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0. Introduction

Classical gravity ⇔ Riemannian geometry

Quantum gravity ⇔ ?

String theory as a candidate of quantum theory

of gravity describes a new kind of geometry for the

spacetime as well as branes in it, which differ from

the “point-like” geometry.

⇒ Noncommutative geometry (NCG)

But what’s NCG? . . . still to be developed.

Plan of this talk

1. Noncommutative geometry

2. Stringy geometry

3. D-branes

4. Open string in the background B field

5. NC open string (NCOS) theory

6. D-brane as NC soliton

7. NC geometric formulation: An attempt

8. Conclusion
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1. Noncommutative geometry

Basic idea

Manifold M ←− C∞(M) Complex functions on M
Gelfand-Naimark

C∞(M): commutative *-algebra

(f + g)(x) = f(x) + g(x)

(fg)(x) = f(x)g(x) ← commutative

Generalization:

general *-algebra A −→ Extended “geometry”

Noncommutative geometry
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Example: torus T2

L2(T2) 	 f(x1, x2) =
∑
n1,n2

cn1,n2e
inix

i

Fourier series

Algebra of functions is generated by

u1 = eix1, u2 = eix2 which satisfy u1u2 = u2u1.

NC torus T2
θ

f =
∑
n1,n2

cn1,n2U
n1
1 U

n2
2

with U1U2 = e2πiθU2U1

A realization: Schwarz space S(R)

For ξ(s) a square-integrable function on R,

(V1ξ)(s) = e2πiγsξ(s)

(V2ξ)(s) = ξ(s+1)

where V1V2 = e−2πiγV2V1
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Note:

NCG includes the case where functions themselves

are commutative but differential algebra is non-

commutative.

2-points space Y = {1,2}
A = C⊕C 	 (f1, f2)

Ω∗(A)

f =

(
f1

f2

)
df = µ

(
f2 − f1

f1 − f2

)

Distance between 2-points:

d(1,2) = sup
f∈A

{|f1 − f2|; ‖df‖ ≤ 1} = µ−1

. . . Connes’ standard model

lattice gauge theory

etc.
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2. Stringy geometry

classical size of string ∼ O(ls)

quantum size 〈(X − 〈X〉)2〉 ∝ ∑∞
n=1

1
n → diverge

Minimal length

〈(X(σ+ ε)−X(σ))2〉 ∼ l2s

Stringy uncertainty relation

(Veneziano, Gross,...)

∆X ∼>
h̄

∆p
+
α′
h̄
∆p ∼> α′

Space-time uncertainty (Yoneya)

∆E ∼ T∆X

∆t∆E ∼> h̄

}
→ ∆t∆X ∼>

α′
c

T-duality (Kikkawa-Yamasaki, Sakai-Senda)

torus compactification

R↔ α′
R

self-dual point R ∼
√
α′ . . . symmetry enhancement
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Noncommutativity

(Itoh-MK-Kunitomo-Sakamoto)

twisted string on orbifold

Xi(σ+ π) = UijXj(σ) + πnaeia

[xi,Qj] = −iπ(1− U)−1ij
where

xi = xiL+ xiR

Qi = xiL − xiR+Bij(xjL+ x
j
R)

pi = piL+ piR+Bij(pjL − pjR)
Li = piL − piR

String field theory

(Kaku-Kikkawa,Witten,HIKKO)

Φ[X(σ)] string field → noncommutative algebra
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3. D-branes

Dp-brane

∂σX
µ|boundary = 0 µ = 0,1, · · · , p
Xi
∣∣∣
boundary

= 0 i= p+1, · · · ,9
0

1~

+1~ 9

p

p

massless bosonic excitation of open string

Aµ(x) : p+1 dim. gauge fields

Xi(x) : collective coordinates

in transverse directions

low energy effective action

S =
∫
dp+1x tr

{
− 1

4gsl
p−3
s

FµνF
µν

− 1

4gsl
p+1
s

DµX
iDµXi+

1

4gsl
p+5
s

[Xi,Xj]2
}

where

Fµν = ∂µAν − ∂νAµ − i[Aµ,Aν]
DµX

i = ∂µX
i − i[Aµ,Xi]

gs : string coupling constant

7



Noncommutativity of Dp-brane

[Xi,Xj]

�
D(p+2)-brane charge

[πi, πj]

�
Bij background

[Dµ,Dν]

�
D(p− 2)-brane charge

[xµ, xν]

�
Bµν background

Worldvolume noncommutativity

static eq. of motion for Xi

[Xi, [Xi,Xj]] = 0

trivial solution

[Xi,Xj] = 0 → simultaneous diagonalization

D(p+2)-brane solution

[Xi,Xj] = if → extended in {ij}-direction

Xi(xµ)↔ Xi(xµ, xi, xj)
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Chern-Simons coupling to RR gauge field

SC-S ∼
∫
Mp+1

[
C(p+1) + FC(p−1) + F2C(p−3) + · · ·

+iXiXC
(p+3) + (iXiX)

2C(p+5) + · · ·
]

where

iXC
(n+1) = XjCjν1···νndx

ν1 ∧ · · · ∧ dxνn
Fµν = Fµν +Bµν

Noncommutative torus
torus compactification (xj = xj +2πRj)

UiXjU
−1
i = Xj +2πRj1

U1U2 = e2πiθU2U1

A representation

Ui = eiσie2πθεij∂j

Xi = −i2πRi(∂i − iAi(Ũ))
where

[σi, σj] = 2πiθεij [∂i, σj] = δij [∂i, ∂j] = 0

Ũi = eiσi UiŨj = ŨjUi Ũ1Ũ2 = e−2πiθŨ2Ũ1

Ai ← gauge field on NC torus

1

4
tr([Xi,Xj]2) ∝ −1

4
trFijFij

where Fij = ∂iAj − ∂jAi − i[Ai,Aj]
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Take

X1 = −i2πls∂1
X2 = −i2πls(∂2 − ifσ1)

[X1, X2] = −i(2πls)2f

Boundary state on the torus MK-Kuroki

|σi)r =
∑

{wi∈Z}
ei(σ2+2πr)w2/neiσ1w

1

×
∣∣∣2πls (w1, (1 + 2πfθ)w2/n− fσ1

)〉

(
q1 + (2πls)

2fp2
)
|σi)r = X1|σi)r

q2 |σi)r = X2|σi)r
(
p1 −

θ

2πα′
q2 + (1+ 2πfθ)π1

)
|σi)r = 0

(p2 + π2) |σi)r = 0

where

π1 = − σ1
2πls

π2 = − σ2
(1 + 2πfθ)2πls

cf.

(q −X)δ(q −X) = 0 − i(∂q + ∂X)δ(q −X) = 0
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4. Open string in the background B field

S =
−1
4πα′

∫
dτdσ

(
gµν∂aX

µ∂aXν

− 2πα′Bµνεab∂aXµ∂bXν
)

eq. of motion:

(∂2τ − ∂2σ)Xµ = 0

boundary condition:(
gµν∂σX

ν +2πα′Bµν∂τXν
)∣∣∣
σ=0,π

= 0

Canonical conjugate momentum:

Pµ =
1

2πα′
(
gµν∂τX

ν +2πα′Bµν∂σXν
)

−→ Constraint at the boundary

Gµν
(
∂σX

ν − θνλPλ
)∣∣∣
σ=0,π

= 0

where

Gµν = gµν − (2πα′)2(Bg−1B)µν

θµν = −(2πα′)2
(

1

g+2πα′B
B

1

g − 2πα′B

)µν
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−→ Noncommutativity of string end point

[Xµ(τ,0),Xν(τ,0)] = iθµν

[Xµ(τ, π), Xν(τ, π)] = −iθµν
[Xµ(τ, σ),Xν(τ, σ′)] = 0 otherwise

Chu-Ho, Ardalan-Arfaei-SheikhJabbari

Another derivation Seiberg-Witten

〈Xµ(z)Xν(z′)〉 = −α′
{
gµν ln |z − z′| − gµν ln |z − z̄′|

+Gµν ln |z − z̄′|2 + 1

2πα′
θµν ln

z − z̄′
z̄ − z′ + const

}

Take

{
z → τ
z′ → τ ′

on real axis

〈Xµ(τ)Xν(τ ′)〉 = −α′Gµν ln(τ − τ ′)2 + i

2
θµνε(τ − τ ′)

↓ point splitting

[Xµ(τ),Xν(τ)] = iθµν
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eip·X(τ) eiq·X(τ ′) ∼

(τ−τ ′)2α′Gµνpµqν e− i
2θ
µνpµqν ei(p+q)·X(τ ′)+ · · ·

α′ → 0 (G, θ fixed) limit

eip·X(τ) eiq·X(τ ′) ∼ eip·X ∗ eiq·X(τ ′)
where

f(x) ∗ g(x) = e
i
2θ
µν ∂
∂ξµ

∂
∂ην f(x+ ξ) g(x+ η)

∣∣∣∣∣
ξ=η=0

= f g+
i

2
θµν∂µf ∂νg+O(θ2)

Moyal product

Effective action for NC gauge field Â

Seff =
(α′)

3−p
2

4(2π)p−2Gs

∫ √
GGµλGνρ F̂µν ∗ F̂λρ

where

F̂µν = ∂µÂν − ∂νÂµ − i(Âµ ∗ Âν − Âν ∗ Âµ)

Gs = gs

(
det(g+2πα′B)

det g

)1/2
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open string with Pauli-Villars regularization

−→ ordinary gauge theory (F +B)

open string with point-splitting regularization

−→ NC gauge theory (F̂ , θ)

They give same S-matrix

↓
Should be related by “ field redefinition ”

Âµ = Aµ − 1

4
θνλ{Aν , ∂λAµ+ Fλµ}+O(θ2)

Seiberg-Witten map

For slowly varying field: DBI action

LDBI =
1

gs(2π)p(α′)
p+1
2

√
det

(
g+2πα′(B+ F )

)

L̂DBI =
1

Gs(2π)p(α′)
p+1
2

√
det

(
G+2πα′F̂

)

Seiberg-Witten map for constant F

F̂ = B
1

B+ F
F θ =

1

B

√
With derivative term −→ Terashima & Okawa’s

talks
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5. NC open string (NCOS) theory

Seiberg-Susskind-Toumbas (hep-th/0005040)

Gopakumar-Maldacena-Minwalla-Strominger

(hep-th/0005048)

• Open string theory on the D-brane

• With space/time noncommutativity

• Decoupled from the bulk closed string

• Dual to the NCYM

Strings in the background time-like B field

Consider purely electric case

Bij = Fij = 0, B01 != 0

We choose (µ, ν = 0,1)

gµν = g

(
−1

1

)
, Bµν =

(
E

−E
)
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It is convenient to define

Ẽ =
2πα′
g
E

Then

Gµν =
g2 − (2πα′E)2

g

(
−1

1

)
≡ G

(
−1

1

)

θµν =
(2πα′)2E

g2 − (2πα′E)2

(
1

−1
)
≡ θ

(
1

−1
)

Gs = gs


1−

(
2πα′E
g

)21/2

G = g(1− Ẽ2)
θ =

2πα′
g

Ẽ

1− Ẽ2
Gs = gs(1− Ẽ2)1/2

Since Ẽ < 1, α′G−1 cannot be taken to 0 while
keeping θ finite

θ = 2πα′G−1Ẽ
→ no NC field theory limit

〈Xµ(τ)Xν(τ ′)〉 = −α′Gµν ln(τ − τ ′)2 + i

2
θµνε(τ − τ ′)
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Effective tension

1

2πα′eff
=

1

2πα′
G11
g

=
1− Ẽ2
2πα′

|Ẽ|→1−→ 0

dipole: # ⊕ −→ E

Strings cannot get off the branes

Rescale Gµν to ηµν

gij = δij i, j != 0,1

g00 = −g11 = −g = −1
1− Ẽ2

Consider a process:

open strings p
(i)2
0 = p

(i)2
1 + p

(i)2
2 + · · ·+m(i)2

⇓
closed string

1

g
p20 =

1

g
p21 + p22 + · · ·+m2

Since g = 1
1−Ẽ2 → ∞ as Ẽ → 1, such a dispersion

relation cannot be satisfied unless p0 is infinite.
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6. D-brane as NC soliton

Harvey-Kraus-Larsen-Martinec (hep-th/0005031)

Effective tachyon action

S =
C

gs

∫
d26x

√
g

{
1

2
f(t)gµν∂µt∂νt+ · · · − V (t)

}

C = gsT25

Turn on B12

V(t)

t*

1

S =
C

Gs

∫
d26x

√
G

{
1

2
f(t)gµν∂µt∂νt+ · · · − V (t)

}
∗

Scaling argument + constant solution in commu-

tative direction lead to eq. of motion in large NC

limit:

dV (t)

dt
= 0
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Utilizing NC soliton:

φ ∗ φ= φ

(Gopakmar-Minwalla-Strominger)

Simplest solution is

t = t∗φ0 where φ0 = 2e−(x21+x22)/θ

→ D23-brane

Evaluating tension of the soliton

S = − C
Gs

∫
d26x

√
GV (t)

= −C2πθV (t∗)
Gs

∫
d24x

√
G

= −(2π)2α′C
gs

∫
d24x

√
g

where

Gs =
gs
√
G

2πα′B√g and θ = 1/B

are used.

Thus tension of this soliton is

(2π)2α′C
gs

= (2π)2α′T25 = T23

In general for bosonic Dp-brane

Tp = (2π)25−p(α′)(25−p)/2T25
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7. NC geometric formulation: An attempt
Hirano-MK (’97)

Coordinates of NC space: Xi (i= 1 · · ·8)

Arbitrary deformation: δXi = εi

(⊃ general coordinate trf.)

Topological type theory: S0 = 0

Taking a gauge fixing cond.: Pijkl[X
k,Xl] = 0

where Pijkl =
1
4(δikδjl − 1

2Tijkl),
Tijkl is Spin(7) inv. tensor (related to Octonion)

Gauge fixed action via BRST

δXi = ψi

δψi = [Xi, φ]

δχij = ibij
δbij = −i[χij, φ]
δφ = 0

δφ̄ = 2η

δη =
1

2
[φ, φ̄]

S = −iδ
{
iχijPijkl[X

k,Xl]− 1

4
bijχ

ij

− i
2
φ̄

(
[Xi, ψ

i]− 1

2
[φ, η]

)}
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Identifying

Ai = Xi

A0 =
1

2
(φ+ φ̄)

A9 =
1

2
(φ− φ̄)

λi+ = ψi

λa− = 2χ8a (a = 1 · · · 7)
λ8− = η

Ψ = (λ+, λ−,0,0)T

The action can be written as (integrating out bij)

S = tr
{
−1
4
[Aµ,Aν]2 − 1

2
Ψ̄Γµ[Aµ,Ψ]

}

+
1

8
Tijkl tr

(
[Xi,Xj][Xk,Xl]

)
• IIB matrix model + extra term

• 9+1 signature automatically obtained

• bij is quite similar to the world sheet bµν discussed

by Yoneya (hep-th/0004074)
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8. Conclusion

• Nonperturbative analysis can be simplified in

the large NC limit.

• NCG is essential ingredient in describing D-

branes nonperturbatively.

• Other background (RR gauge field, . . . ).

• Curved branes

(D-branes on Group manifold, . . . ).

• Unified view in terms of NCG.

Importance of Morita equivalence and K-theory.

(Criteria for the algebras describing “same” ge-

ometry.)

• General covariance (automorphism of algebra).

• Background independence.
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