation of the variable 𝑟

Strategy of the numerical analysis

(1) We numerically integrate the radial equation and determinate a value of the radius 𝑅out such 

that 𝑓′ 𝑅out = 0. 

(2) A value of the expression 𝑓(𝑅out) is used to modify an initial shooting parameter 𝑅in according 

to 𝑓(𝑅out) → 0.

(3) The loop is interrupted when 𝑓 𝑅out < 10−6 is satisfied.

Shooting method 
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The ansatz for 𝑪𝑷𝟐𝒏+𝟏 model The dimensionless coordinates

Schwarzschild metric

Einstein equations Stress-energy tensor

The system

The Einstein equations

The matter field equation

coupling constant

The (dimensionless) energy density

The conserved charge

𝐓𝐡𝐞 𝑪𝑷𝟏 𝐓𝐡𝐞 𝑪𝑷𝟑

𝐓𝐡𝐞 𝑪𝑷𝟓 𝐓𝐡𝐞 𝑪𝑷𝟏𝟏 𝐓𝐡𝐞 𝑪𝑷𝟏𝟎𝟏

The solutions

The stability

Charge 𝑄 vs.Angular velocity 𝜔 Energy 𝐸 vs. Angular velocity 𝜔 Energy 𝐸 vs. Charge 𝑄

The boundary condition

For 𝑛 ≥ 2 the shells need not be empty in their interior

Black holes are allowed to exist in the region

𝟎 < 𝒓𝑯 < 𝑹𝐢𝐧

𝑅in : inner compacton radius      𝑅out : outer compacton radius

𝑟𝐻 : event horizon

In the case of black hole

For 𝑛 = 0,1 there are no non-trivial solutions

𝑟𝐻 = 0.5385

𝜔 = 1.0, 𝛼 = 0.010
𝐓𝐡𝐞 𝑪𝑷𝟓

𝐓𝐡𝐞 𝑪𝑷𝟐𝟏

𝐓𝐡𝐞 𝑪𝑷𝟏𝟏

𝑟𝐻 = 1.680

𝑟𝐻 = 2.393

The harbor-type solutions

𝜔 = 1.0, 𝛼 = 0.010

𝜔 = 1.0, 𝛼 = 0.010 𝐓𝐡𝐞 𝑪𝑷𝟏𝟎𝟏
𝜔 = 1.0, 𝛼 = 0.001

The functions 𝑓 𝑟 , 𝐴 𝑟 and 𝐶(𝑟) for the 𝐶𝑃5, 𝐶𝑃11, 𝐶𝑃21 and 𝐶𝑃101

𝑟𝐻 = 14.65

𝐓𝐡𝐞 𝑪𝑷𝟏𝟏 𝐓𝐡𝐞 𝑪𝑷𝟏𝟎𝟏

𝑢† ∙ 𝑢 = 𝑓(𝑟)2 𝑢† ∙ 𝑢 = 𝑓(𝑟)2

𝜔: angular velocity

Energy “bound” A general criterion of stability

Q-shells

Q-balls

The matter function 𝑓 𝑟 for the 𝐶𝑃1, 𝐶𝑃3, 𝐶𝑃5, 𝐶𝑃11 and 𝐶𝑃101

Q-balls are non-topological solitons that appear in certain nonlinear complex scalar field models. The scalar field models with standard kinetic terms and V-shaped potential gives 

rise to compact Q-balls. When they couple with gravity, (compact) boson stars arise. We study compact Q-balls (-shells) and compact boson stars (boson shell stars) in nonlinear 

sigma model with 𝐶𝑃𝑁 target space. The models with odd integer 𝑁(= 2n + 1) and suitable potential can be parametrized by 𝑁th complex scalar fields and they support compact 

solutions. For 𝑛 = 0,1 the solutions form Q-ball while 2 ≤ 𝑛 they always have shell structure. We find the new 𝑈(1) gauged compact Q-balls(-shells) and their gravitating solutions. 

The interior of the shell-like solutions can be empty space or harbor a black hole or a naked singularity. We discuss basic properties of our solutions of charged black holes.

arXiv : 1812.08363



Conclusions

Reference
[1]P. Klimas and L.R. Livramento, "Compact Q-balls and Q-shells in the 𝐶𝑃𝑁 type models", Phys. Rev. D96, 016001 (2017).

[3]H. Arod ƴz and J. Lis, “Compact Q-balls and Q-shells in a scalar electrodynamics” Phys. Rev. D79, 045002 (2009).

[4]B. Kleihaus, J. Kunz, C. Lammerzahl and M. List, “Boson Shells Harbouring Charged Blackholes” Phys. Rev. D 82, 104050 (2010).

The  𝐶𝑃𝑁gravitating 𝑈(1) gauged compact Q-ball(-shell) model

The ansatz for 𝑪𝑷𝟐𝒏+𝟏 model

The relation between charge 𝑄 and the number of fields (2𝑛 + 1)

The number of fields can be interpreted as the number of particles

The (dimensionless) energy density

The conserved charge

The boundary condition

𝑅in : inner compacton radius      𝑅out : outer compacton radius 𝐴𝑖 , 𝑏0 : free parameter

𝑟𝐻 : event horizon 𝑄𝐻 : horizon charge

In the case of black hole

The stability

The harbor-type solutions

The solutions

𝐓𝐡𝐞 𝑪𝑷𝟏

𝐓𝐡𝐞 𝑪𝑷𝟑

𝐓𝐡𝐞 𝑪𝑷𝟓

coupling constant

The function 𝑓 𝑟

The function 𝑓 𝑟

The function 𝑓 𝑟

The function 𝑏 𝑟

The function 𝑏 𝑟

The function 𝑏 𝑟

𝑀 = 1.0, 𝑒 = 1.0, 𝜅 = 0.0010

𝐓𝐡𝐞 𝑪𝑷𝟏𝟏
𝑀 = 1.0, 𝑒 = 1.0, 𝜅 = 0.0010

𝐓𝐡𝐞 𝑪𝑷𝟏𝟎𝟏

The function 𝑓 𝑟 The function 𝑏 𝑟

The function 𝑓 𝑟 The function 𝑏 𝑟

κ = 0 (Non gravitaitng) κ = 0.0010 (Gravitaitng)

Stable Unstable

𝐓𝐡𝐞 𝑪𝑷𝟏𝟏

The function 𝑓 𝑟 The function 𝐴 𝑟 and 𝐶 𝑟 The function 𝑏 𝑟

𝐓𝐡𝐞 𝑪𝑷𝟏𝟏

𝐓𝐡𝐞 𝑪𝑷𝟏𝟎𝟏

The function 𝑓 𝑟 The function 𝐴 𝑟 and 𝐶 𝑟 The function 𝑏 𝑟

The function 𝑓 𝑟 The function 𝐴 𝑟 and 𝐶 𝑟 The function 𝑏 𝑟

𝑀 = 1.0, 𝑒 = 1.0, 𝜅 = 0.0010, 𝑏0 = 2.50

𝑟𝐻 = 0.500

𝑟𝐻 = 0.975

𝑀 = 1.0, 𝑒 = 1.0, 𝜅 = 0.0010, 𝑏0 = 2.50

𝑀 = 1.0, 𝑒 = 1.0, 𝜅 = 0.0010, 𝑏0 = 3.25

𝑟𝐻 = 2.500

・We have considered the family of 𝐶𝑃2𝑛+1nonlinear sigma models coupled with gravity.

・For 𝑛 = 0, 1 we got the gravitating compact Q-balls, and for 𝑛 ≥ 2 found the Q-shell solutions.

・Q-shells can harbor a black hole in the region 0 < 𝑟𝐻 < 𝑅in.

・There is an upper bound for 𝑄 for certain coupling constant 𝛼.

・We get the 𝐶𝑃𝑁 𝑈 1 gauged Q-balls for 𝑛 = 0,1 and Q-shells for 𝑛 ≥ 2.
・Our new 𝑈(1) gauged solutions  satisfy the 𝐸~𝑄5/6 (non gravitating) or 𝐸~𝑄7/6 (gravitating).
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