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What is “anomaly”? (1)

An classical action have some symmetries, but sometimes
these symmetries disappear in quantum theory.

e.g.) n% - 2y
« In massless QCD, there is a chiral symmetry U(Nf)L X U(Nf)R.
N¢: # of tlavors

S = / d*x <f7,EilDw :
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What is “anomaly”? (2)

e.g.) n% - 2y
« In massless QCD, there is a chiral symmetry U(Nf)L X U(Nf)R.
 If you add mass term, this chiral symmetry is broken.

S = / d*z {WM — ;gztr [FWF“”} + mww}

 In massless QCD, if there is NO anomaly, ©° never decay.

- However, ¥ decay into 2y, because of an anomaly!
Even if QCD is massless, #° — 2y is not prohibited.

5

U(Nf)L X U(Nf)R > U(1), has an anomaly. Ji

« Anomaly is very important!
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Theories what we want to think (1)

L et us consider 4dim action contains fermions.

S = / d*zpi Py = / d*zapiny* (0, + AL )
« This action is massless, so it has a chiral symmetry U(Nf)L X U(Nf)R.
« There also be a U(1),, anomaly.

« Add mass term S = / d* 1) (’Llﬁ + m>7,b

 Mass term breaks the chiral symmetry.

» Let the mass depend on the spacetime. g / d* ) (’[,D + m(:l:))?,b

« This mass is almost same as the Higgs field.
« How change the symmetry and the anomaly?

gl IO MEYAVIN Fujikawa method (4) Superconnection (3) Application (5) Conclusion (1)



The spacetime dependent mass

T - 7 m(x)

What is “the spacetime dependent mass”? ot
. e.g.) Domain wall fermions

« One way to realize chiral fermions on the lattice.

« Consider bdim spacetime, and realize 4dim
fermions on m(x) = 0 subspace.

> X

x: the fifth
direction

« Chiral anomalies on Higgs fields

 [f Higgs fields change as bifundamental under the
U(Nf X U(Nf) chiral symmetry, the action is
invariant for the symmetry.

[t is known that chiral anomalies are not changed
by adding Higgs fields.

« See Fujikawa-san’s text book. S = / d433‘775 (zD -+ h(i??))@b
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The spacetime dependent mass

. “ . . m(x)
What is ‘tassstacstioagdependent mass™? ot
.+ e.g.) Dom AR
° One Wi Path Integrals and nions on the  pmEeEE ‘
. Quantum Anomalies . . > X
» Consid d realize 4di LouREE sy |
fermiol ce. L2 x: the fifth

i‘iﬁiﬁo)ﬁ?ﬂ‘]l&ﬂ | direction

KAZUO FUJIKAWA Path Integral and Quantum Anomalies

HIROSHI SUZUKI

- If Higg ndamental |t
U(N; etry, the act
invaria
e Itis kn lies are not «
by ad d _ ’
o See FU NS - S i) + h(a:))w
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Theories what we want to think (2)

How about the spacetime dependent mass?

« Deference between Higgs and mass
« Higgs field : bounded (the value of the field never diverge!)

« Spacetime dependent mass : unbounded
S = /dda:@b leer( ))

 |If the mass diverge at some points, it contribute to
the anomaly.

« This contribution might be unknown.
« We can find the anomaly in any dimension.

« The anomaly can be written by “superconnection.” A4 = (

Ap 17
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4. Application (5)
e Kink
* Vortex
« General codimension case

2. Fujikawa method (4)

. How to calculate the anomaly 5. Conclusion (1)
e Calculation for massive case

3. Superconnection (3)

« Definition of superconnection
* Application for the anomaly
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How to calculate anomalies ['79 Fujikawal

— / DyDipe™ "
* There ela_re some ways to calculate
_arnoma |ES. ) o) oy 7.,0(5[1) _)6310':(:[:),‘10(3;,)j
 Today, we focus on Fujikawa method. | (i eformation - TN ia(e)
 Consider path integral for fermions. Y(x) —(x)e
 Anomaly = Jacobian comes from path - - -
integral measure DY Dy =DY'DyY = JDWM
« We only consider perturbative i [ dza(x)
anomalies. — 1) dwal@) AlX) DDy
anomaly

« We calculate log J for anomalies in
the last part of this talk.

» We focus on 4dim case at first. log J = —i / d*ro(z)A(x)
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The anomalies for massless cases

e.g.) fermions in 4dim

4 T ) £ Af 0 N
« Mass less case S = | d*xiy"q 0, + 0 AL U
» With u(ny), x U(Ny), chiral sym.

- U(1), anomaly is written by the

. i oo |
field strengths. log J = /dﬁ‘a(ﬂf)d‘ POty [Fﬁ,FﬁT _ Fqu,f’a]
 With a Higgs field :8i2 /Oc(;lf)tr [FR AFE _ pL A FL]

» With u(ny), x U(Ny), chiral sym.

« The u(1), anomaly is same for
massless case.

S — / Az (m + h(a:))w

« How about the massive case?
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For massive case

Let us consider spacetime dependent mass!
- The action for general even dim has v(n;) x U(Nf), symmetry.

o faslorfae (£ )b (" b))

- For odd dim case, there is only U(Nf) sym, we put 4, = A} = A, and m = m".

« We take m(x) divergent. \m(:cf)\ oo (‘ZCI‘ N OO)
« [ is some directions m(x) change the values.

« We calculated U(1), anomaly for this action by Fujikawa method.
[t is easy to get the anomaly for any dimension.

e |t is also easy to get the anomaly for U(Nf)L X U(Nf)R, not only for U(1)y.
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The anomaly for massive case

The U(1), anomaly is, fo=m/A AUV eutof
L i i | svpe 1 R R pL oL heat lfern.el
log J = (2 )2 d I&(I)tl € 3 F,u.vaJ Fp,.prg regularization.
T
1 . ;
+ 5 (DM?zTDyrﬁFfj — Dp,ﬁle,ﬁsz;’g + Fﬁ,Dp-ﬁﬁ D,m

LV vp vp

— FLD p-ﬁzDg-ﬁ?T — D,mF B D om + D, mT FE Dg?ﬁ)

7 7 ! ¥ ~ ~ T ~ - _ s
(D'u mTD“ mD Pml Dym — D v mD, '?'n.] meDg?ﬂT) } c

L]
24

« This result seems very complicated...
« Can we write it more simple way?
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3. Superconnection
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Superconnection (1) (85 Quillen]

« We define the superconnections for even and odd dimensions.
« This is made by Quillen, who is a mathematician, in 198b.
Even dimension

e Superconnection A : U(’Vf)R sauge field (1-form)

A = ( AR oAl ) Ay : U(Ny), gauge field (1-form)

A AL T U(Nf)L X U(Nf)R bifundamental scalar field (0-form)
 Field strength « Supertrace
F =dA + A? a b
R _ i DT Str ( . d ) = tr(a) — tr(d)

B ( DT FL—TT1
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Superconnection (2) (85 Quillen]

Odd dimension

e Superconnection ( A

A = 11 ) A : U(Ny) gauge field (1-form)

A T : U(Ny) adjoint scalar field (0-form)

- Field strength  F =dA + A?
[ F-T2 DT
o 1 DT F —T?

« Supertrace -
Str( Do ) = \/2itr(b)

We apply superconnection to write the anomaly.
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Rewrite the anomaly

« We can rewrite the U(1), anomaly by superconnection.
d

1\ ? F =dA+ A2
log J = —i (%) /Oé(x)Str [e}—} (;RTTT iDT* )

d—form ~ iDT FL 17T
[ FE—m'm  i(Dm)! a b
F = ( D L et Str( . ) = tr(a) — tr(d)

- For odd dimension case, put 4, = Aﬁ = Aﬁ and m = mT. Then, we get U(1)
anomaly.
e In odd dimension, the definition of Str is different from even dim case.

Str( , Z ) — V/2itr(b)

* |t is easy to check this for 4dim massless case.
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4. Application
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How can we apply the anomaly?

Mass means a wall for some cases!

 If a fermion is massive enough, it does not have any propagating mode.

 [f the mass depends on spacetime, fermions are massless in some regions, but
they can be massive in the others.

 That means fermions localize in some areas!
—\We can make fermions localize by the mass!

« We can make some systems to decide mass configurations.
« Kink, vortex and general codimension case
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Mass kink for our set up mo)
« For example, let’s consider 5dim case. t
* |In this set up, “kink” means this mass configuration.

m(y) — uy Y = 3;5 (fift;d:i)r]ection)

* This “mass” diverges at y -» t+oo.
» 5dim fermions with U(N¢) sym, and the mass depends on only y direction.

« The U(1) anomaly is, (

log J = = P a(x)tr |[F' A F

e Recall 4dim U(]_)V anomaly, |Corresponds to the sign of u.

1ogj_—/ p)tr [FYAFY— F5 A FY
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What is the meaning of the anomaly? m(y)

« 4dim Weyl fermions are localizing at y = 0.
« When u > 0 corresponds to chirality + (right-

handed) fermion, and u < 0 corresponds to
chirality — (left-handed) fermion.

Domain wall fermion

* This Weyl fermions correspond to domain wall
fermions.

>y

(fifth direction)

« But the regularization is different, so that | don’t
know the correspondence in detail.
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Next, we check codim-2 case.

« Vortex is 2dim topological object.

« Let us consider 2r + 2 dim. Z =
* m(z) depends on 2 directions, and it is complex valued “mass”.
* This mass diverges at |z| — oo.

« For simplicity, we put 4; = Ay in 2r 4+ 2dim.

« The U(1), anomaly is, i\
log J = —i (—) /a(w)Str e ]
2T

e This is 2rdim U(1) anomaly with U(Nf)R gauge field.
e If you want to get chirality — (left-handed) result, use m(2) = uz, instead.
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General defects

We can apply this formula to general codimension cases.

« When we think d dim system with n dim topological defects, we getd — n
dim U(1) anomalies.

e [f d —nis odd, we get nothing because odd dim mass less fermions are
anomaly-free.

 The mass configurations for general codimension is,

- I I ")/I ZFI (?’L ZOdd)
m(x) = u E [z I
I=1 Y = ( Tt )Cﬂ =even)

* This results correspond to “tachyon condensation” in string theory.
« We will discuss it in the next section.
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Conclusion

« We discussed about perturbative anomaly with spacetime dependent mass.
* U(Nf), x U(Ng)  chiral symmetry for even dimension

* U(N¢) tlavor symmetry for odd dimension
« We focused on U(1) anomalies for these systems.

« The anomaly can be written by superconnection.

« There are some applications. v 3 -
« Kink, vortex, ... log J = —i (g) /@(37)8“ [e }

d—form

F— ((Ff—mim i(Dm)f
- iDm FL — mml
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