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Motivation

M,String0 00000 =000000
Minimal SUSY (N = 1) Model

Stringd 0 0O 00O =000 0O O matter,. - -

M on Gy = 4dim N = 1 SUSY

Phenomenologically preferable

chiral fermion, non Abelian gauge theory, - - -

<= SUGRAsde D OOODODOO
Het on Gy = 3dim N = 1 SUSY

Worldsheet Theory (exact CFT description)

= [ 000 Geometry
e N=1 SCA +([J [1 ] [1[]) = spacetime susy
eI OOODOO?

K3 > CY3 <> G <> Spin(7)
Gy, Spin(7) 000000

Gy  — tri-critical Ising
ooz

Spin(7) — lIsing



string theory 0 Supersymmetric 0 00O 0O 0O 0O O

RDE x M™

Supersymmetric

Special holonomy manifold

gravitino ¢, () 0 susy 00000000 &(x)0
Y (x) =V, &4(kx) (=0:SUSYTDO)

0000000 covariantly constant spinor D O O 0O 7

&(¥)
X

M M

¢ (0) ¢ (0)

0 0 9 £(0)

holonomy group Ghol
Ghot = {g¢|€ : loop, £(0) — g,£(0)} C SO(n)

G'hor = SO(n) = cov. const. spinor 0 0 0O [



Classification ; Berger (1955)
M:OOO nO00000

g ;irreducible, nonsymmetric O O O 0O O O

holonomy group | dimension name
SO(n) n Riemann
U(m) n = 2m Kahler

SU(m) n =2m Calabi-Yau

Sp(m)Sp(1) | n = 4m | quaternionic Kahler

Sp(m) n = 4m hyper Kahler
Gz n==17 G2
Spin(7) n = 8 Spin(7)

special holonomy (Ricci-flat) - - - SU(m), Sp(m), Gz, Spin(7)

exceptional holonomy « -+ Gg, Spin(7)

holonomy group | dimension name g killing spinor

Sp(m) n = 4m | hyper Kahler (m+1,0)

(2,0) (m = even)

SU(m) n = 2m | Calabi-Yau
(1,1) (m = odd)

G2 n==17 G2 1

Spin(7) n = 8 Spin(7) (1,0)




String DO DO O0O0O0O0OOOOOO

Ghot © SO(n) | special holonomy

Ghol O O (singlet) d spinor £,  [v,,V.]¢ = Rué =0

&(x) O cov. const. spinor
00 susy OO 0O Gyg-invariant killing spinor [ [

n = 4 : Sp(1) = SU(2) holonomy — K3
n = 6 : SU(3) holonomy — Calabi-Yau 3-fold

n = 7 : G5 holonomy

n = 8 : Spin(7), SU(4), Sp(2)0 000 O

K3, Calabi-Yau, 00O OO0 OO0O0OOOOOOOOONO
0000 Gy holonomy MO OO O0O0O0000O00O0O
oot

M/R*' x M" = 4dim N/ = 1 SUSY
Het/R*! x M™ = 3dim N/ = 1 SUSY



What is G27
Go Structure  Go C SO(7)

<> harmonic 3-form & = %C’abce“ A el A e
00 SO(7)D G
SO(7) generator M, (% -T-6=21)
(*7C)abcd = 21=144+7 C Gy

14 ; G, generator

Example ; barely Go Manifold

o X = (CY3 X Sl)/ZQ
Zo;(o,—1), S'>x — —=x
eanti-holomorphic involution o
o*J = —J o*Q =+
Gy structure @

® = dx N\ J + Ref2

Betti Number

b0:b7:1, b1:b6:O
b2:b5, b3:b4
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Worldsheet Theory

World sheet U LI 0 U U O Conformal Field Theory

special holonomy manifold O O 0O O string

Hyper Kahler | N = 4 CFT SU(2)

Calabi-Yau |N = 2 CFT U(1)
Go Go CFT tricritical Ising
Spin(7) | Spin(7) CFT Ising

Spacetime SUSY

Go, Spin(7) 00000000 DOODOODOOODOOOO

CFToOonooooonon
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heterotic string

left-mover — worldsheet susy — spacetime susy

right-mover — affine Lie algebra — gauge symmetry

heteroticstring U OO OO OOOOO susy UOOOOO

oo | gotodon |0odddholonomyld OO0
6 4 K3 (SU(2)) E;
4 6 CY;3 (SU(3)) Eg
3 7 (G2) ?
2 8 (Spin(7)) ?

Juoubogdn

Het 0 Go OUOUOUOOOOOOO
BDDNzlsusy,

non-abelian gauge group

e spacetime susy [ [ [ spectral flow[]
e gauge [1 7

OO0 holonomy OO0 00O O
Calabi-Yau DO OO OO G, Uodooon

L 0O O O

1 [
worldsheet 0O OO0 OO OO CFTO
O00o0o0odon
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Gy, CFT
target Go 0 0 0 0O 20 O supersymmetric 00 OO0 =CFT
O («',4"), i = 1,...,7, central charge ¢ = %
G.-0Uo0oooooon

(N =1SCA)+ | ? \ = 272777

Go structure 3-form @

P = @ijk¢i¢j¢k; operator
Current

(T,G;(I),X;K,M)
(2,3/2;3/2,2;2,5/2)

c="7/10 N =1 SCA
)

E(I))a

: : 1
(TT“, G’I‘n) - (_EX?

TTr — tricritical Ising
00000 = (tri-lsing) + (0 O)

T=T™41" T"T™ ~ (reg).
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tricritical Ising [ primary operator

operator | conf. dim. |sector
NS
NS
R
o’ 7/16 R

000 SUSY

boson (NS) <> fermion (R)

0000 (spectral flow operator)=

Calabi-Yau 0 OO analogy

Calabi-Yau 3-fold G, U000

N =200 (c=900)| G, CFTOO

U U
affine U(1) tri-Ising
! |

spectral flow operator spin operator o’
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R%1 x M7 OO Eg X Eg Het
light-cone gauge R*" — R' : (2", ¢') e=12,¢ = 24

oleft; N = 1 susy
oright; N = O Lie algebra Eg X Eg

Eg =fermion16 0 M, I=1,...,16

R M7 SO(9) Eg
right p hidden FEg
f (9]
tri-Ising so(9) ?
7 _9 __ 26
C = 10 C = 5 C = 5
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(¢ = %) = level 1 affine F,

gauge 1 = F}

F, adjoint J O [J massless vector field = F, [ 0 O
massless <> (h,h) = (1/2,1)
(Fy adjoint 52) = (s0(9) adjoint 36) + (so(9) spinor 16)

so(9) adjoint (Y1) et ® ()\I)\J)right
I,J=1,...,9

so(9) spinor (V) e @ (S o’ Vright

se: N OopoOooooooooo, ea=1,...,16
o stri-lsing 0000000

00000000 (massive mode 00O 00O)
Virasoro [1 [J [ affine Lie OO [0 O I O [J character

e tricritical Ising O O O 7

® G5 holonomy group OO O 7
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OO0 10 affine Lie algebra

group | center | bas | fun group | center | bas | vec | spi
G, |[14/5| 0 |2/5 so(7)| 7/2 | 0 |1/2|7/16
F, |[26/5| 0 [3/5 so(9) | 9/2 | 0 |1/2|9/16

tri-Ising (c=7/10 Virasoro)J O O (6 O O)

0
210’5716’ 80

character

holonomy group Go CSO(7)

so(7) = (tri-Ising) X Go— s0(7)/Gg = (tri-Ising)

_ so(7) : _ Tri Tri } . _
Xbas Xo  Xg3/s XG2
so(7) | — Tri ., Tri bas
Xve(c | = X3/2 X1/10 Go
so(7) Tri Tri N Xfun _
| Xspi | | X7/16 X3/80 |

gauge group so(9)— F4 => so(9) X (tri-Ising) = F}

Tri Tri
Xo  X3/s
F. F. . so(9 SO so(9 ri i
{ ngs Xﬁfn } o { Xba(s ) Xve(cg) Xspg ) Xg/Z Xrir/lo
Tri Tri
| X7/16 X3/80 |
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5 holonomy [ [0 0 [0 [

WCY; X St G,00

o G5 : 3dimAN = 1 SUSY, F, gauge sym.

o CY3 x St: 3dim N = 2 SUSY, Es gauge sym.
W G2 =SU(3)

G2 /SU(3)=(3-state Potts (¢ = 4/5))

ogauge U U 0O U Fy = Eg

(Eg) = (Fy) X (3-Potts)

o spacetime SUSY 0 O O (R-sym. Zy; —U(1))

— CY3 spectral flow operator

¢Tri7/16 — Jooooodn
¢Tri3/80 ¢3-Pott52/5 - 0000 o0oon
» CY5 0O U(1)

(tri-Ising(c = 7/10)) % (3-Potts (c = 4/5))
= (Ising(c = 1/2)) X U(1)g(c = 1)
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[J O O O light-cone gauge [ transverse [1 1 80 [ [

hol. | 50(8) Spin(7) O G SU(3) SU(2) (1)
Ising Tri 3Potts U(1) SU(2)
gauge 50(8) 80(9) F4 E6 E7 Eg

holonomy — [ [J gauge — [

guogood oot

00 : SUSY identity (#boson) = (#fermion)

flat 0 O O Jacobi abstruse identity

special holonomy [ [ [

S0(8) Z XSO(8)/Ghol i"hol



o G5 holonomy O [ [J

G Ising _ Tri
0=F":= X1/2gX0

o Go . Ising_ Tri

0=F":= X1/2gX3/5

» SU(3) holonomy 0 [0 O

su 1
0 = F, B = ﬁ(@6,6@0,2 + ©0,602,2 — 203601 2),

0= Fili(?’) =
n
o 0O
Fgu(?)) Cg—Potts
Flsu(3) — Cg’}l;()tts
] Fili(?’) _ ] Cg’}l;()tts

Cg'POttS - 3-state Potts [1 character

Ising . Tri
+ Xo

Ising . Tri
+ Xo

3-Potts
CQ /5

3-Potts
Cl/15

3-Potts
Cl/15

Ising _ Tri
X3/2 — Xl/lfgiX7/16’

Isin Tri
X1/10 — X1/1§X3/80°

1
_2(@2,6@0,2 + Ou6022 — 016012 — O5605).




M /Gy



ooy

S . Go={H.K. over Q} [Acharya-Witten]
= non abelian gauge symmetry with chiral fermions

o Massless Fields - - - localized at singularities

1. non abelian gauge field
codim4 singularity ; 11-4=7dim spacetime
gauge field 0 R* x QO propagate
2. chiral fermion
codim7 singularity ; 11-7=4dim spacetime

chiral fermion 0 R* X pt O propagate
(pt € Q ;singularity)
o singular pt€ Q < #f (chiral multiplet )=1
0 ; massless chiral field 5 of SU(5)g
M (fiber)
generic pte Q — A, singularity

special pt€ Q — Aj singularity

Q ; 3dim base space (Go={H.K. fiber over Q})



HREEN

symmetry chiral matter
Ds — Ay 10
E¢ — Dy 16
E; — Ejg 27

Anomally Cancellation

anomaly inflow

— R* x ptO support O O O charged chiral superfield
[IA D6-brane

1. codim4 singularity <= codim3 in |IA
7dim D6 worldvolume = stacks of parallel D6-branes
2. codim7 singularity <= codim6 in IIA

=> intersecting D6-branes

21



parallel D6's

intersecting D6's

22



o Het on G = 3dim A/ = 1 SUSY
worldsheet theory (CFT)

Y

® holonomy group so(7) /Gy =(tri-Ising)
® gauge group (tri-Ising) Xso(9)= F4
e Manifolds
Spin(7)« Gy > CY3+> SU(2)
(Ising), (tri-Ising), (3-Potts)
— gauge group so(9), F4, Eg, E7
o Typell/Gy; Gy =(CY3xS!/Zs)

® coset Go

® super Lie algebra

o M on Gs = 4dim N = 1 SUSY

non Abelian gauge theory, chiral fermion
® gauge symmetry < hyperkahler singularity (proposal)
® chiral matter «<— singular fiber

e singularity 1 [ [ [

e anomaly cancellation

® Gy holonomy metric



Tricritical Ising Model

OOO00d Ising Model
lattice J [J spin sited [ [J fluctuate
E[O’i,ti] = — Ztitj(K + 5%,03.) — K Zti
(i5) i
0 (23 vacant)

1 (otherwise)

K ;energy (T])
K + 1;energy (TT), energy (11)

p ; chemical potential

(B, K,u) = 300 phased 00 O

N
%

N
¢V

N
¢V

N
¢V

N
¢V




