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In 2002, Nekrsov performed a technique called Ω deformation in the reduction 
from 6D N = 1 gauge theory to 4D N = 2 gauge theory, and implied its  

connection with 2D conformal theory. 

He found exact formulae of the partition function (Nekrasov partition 
function) of the N = 2 gauge theory, and showed that it reproduces the 

prepotential as determined by the Seiberg-Witten curve.
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We have been working on the proof of AGT conjecture through two different ways.

Direct approach
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Conformal blocks
We calculated the conformal block in the form of 
Dotsenko-Fateev integral and reduce it in the 
form of Selberg integral of N Jack polynomials. 

We found a formula for such Selberg average 
which satisfies some nontrivial consistency 
conditions and showed that it reproduces the 
SU(N) version of AGT conjecture. 

β = 1  SU(2)  [A. Mironov et. al. ’10]

β = 1  SU(N)  [Zhang Matsuo ’11]
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A brief review of AGT conjecture 
and Nekrasov formula



Consider lifting the N = 2 four dimensional theory to N = (1, 0) six 
dimensional theory, and then compactify the six dimensional N = 1 SUSY 

gauge theory on the manifold with the topology T2 × R4 with the metric :

Nekrasov partition function

The action of the four dimensional theory in the limit r → 0 is not that of 
the pure supersymmetric Yang-Mills theory on R4. Rather, it is a 
deformation of the latter by the Ω-dependent terms. It is called an N = 2
theory in the Ω-background.

where and



Nekrasov partition function
With his idea of the Ω-background, Nekrasov calculated 
the following partition function

It has the important property that it gives the prepotential
of the Seiberg-Witten  theory in the limit



Nekrasov partition function

linear quiver gauge case with gauge group SU(N1)×· · ·×SU(Nn).

Single gauge group case



AGT conjecture

Where C(β1, β2, β3) is the three point function given by the DOZZ formula.

it is Checked                              is the conformal block of a virasoro
algebra with central charge c = 1 + 6Q2 at position ∞, 1, q, 0,

Up to order q11

For a Liouville theory on a sphere, the four-point correlation function of V at
positions ∞, 1, q, 0 is

The function F carries the coordinate (q) dependence and reflects the 
contributions of the conformal descendants. It is called conformal block.



AGT conjecture
SU(N) generalization

The conformal block of this
correlation function is written in the form,



Correlation functions of Toda theory 
and Selberg Formula



SU(N) Toda
Bosons

Symmetry: WN algebra

satisfies WN algebra (a nonlinear algebra) with central charge



Dotsenko-Fateev integral 

We apply Wick’s theorem to evaluate the correlator



Selberg integral 

When k = 1 the Selberg integral simplifies to the Euler beta integral

Here we consider its AN−1 extension (AN−1 Selberg integral):



Selberg integral 

For β = 1

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021



Reduction to Selberg integral

Cauchy-Stanley identity

:            Selberg average

:            Jack polynomials



Jack polynomials are characterized by the fact that they are the eigenfunctions of 
Calogero-Sutherland Hamiltonian written in the form,

The explicit form of low level ones are listed below;



Selberg integral 

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

Schur functions,



AGT conjecture from Selberg integral 



Reduction to Selberg integral

Before we go to the details        conclusion first



SU(2) case: The relevant Selberg averages for one and two Jack polynomials were obtained 
by Kadell.

SU(n+1) case: 
The one-Jack Selberg integral for SU(n+1) could be calculated by the formula offered by Warnaar.

He also  gives A2 two Jack integral



To evaluate we need Selberg average of (n + 1) Jack polynomials. While we do not 
perform the integration so far, we find a formula for β = 1 which reproduces known results 
and satisfies consistency conditions. 

Conjecture : We propose the following formula of Selberg average for n + 1 
Schur polynomials,

The Jack polynomial for β = 1 is called Schur polynomial.







Conclusion


