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The    -deformed matrix models are the integral representation 
of two dimensional conformal/irregular conformal block.   They 
correspond the instanton partition function of            supersymmetric 
gauge theories. For                          case, the partition function can be 
evaluated by the matrix model which has the rational potential as 
well as the logarithmic potential. This model depends on two 
integration contours       and        . 

The partition function which is represented as a Painlevé system is 
not of the above partition function, but instead given by a   finite      
analog of Fourier transformation.

is defined by eigenvalue integral along single integration 
path. Moreover, in the case that     = 1 and the potential            has no 
branch cut, we can regard                           as the unitary matrix model. 
We evaluate the partition function in this case and show that the 
partition function is the tau function of Painlevé III equation. 
Furthermore,  we derive the various equations which characterize 
the partition function and study the relation between Painlevé
equations. In double scaling limit, we derive Painlevé II equation and 
show that the spectral curve in the matrix model turns into the 
Seiberg-Witten curve for the Argyres-Douglas theory.
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The size of matrix N corresponds the sum of masses of two 
hypermultiplets, the coefficient of logarithmic term M and
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The partition function can be written in terms of     ,       and       :
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Using the special case
of constraints

we can obtain various polynomial equations      and      .
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The partition function can be written in terms of the determinant 
of the modified Bessel function of the first kind           :
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satisfies the    -form of Painlevé III‘ equation:
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Hence, the partition function is the tau function of Painlevé
III’ equation up to an overall factor                 . s(1/2)MN
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The string equations
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are equivalent to the alternate discrete Painlevé II equation.

Let                     and                       , the string equations turns 
into the equation for      :
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where                                                     .

In the planar limit                                    , above equation turns into (⇠n, ⌘n, ⇣) ! (⇠, ⌘, ⇣)
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at                          .
Therefore, let us define the double scaling limit:
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equation for      becomes Painlevé II equation
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We can see that the spectral curve turns into Seiberg-Witten curve of 
Argyres-Douglas theory in the double scaling limit.

The partition function of                                           supersymmetric 
gauge theory is the tau function of Painlevé III. It is also characterized 
by the alternate discrete Painlevé II which turns into the Painlevé II in 
the double scaling limit.

We can also evaluate the unitary matrix models which contain 
the higher multicritical point.  They are matrix model 
representation of the           theory.
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