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The Model and Limiting Cases

N = 1 large interpolates by e,m, ξ small N = 2

µ0 SN=1
W

SN=2
FIS

SN=2
SYM

µ F (eff)
m.m.(Si), Weff

DV relation

R.S. & matrix model description

DV, CIV, CDSW, H.I.-Morozov ’02

· · ·
µIR Feff

SW(φi) SW

R.S. description

Gorsky et.al., Martinec-Warner,

H.I.-Morozov ’95 · · ·

SN=2
FIS

=
∫

d4xd4θ

[
− i

2
Tr

(
Φ̄eadV ∂F(Φ)

∂Φ
− h.c.

)
+ ξV 0

]

+
[∫

d4xd2θ

(
− i

4
∂2F(Φ)
∂Φa∂Φb

WaWb + eΦ0 + m
∂F(Φ)
∂Φ0

)
+ h.c.

]

cf. SN=1
W

=
∫

d4xd4θTrΦ̄eadV Φ +
[∫

d4xd2θTr (iτWW + W (Φ)) + h.c.
]
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N = 2 Supersymmetry with (Bare) Superpotential

• Strategy to get N = 2:

λa
i =

(
λa

ψa

)
→ λia =

(
ψa

−λa

)
= Rλa

i R
−1

Rδ
(1,ξ)
η1=θR

−1 ≡ δ
(2,−ξ)
η2=θ so that 0 = δ

(2,ξ)
η2=θS(ξ) follows from Rδ

(1,ξ)
η1=θS(ξ)R−1 = 0

• Take a generic superpotential and a gauge kinetic function and impose R invariance:

The solution W = eA0 + mF0, τab = Fab

• Transformation laws:

δλ a
J = i(τ ·Da)J

KηK + · · · .

Da = D̂
a −

√
2gab∗∂b∗

(EA∗0 + MF∗0
)
.

fermion bilinears

E = (0, −e, ξ) , M = (0, −m, 0),
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Spontaneous Partial Breaking of N = 2 Supersymmetry

• basic mechanism:
{

Q̄j
α̇,Sm

αi(x)
}

= 2(σn)αα̇δ j
i Tm

n (x) + (σm)αα̇C j
i

· C j
i : not a VEV but follows simply from the algebra.

The model predicts:

• C j
i = 4mξτ1

90orot.−→ 4mξτ3 The scalar ptl VEV 〈〈V〉〉 = ∓2mξ = 2|mξ|

• ∴ Half of the supercharges annihilates the vacuum while the remaining half takes

∞ ∼ |mξ| ∫ d4x matrix elements.

∴ Partial Breaking of Extended SUSY is a Reality.
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A Few Tree Properties

〈〈Fjj〉〉 = −2(
e

m
∓ i

ξ

m
) = −2ζ ; the vac. condition

〈〈gjj〉〉 = ∓2
ξ

m
,

〈〈Dj〉〉 =
m√
N




0
−i

±1




• NG fermion 1√
2
(λo + ψ0) resides in the overall U(1) part but not decoupled

∂2F(Φ)

∂Φa∂ΦbWaWb =
〈

∂3F̃(Φ̃)

∂Φ̃0∂Φ̃â∂Φ̃b̂

〉
W0W âΦ̃b̂︸ ︷︷ ︸ + · · ·
↑ ↖

overall U(1) SU(N)

• Breaking pattern of gauge symmetry: degF = n + 2

U(N) → ∏n
i=1 U(Ni) with

∑n
i=1 Ni = N

cf. partition of N eigenvalues
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Mass Spectrum

index labelling a, b, · · · =
(

α, β, · · · for unbroken generators
µ, ν, · · · for broken generators

• the table field mass label # of polarization states
vα

m 0 A 2du(du ≡ dim
Q

i U(Ni))

vµ
m | 1√

2
fν

µiλ
i| C 3(N2 − du)

1√
2
(λα ± ψα) 0 A 2du

1√
2
(λα ∓ ψα) |m〈〈gαα〉〉〈〈F0αα〉〉| B 2du

λ
µ
I

| 1√
2
fν

µiλ
i| C 4(N2 − du)

Aα |m〈〈gαα〉〉〈〈F0αα〉〉| B 2du

Pµ̃
µAµ | 1√

2
fν

µiλ
i| C N2 − du

• N = 1 supermultiplet

h

1/ 20- 1/ 2- 1 1

m
A

ass

Sz

1/ 20- 1/ 2

B mass

1/ 20- 1/ 2- 1 1

C

Sz

mass
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Fermionic Shift Symmetry of SN=1
W

and Weff

S ≡ − 1
32π2

TrWαWα 3 Trλαλα gluino condensate variables DV, CDSW

wα ≡ 1
4π

TrWα U(N) unbroken for simplicity

• Introduce “grassmann coordinates” ψα

Ŝ = −1
2
Tr

(
1
4π
Wα − ψα1

)(
1
4π
Wα − ψα1

)

= S + ψw − 1
2
ψψN

• The fermionic shift symmetry ; decoupling of overall U(1)

acts as δŜ = ε
d

dψ
Ŝ

• ∃F s.t.

Weff =
∫

d2ψF(Ŝ) = N
∂F(S)

∂S
+

∂2F(S)
∂S2

ww DV relation

• Remnant of the 2nd supersymmetry of SN=2
FIS
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Weff of SN=2
FIS

; Deformation of DV Formula

So far the matter induced part only

• summary of our understanding;

W
(h−1)
eff = N ∂F (h−1)

∂S + ∂2F (h−1)

∂S2 wαwα−16π2img3
mg2

(
∂F (h−1)

∂S

)
S
m + W

(h−1)
2 + O

(
1

m2

)

h : # of index loops

F (h−1) ; the (h− 1) loop contribution to the planar free energy of the matrix model

W
(h−1)
2 ; replace one coupling constant mg` by

16π2ig`+1S

Nh , for ` ≥ 3 in the 1st term

• basis of our argument;

· integrate Φ̄ out

· propagator

∆(p, π) =
∫∞
0

dse−s(p2+m′+1
2adWαπα−ig′3M)

Mabcd = (WW)daδbc + (WW)bcδda +WdaWbc

· vertices

type I. mgkak

k! TrΦk, k = 3, . . . , n + 1

type II. − i
4

∑k−1
s=0

gkak−1

k! Tr(WΦsWΦk−1−s),
k = 4, . . . , n + 1

cf. Grisaru et. al.
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• outline of our argument;

· universal to every (h− 1)-loop planar diagram up to c.c. &

symmetric factors

e.g. h− 1 = 2

· πα momentum integration must be saturated:

⇒ only the planar diagrams contribute

· suppose that our finding were absent:

⇒ up to the factors mentioned, we get

(
h∏

i=1

∫
dsi

)
e−(

P
si)m

′ 1
4h−1

{NhSh−1 + hC22Sh−2wαwα}

≡
(

h∏

i=1

∫
dsi

)
e−(

P
si)m

′A(h−1)
0
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? ∃ two types of corrections to A(h−1)
0 :

· A(h−1)
1 ; propagator correction insert two more W, namely, ××

(∏h
i=1

∫
dsi

)
e−(

P
si)m

′
(A(h−1)

0 +A(h−1)
1 (si))

= h
m′

(
S

4m′
)h−1

(
N − 16π2ig3S

mg2

)
+ hC2

2m′2
(

S
4m′

)h−2
wαwα.

· A(h−1)
2 ; the correction obtained by replacing TrΦl by

Tr(2WWΦ` +WΦWΦ`−1 + . . . +WΦ`−1WΦ)

⇒ can use only once and exhaust all possibilities

mg` → 16π2ig`+1S

Nh
, for ` ≥ 3

· explicit computation for h− 1 = 2 loop

W
(2)
eff = − (mg3)2

32(mg2)3
NS2 − (mg3)2

16(mg2)3
Swαwα +

π2i(mg3)3

2(mg2)4
S3

m
− π2i(mg3)(mg4)

2(mg2)3
S3

m
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Generalized Konishi Anomaly Equation

R(z) = − 1
64π2

〈
TrWαWα

1
z − Φ

〉

Φ

, T (z) =
〈

Tr
1

z − Φ

〉

Φ

R(z)2 = W ′(z)R(z) +
1
4
f(z),

2R(z)T (z) = W ′(z)T (z) +
1
4
c(z) + 16π2iF ′′′(z)R(z) +

1
4
c̃(z)

f(z) and c(z) are polynomials of degree n − 1 in z and c̃(z) is a polynomial of degree

n− 2.
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