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1. Introduction



Figure 1: IR-regularized geometry of 5D warped space(1)
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Warped Metric ds® = 2. ——(ndrtda” + d2?) = e Wiy dotda” + dy®
(XM) = (2#,2) or (z*,y) , M,N=0,1,2,3,5(r 2); p,v=0,1,2,3 ]

1 1 1
(77#7/) — diag(_17 ]-7 17 1) ) — S Y S [ ) |Z‘ — ;ew|y| y 5 < |Z| < f ;

(T = we™*H Ryn = 4w*Gyy , R=20w* (1)
Flat Metric  ds® = 0, dz"ds” + dy* , (XM)=(at,y) , —I1<y<Il , (2

Eg;irp/AT_l = —aw* (1 — 4eln(A/w) — 4 In(A/T)) = —alw,)*
wr = w1 —4eln(A/w) —4cIn(A/T) (3)




cl<1 , |d<1 , w=w(l-cn(A/w)—-<In(A/T))

p-function = 0 lwr

d(In A) Yo —c—c (4)

Numerically o« = 1.2, 4¢ = —0.11, 4¢’ = 0.10 using the elliptic suppression
factor.



Old Casimir Energy, Flat

Eens — [ Daexp i [ dsdy(CEs + Lymo)| 5)
Euclid
d*p [ . T
Ecas(l) = 7 | dy(F~(D,y) +4F7(p,y))
(2m)* Jo
o oC B ©  _coshk(2y — 1) — cosh ki
I (p,y)E/ dk’QGk(y,y)=/ dk 2y~ 1) :
p2 B 2 sinh (k)
> - — cosh k(2y — 1) — cosh kl
FHey) = | dk2GH(y,y) = / i : 6
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Old Casimir Energy, Warped

e~ T "Ecas —/ch exp[ /d5XF(——ch1>v @—1m2<1>2)] - (7)
2 Euclid
1/T
—Ef, (w,T) :/ / dz s( / (2, 2) ydk?
p
/d4pE /1/T T(p, 2) (8)
— dz FT(p,z 8

GF(z,72) = :Fw_3222/2{10<£)K0( pz) F Ko

2l

o(z) HIo(2)Ko(p2 : ) F Ko(2)Io(p2')}
0(2) — Ko(2)Io(2) |
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Proposed Casimir Energy of 5D Systems

For Flat Geometry

l
—Ecas(l, ) = // dp/ HD:C ) exp ! / V% 41 rgdy]
1/A

(0)=r(D)=p oy

For Warped Geometry

1/p
—Ecas(w, T, \) / dp/ HD:B ) Fo(— z)

(1/w)=r(1/T)=p 4 ,

1 Mo
X exp [/ 7V r'? 4+ 1 r?’dz] :

/
20 Jq /4, wz4

where 7 = \/Zizl(ajaﬁ



Figure 2: Warped geometry. S® radius r(2) changes along the extra axis.
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2.Quantum Statistical System of Harmonic

Oscillator
'Dirac’ Type
ds® = dX? + W X?dr? = Gapd X dXP | (11)
(XY = (X1, X?)=(X,7) , (Gap)=diag(l,w?X?) |,
Rig=0 , R=GAPR =0 |, (12)
where A, B =1, 2. Periodicity:

rTHB (13)



The induced metric on the line

X=x(r) , dX=a2dr , t=— , 073 |,

ds* = (2° + wx?)dr* . (14)

Then the length L of the path z(7)

8
L:/dSZ/ Vi? 4 w2adr . (15)
0

We take the half of the length (3L) as the system Hamiltonian (minimal length
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principle ). Free energy F

"= [ [y Tpetoresn |5 [ Vs s o

B—p

Normal Type

ds?® = dX?)? + W X*dr? 4+ 2w X?dX? = dX? + w*X2dr*)? | (17)

dr? s dr2 sl

where we have the following condition.

dr* ~ O(e*) , dX*~O(e?) |, d—dX2 o(1) (18)
T2
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Note that we do not have 2D metric in this case ('primordial’ geometry 7). We
impose the periodicity (period: ():(13). The induced metric on the line:

d
X=a(r) , dX=ddr , i=— , 0<r<f |
T
ds® = (2* 4+ w?x?)?dr* . (19)

On the path, we have this induced metric. The length L is given by

Lix(r)] = / ds — /O " 4 el (20)
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Taking %L as the Hamiltonian (minimal length principle), the free energy F

/ clp/ —p HDCIZ T) exp [;/05(51'32+w2562)d71 , (21)

This is exactly the free energy of the harmonic oscillator.
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3.Quantum Statistical System of N Harmonic
Oscillators and O(N)-Nonlinear Generalization

'Dirac " Type
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Figure 3: A path {z'(7)|i = 1,2,---,N} in N(=2)+1 dim space. It starts at
P:(ph P2, "5 PN, O) and ends at P/:(IO/17 p/27 T 7p9\77 6)
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N+1 dim Euclidean space (X*,7),i=1,2,---, N.

N N
ds® = (dX')? +w?dr® ) (X')? = GapdX*dX" | (22)
1=1 1 =1
AB=12--- NNN+1, XNtl=4 |
N
(GAB) — diag(l,l,---,l,w2r2) ) 7“2 = Z(XZ)Q ' (23)
1=1

Explicitly for N=2,

ds® = dx* + dy? + wQ(az2 + y2)d7'2 :
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1 -y xy 0 5
(Rap) = (r2)2 yr 0 , R= 3 rf=ax’+y°
0 0 —w?(r2)?

where (X1, X2 X3) = (z,y,7). Periodicity (13). A path {X* = z%(7)| 0 <
7<pB,i=1,2,---, N}, Induced metric on this line:

X'=2a'(r) , dX'=d'dr | CUZECZ_ , 076,
N . .
ds® = ((#")? + w’(2")?)dr? . (25)
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See Fig.3. Length L

Free energy F'

(Hamiltonian %L, minimal length principle)

(26)
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Figure 4: N(=2) dim hypersurface in N+1 dim space (X1, X?,-.-, XV 7). SVN—1
radius r(7) starts by 7(0) = p and ends by r(3) = p'.
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Another geometrical quantity (,instead of the length L). N dim hypersurface
in N+1 dim space (a closed string). See Fig.4.

DX =r*(r) , > XX =ridr . (28)

r(7) describes a path which is isotropic in the N dim space (the 'brane’ at 7).
The induced metric on this N dim hypersurface:

2
2 W i v g i P i '
ds? = Z((Sz-j + 5 X' X7)dX X = > gidXidXI

’L',] ,l".]

N
2 w27°2

_ Wiy 2 _ i)2 _
gij = 0ij + 5 X'X7Tr _;(X) o det(gi) =1+—— . (29)
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> Metric of the O(N) nonlinear sigma model.

Area of this N dim
hypersurface:

N N/2
AN:/MCZNX: F(£+ 1)/\/¢2+w2r2rN_1dT (30)
2

Free energy F':  (Hamiltonian %AN, minimal area principle)

21X +1

e P — /OOO dp/r(o) y HDxi(T) exp [1 NWN/Q)/\/ferwzr%NldT] (3
o T

Compare this result with the proposed 5D Casimir energy for the flat geometry
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(10). We recognize, if we start with *** NHOO9c

N
ds® =) (dX")? +dr® (N+1 dim Euclidean flat) | (32)
1=1

instead of (23), the integration measure becomes exactly the same as (10).

Normal Type
Another type of N+1 dim Euclidean space (X*,7); ¢ =1,2,--- N:

ds _dT—Q{Z (dX7) }2—|—w4{z )2 }2dr? +2w2{z }{Z(de)Z}

_ %{Z(dXi)Q +wldr? Yy (X2 (33)
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where we assume
| N
2 2 i\ 2 2 i\ 2
dr® ~ O(¢®) , (dX")?~O0(e) p{;m)}w(l) . (39)

Again, in the above case, we do not have N+1 dim (bulk) metric ('primordial’
geometry).  Periodicity 8 (13). A path {z(7)|0<7<B8,i=1,2,---,N}.
Induced metric:

X'=2a'(r) , dX'=d'dr | CUZECZ_ , 076,
N . ;
ds? =) _((2")° +w?(2")?))dr? (35)
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Length L:

= fas= | Bim? FuR(@)dr (36)

Free energy F':  (Hamiltonian %L minimal length principle)
(H/ dpr)/ ) = p; HD:I: T) exp [/ + w?(z")?)dr
x (5) pi

This is exactly the free energy of N harmonic oscillators.
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Instead of (33), a slightly modified metric.

ds? —w4{z V2472 4 2w K{Z }{Z(def)?} , (38)

where we need not the last condition in (34). We have the metric G4p in this
case (ordinary geometry). Explicitly for N = 2,

ds® = w4(x2 + y2)2d7'2 + 2w2/i(x2 + yz)(d:p2 + dyz) :
4y? —4dxy 0 1
(RAB): —4y$ 45132 O ,R:— 57 5\0 ; r2:gj2—|-y2’
0 0 2—2(7°2)2 RW (T )

K

VG = 2kw*r* , VGR =8w% ,(39)
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where (X1, X? X3) = (z,y,7).  The N dim hypersurface (28).
metric:

Z 2wr? (K5 + %“’—X X7)dX'dX7 =) " g;;dX'dX/

1,7=1 1,7

Area:

B 2, ,2
/T a N (27”43)]\7/2 N /- rewT N_—1
AN = / detgwd X = N . (Cd’l") TQ—I—W r dr

I'(3+1)

Induced

(40)

(41)
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Free energy:  (Hamiltonian %AN minimal area principle)

e_BF:/OOOdp/T(O) — ) HDﬂfi(T)
b T

L (2mr)N/2 (P N\/-2 rw? N
- DTNt 42
exp[ 2F(%+1)/o o) T\ (42

Compare this result with the proposed 5D Casimir energy for the warped geometry
(10). We recognize, if we start with

N
1 .
Euclidean (AdS)n41: ds® = ﬁ{dﬂ + > (dX7)’} (43)
j=1
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instead of (38), the integration measure exactly becomes the same as that in

(10): 7= Nvr2 + 1N 1dr.
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4. Comparison with the Ordinary (143 EM)
Casimir Energy Calculation

1+1 Dim Model
82 82
(5~ 3 ve0=0 | —e<z<o | oo<t<oo L (48)

Stationary States

o

U, t) = e @) i =

W
(w2+d—2) fx)=0 , f(z)={coswz,sinwzr} . (45)
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periodicity : @ — x + 21 ( 21 : the separation length)
Zo-symmetry P : z < —x
Eigen Modes (Functions)

|
O =

(46)
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Figure 5: Equal spacing of the energy eigen values
&) w
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Average Energy of this statistical system at 5!
1) equal-energy distribution (Rayleigh-Jeans approximation)

A A
d
E5:%5_1><2></ dTwzﬁ_liA : DoF=2></ Tw : (47)
0

0o 7 ™

linearly divergent
2) Planck’s distribution (correct one)

(T w/2 dw 5
EB_/O eﬁw_12%_****lﬁ : (48)

finite , 141 dim Stepan-Boltzman's law

Casimir energy (energy at 5 = o0)
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A
»,
EL = ~9
Cas / 9

diverges quadratically
familiar regularization

n

&

(49)
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Present approach

where we introduce an new axis 7
Integral over the rectangle region ((A — u) x 1) in (w, 7) space.

(51)
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Figure 6: Rectangle region in 2D (w, 7) space
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This integral should be regularized as folllows
Line element in (x = w™!, 7) space.

1

d2
? dT(

dz? + Q%x?dr?)? (52)

() : a regularization parameter.

l l
L:/(x'2—|—§22x2)d7':/( 0% 4+ QA ?)dr,
0 0

> 1
ECas :/ d/i/ Dw(T)w(T) exp {——/L} : (53)
0 w(0)=w(l)=k 2 20

1/a’ : another regularization parameter ( string tension parameter
g P g P
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Figure 7: Path in the 2D (w, 7) space
w
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5. Discussion and Conclusion

A possible meaning of the last equation of (18) or (34)
The momentum cut-off parameter A for the UV-reglarization and pu for the
IR-regularization.

1 A2 WP
— dX? = ~ 54
dr? < TR < (54)
OR
T? dX?* < w? dr? (55)

————— > Some kind of uncertainty relation ?
Relation between coordinates (not in the phase space of coordinate and momen-
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tum).

We have some constraint, exprssed by (55), on the bulk-space coordinates. Does
this suggest new 'quantization’ rule for the higher dimensional quantum field
theory 7
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