A lattice study of N'=2 Landau-Ginzburg model
using a Nicolai map

based on arXiv:1005.4671

Hiroki Kawai (in collaboration with Y.Kikukawa)
Institute of Physics, The University of Tokyo



1.Purpose of this study

2.Lattice formulation of WZ model

3.Simulation Method

4.Nlumerical results

5.Summary and future plan



1 Purpose

2d CFT
 critical phenomena of 2d statistical systems

b

i=9 . .
« N =2 minimal models “== A = 1 space-time SUSY (compactified string)

e A problem which remains unsolved is the determination of the correspondence

between CFTs and systems (Lagrangians) .

2d '=2 Landau-Ginzburg model (LG model)
S = /dzxd‘lé K(®,®) + (/d2xd29 W(®) + c.c.), ® ... chiral superfield.
At the IR fixed point, W (®) = A®" is believed to describe the "= 2, ¢ = 3(1 — 2) minimal model.

/ — check for K(®,®) = ®® (WZ model)
Aeff — 00, lattice |

Why it is believed that LG models describe CFTs ?
e 2d bosonic case '86 A.B.Zamolodchikov
Inthe c =1 — ﬁ minimal model, the fusion rule implies gb?;’;)?’ X 82gb(2,2)
In the 2d bosonic LG model £ = 29,,¢0,,¢ + A¢?" 2, EOM is ... $*"73 o §%¢

conjecture
=N

¢ = ¢(2,2) at the IR fixed point. Extending this idea, ...



How to check the conjecture

o early studies

RG flow of c-functions - '89 Kastor, Martinec and Shenker

catastrophe theory — '89 Vafa and Warner — For W(®) = A7,
€-expansion - '89 Howe and West (o= 3(1 — 2)
elliptic genus ~ '93 Witten ®: (h,h) = (5, 5)
) @°: (hh) = (5, 5)
[
L "% (hh) = (52 55
« We computed correlation functions non-perturbatively for W (®) oc ®3.
susceptibility of CFT:
o 2 * finite volume 2 1 1—h—~h
= logx = (1 —h—h) log V + const.
For the present W (®) o ®3, the conjecture expects | —h —h=1— 1 — 1 = 0.660...



2 Lattice Formulation of WZ model

Relying on the existence of the Nicolai map as the guiding principle, '83 Sakai and Sakamoto
'09 Kadoh and Suzuki

2 ] .
S = Z {¢*T§Z5 + W*(1 — QZT)W + (W/(_Sl 4 iSy)o + C.C.) 02 Kikukawa and Nakayama

- 1 14 1— 1 —

2 2 2 2
here D= 2|14 2| = T4+ 1S + 795, X =1— L[y (VI = Vo) —aVive
where =3 + T X = 1 4+ 7101 + 7202, = —§[W( w u) av, u}’
_ g, e
t] limit : aX — 0 enough
e ) is the unique mass parameter (besides a) = continuum Amit - aA = . modes ! A
To see CFT, L > (a)\) " is needed. —"
0

0 one SUSY () + Nicolai map

e no extra fine-tunings <« ,
[0 Z3 R-symmetry <« overlap fermion

e This lattice model faces the sign problem
|D + F| is real, but can be negative. <= v(D+ F)v; = (D + F)*
/(Hn A, - -+ )e 71t = / (IL,, dp,dgr) |D + F|e™®

N——

real, but can be negative.



3 Simulation Method

Idea '91 Curci et al.
We utilized the Nicolai map : 77 = W' + (¢ — §W')T" + (¢ — SW™)(S) +155).

/ (Hn d(bn e )G_Slat'
- /D¢D¢*yD + Fle™®,  D¢D¢* =11, do,do;,

_ /ququ* /ann*a(n SW (§— SWT — (6~ SW)(S) +i5)) | D + F| e

_ . * 5(¢ - ¢z(n)) —Sp
_/D¢D¢ _/Dqﬂ)n Z ToEwal ]|D+F|e

N(n)

= / DDy’ [ S sgn|D + F(@-)I] e Lnlmnl”,
1=1

(T2l OGosenD + FGIN), o [ DiDy X e~ Zall”
5 wnere n = —.
<Z£\;(177) sgn|D + F(@)Dn [ DnDy* ¢~ ZilnnIJ

\ positive

Using this expression, we calculated the susceptibility x = [ d?z(¢(z)¢*(0)).

(0) =




Algorithm

(SN O(gi)sen|D + F(o1)]),
<Z£i({7) sgn|D + F(@)D?7 “=° Witten index A = 2 (cubic potential)

(0) =

f (Hn d’r]ndﬁ:> X(fr}) e > |77|2
f (Hn d"?ndﬂ;) e~ 2z In|2

where ¢

| V(1) counts the solutions of the Nicolai map ¢1, .., o)
n=W 4 (¢ —sW)T + (¢* — W) (51 +1iS2)

1. Assigning {n, n*} as the standard normal distribution,
2. Solving the Nicolai map by the Newton-Raphson algorithm,
3. We sample the configurations of {¢, ¢*}.

e advantage ... no sign problem, no autocorrelation
o difficulty O ... N(n)



Tests for the configurations

(va:(f) sgn|D + F|), 2= Witten index A = 2 (cubic potential)

Why Witten index 7

— PB.C. & For W(®) = 282(A =1), (Ren,Imn) = (Re¢,Im ¢) (D + m(1 — %D))

— I ~\~
CorreCtly normalized positive = A=1 is correctly reproduced

 Ward identity for (n(z1)---n(zm)n*(y1) - n*(yn)) on the lattice

From Qv =—n*, QY- =-n Qn= Slat . QN = (;Q%_Szat., (Q(---)) =0,
and the Schwinger-Dyson eq.,

* N
<77(£U1)...77 (Yn) Zi:(f) sgn‘D—l-FD77 B {0 m+n
(S} sgn|D + FI), S T 8y gy M=

For example, m = n =1 provides >__(n(z)n*(z)) = (Sg) = L*.

= |If Z ) sgn\D + I'| = 2 over the n, OK.




4 Numerical Results

Samples with W (®) = 2®3, a\=0.3, L =18,20,...,32

(Newton iter. from 100 initial config. for each noise) x 320 noises

L 18 20 22 24 26 28 30 32 test ...

(+,+) 316 319 319 316 316 314 307 316 ~_ S sgn|D + F| = 2

(—, +,+,+) 3 0 1 3 4 6 10 4 A
(+,+,+) 0 0 0 1 0 0 2 o “ but rare.

A 1.997 1997 2 2003 2 2 1994 2

5 [%] 0.3 00 01 04 04 04 04 02

_ _ Sp)—L? L
A ... Witten index, 0 ... <BL>—2 (a Ward identity)

00 For 99% noises, YN sgn |D + F| = 2

OO Witten index A = 2 and Ward identities are well reproduced.



Susceptibility: X = > _,~5(0(2)9(0))

W (®) =

293, aA=0.3, L=18,20,., 32
4.8
45 | linear fit by least-square-method
S \
><
S 42t
3.9
6 6.5
In L?
0y, o 1/0.66040.011

[0 consistent with the conjecture x4

VO 060...

[]



5 Summary and future plan

Summary

e We observed x = [;, dz”(¢(x)$*(0)) in the cubic potential case, and got the consistent result with

the conjecture y ~ 1/0-:666-.

e We also extracted the effective coupling constant K of the Gaussian model,
and obtained K = 0.242 4 0.010 which is consistent with the A/ = 2 SUSY point K = % = 0.238...
This implies the restoration of all supersymmetries in the IR. (see more detail in arXiv:1005.4671)

Future Plan

e further check of the A-D-E classification:
W = o4 — A3 model O
P3 + &% — Eg= Ay ® A3 model O
®2 + P> — D3 model O, ...

e c-function — central charge, c-theorem

o 2d N =1 LG model with W oc ®® (""™* tricritical ising model)
= dynamical SUSY breaking



Appendix



Lattice formulation of WZ model

e continuum theory

Seont.= Q / 2rg [ — Hep_ + 20,00 — W'ihy — W*ep_

1 1—
s + W ’Ys)w . H-onshell.

[0 W s S, LR L

notation
Y1 = 03, 72 —02, 73 = —W1W2 = 01,

Y = ( > Y = (Y1, 92), ¢i:ﬁ(¢li¢2), IZiZ%(%EHE%), O = 2(0, —i0,) and

qu — _15—7 Q¢* — _TE-H Q?Z:lz - 07
@ =08 QUi =200+, QU =206+ 1", = QSum. =@ [(+) =0
QH - 28'&—7 QH* — 25’&%—7

symmetry

SO(2), translation, N =2 SUSY,
Uy, U)r (¢ — e 2%, ¢ — B, ) — e’™B) for W = 3¢



lattice theory '02 Kikukawa-Nakayama cf. '83 Sakai-Sakamoto, '09 Kadoh-Suzuki

Sat.= QY [ — H— 4+ (= Th+ (S; +iS2)¢™) — Wihy — W¢]

— ¢? Z [W%gb + W™ (1 — %)W’ - (W’(—51 +15%)¢ + c.c.)

14+ 1—13 1 —73
W// W//*
2 + 2 2

1"‘73

+1) (D + >¢] ,  H-onshell.

lattice Dirac operator

D=11+ X=1-%n(V}I-V,)—aViV,].

o4
Vo dk
DA3 4+ v3D = 0 with v3 = ’73(1 — CLD)

notation
D=T+38 728, = L(1,41) 7524 and
Qp=—1_, Qb =—vy, Qii =0,
Q*=0 Q Qy = —T¢*+ (S1 —iS2)p+ H, Qu_ =—T¢+ (S +iS)¢* + H*,
QH = —Ty +(S1 —iSo)y_, QH* = —Ty_ + (S; +1i52)1..
symmetry

a-translation, one SUSY @),
U(l)V' Z3R (¢ — G_Zia¢7 ¢ — eia%@ba QL — @Zeiw}%? @ = 3 , I E Z) for W = %QbB



Desired continuum limit is achieved by a — 0 without extra fine-tunings.

l\DIC»J

redefinition: ¢ = A¢ = (mass)?, y = M) = (mass)2, Y= M) = (mass)?.

al .
Stat. = a® Z [90 _90‘|‘ ©” (1 — 7)90 + <902(—51 +159)p + C.c.)
same role as & +X (D + 5 7 5 + 5 ¥ T )X

A radiative correction is

1
0S = 2 d*C O(y,x)
counting the number of loops [ as h

= If O has (mass)p /

a—0 _ _
C =P g 2)\2 = aP ey +aP 2 N2 + aPea N
N——

tree

= We have to consider p < 2.

Op<2 which preserves Z3r and fermion number are a const. and p*p.

But the const. has no effect and ¢*¢ is forbidden by the SUSY Q.

=> no extra fine-tunings.



Further Support
It is possible to construct the N' =2, ¢ = 1 SCA by the Gaussian model:

K
SGz§/d2x8MX8MX, X ~ X + 2, K=— —.

Ts(2)
EOM 99X = 0 allows X (z,2) = X*(2) + 6%(2), (X*(2)XL(0)) = — 2% Inz. Then

11
Tp(z) = 27K :(0X"(2)%, Tg(2)Ts(0) ~ 5 (=c=1).
z
G*(2)
1 a 1 a
XE(z) = —1agpInz +1 —nz_”], XE(z) = [—ia InZ 4+ ¢ —nz_"].
where a,, satisfies the U(1), k = 1 Kac-Moody algebra.
[CLn, am] — n5n+m,07 [aOa Q] - _ia
[C_Lna am] — nén—i—m,Oa [aOa Q] = —1.
Then, at only K = ﬁ, %, there are two operators of (h,h) = (2,0): G=(z) = e£3iX " (2)

= These Ts(z), G¥ (%), a, construct the complete N' =2, ¢ = 1 SCA.



On the other hand, in the N =2 LG model ...

o W o ®3 should provide the A" =2, ¢ = 1 minimal model.

o If one writes ¢ = |¢|e??, the R-symmetry is § — 6 + const., which is not to be broken. (Coleman)

= It is natural to identify 8 as X in the IR.

= If this scenario works, the R-charge suggests K = %.
[ 42../.i0(z) ,—i6(0) [ 3
= xo = | d°z(e e Y~V ATK K:4_:()238
7

So we also observed this xg and K to provide the further support for the conjecture.



Susceptibility: Xg = Zx23<€i0(aﬁ)e—iﬁ(0)>

W(®) =293 aX=0.3, L=18,20,.,32

5.1

48 | linear fit by least-square-method
@ \
<
£ 45}

4.2 ¢

6 6.5 7
In L?

O g oc V00710014 = — (0.24240.010
0 consistent with the conjecture K = 0.238... O




