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1) A, quiver matrix model:

r=n-—1 IMO 0911.4244

constructed s.t. obeying W, constraints at finite N -PiP
T @ % oxo [ P2 S~ 32 pr (1@
z= [ TL{ IL o} (A4, ,00) exp (22 Y0 3 wa(A™)
a=1 (1=1 s a=11=1

r

Na Ny
Ag, =T I @282 I I T (9 = af)emen
a=11<I<J<N, 1<a<b<r =1 J=1
. 3n spin 1 currents  s.t. Y Ji(z) =0
=1

n—1
Ji(z) = i0p;(z) = 1ti(2’)+bE > (50— 0iq+1)Tr !
gs a=1 z — M,
n—1 1 n—1
ti(z) = > Wy(z) — - Y aWy(z)
a=1 (_a, 1
oo det(x —igsdp(2)) :=: ]| (¢ —gsJi(2)): contains W, generators
1<i<n

« W, constraints <<det(ac—igsc'9qb(z))‘+>> 0

* the curve Z <<det(x — igsaqb(z))>> =0

Isomorphism with the Witten-Gaiotto curve established in the planar limit this way.



Il) - Message

The Detsenko-Fateev multiple integral is an integral representation of the arbitrary
4-point conformal block. F(qle; Aq, An, Az, Ag, A))

1 1
c=1-6Q%, A;= Zai(ai_2QE): A= ZQI(QI_QE)

We regard this as a version of 3-deformed one-matrix model with special attention
to the integration domain. Actually, it is a “perturbed double-Selberg matrix model”:

Zpert—(Sererg)Q(q |bg; N1, a1, a0; Np,ag, a3) = ¢7(1

X
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b 262
/dyj) H y P -y )P (1 —qybEee I lyr — ys|*%E
\J=1 1<I<J<Np
Np Ng 22
x T TI (1 —azrys)?
I=1J=1

under a1+ as+az+as+2(Np 4+ Nr)bp =2Qg

« originally
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- Original reasoning leading to the computability

n = 3, Nf — 2n = 6, n — 1 = 2 kinds of e.v. distributions

e

| "

3 Penner /mw /
qg— 0 U,

m/

(=0 g=0

2 Penner /UJI 7

 This has provided us an important insight
* Need only to take derivatives at ¢ = O
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- Back to Z

Zpert—(Selberg)2(@ | 0gi N, a1, 2, Ng, aa, a3)
— D1

22 By(bg; Ni,, a1, a0, Ng, as,a3) B(q|bg; Ni,a1,a; Ng, as, az)
Bo(bg; Np,o1,00;, NR, ag,a3)
= Sy, (1 +bgai, 1+ bgas, b%) Sy, (1 + bgaa, 1 + bpas, bg)

B(q|bg; Ni,a1,ap; Np, 0-’47053)

N
=(1- 9)(1/2)0‘20‘3<< [T (1 - qzp)bees H (1 —qyy)bE22 I] H (1 — qzry)? >>
Np,NpR

I=1 I=1J=1

Here Sy,, Sn, are the celebrated Selberg integral (an extension of Beta fn!!)

N 1 N Br—1 5,1 5
Sn(B1,82,7) = | [] /0 dzy | [ =/t (1 —zp)P2 I ler—a

1<I<J<N
N TQ B+ G- DB+ G = 1)7)

=1 FA+Nr@Gr+62+(N+5-2)7)

and averaging is w.r.t. these.



- Two kinds of generating functions :

Bla)=1+ > ¢'B
=1

00 qk Ny, " 1 Ny, " 1
=<<exp —QZ? bEZ$I+—Oé2 bEZyJ—I——ag >>
k=1 =1 2 J=1 2 Ny,Np

= (1 — q)(1/2)2203 4(¢)

takes the form k=1

Z qk Z Ay,.v5

k=0 |Y1[+|Y2|=k

a pair of partitions (Y7, Y>) naturally appears.



- The rest of the plan :

1) some exact cal from special fn
i) some by solving finite N loop eq. briefly
i) originally from the planar loop eq. and gs correction

omitted today

our thought

in chronological
order



1)
Jack polynomial P)El/v)(fﬂ) = (z1, " ,TN)

A= (\,Ap,--+) lisapartition Ay > A >---2>0

(5 P/, @) =] (1+bpar +05(N =), (VE(NL+1-4))
Npo 1 (24 bplar +ao) H0ERNL - 1))
1
x 1 (\; J—I—b ()\’—z—l—l)) conj by Mcdonald ‘87

(6,) €A
proven by Kadell ‘97

« From an explicit form of Jack poly. |A\| < 2

we obtain
__bgNp(bpNL, — Qp + a1)
<<bE 2 $I>> (ar — 2QF)
2 << :BILL’J>> _ beNL(bpNL —bg)(a1 +bpNy, — Qp)(a1 +bpNy — Qp — bp)
1<I<J<NL (ar —2Qp)(a; — 2Qp — bg)

<<bE S z(1 —a;lr)>> _ bgNp(a1 +bgNp — Qp)(az +bpNy — Qp)(ar + as +bpNp — 2QE)
(o —2Qp)(ar — 3Qp + bg)(ar — 2Qp — by)
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i)
Back to the model (perturbed double-Selberg ~ 3 Penner).
Recall, at ¢ = 0, a pair of decoupled Selbergs ~ 2 Penner’s .

Build the original model (¢ = 0) through resolvent.

NL NL

1 , N
Zselperg(bp; Np,a1,a0) = (H /o dm‘[) [T |z —=z5*Fexp (bE S W(zp)

I=1 1<I<J<Np
W(.’L‘) = a7 logz + aslog(l — x)

=1

* The loop eq. at finite N

<<(’IENL(Z)>2>>NL + (i}(/f(z) + QE%) <<@NL(Z)>>NL —fn, () =0

Ny, N1 o3 ) — N
o, =t X ()= (e Y VWG
I= — N,
~ L . . NL 1
Wiy (2) = <<wNL(Z)>>NL B <<bE 121 z — 95'I>>NL 1

|



* By looking at O (l> , O (%) , O (%) ,
2 < <

we obtain exact results

_ ol _ bgNp(bgpNL — Qg+ a1)
<<bEP(1)(“)>>NL - <<bE 1; $I>> (a1 +ar+2bpN; — 2Qg)’

Np,
~ o bENL(CE]_"_OéQ_I_bENL_QE)
fNL(Z)__ Z(Z—l) ?
Np o4 b N bp Ny, —
_iI}NL(O):<<bE121$I>> = 2E L(O‘1+O‘2j B L QE),
= NL
N 4 b N bp Ny, —
== NL

The first one agrees with that from i).
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- 0d — 4d relation

* matrix side parameters: ‘N =2, SU(2), Ny = 4, six parameters

seven parameters with one constraint
; N N €1 a m1 mo> m3 My
(87 87 « 8% N T ’ ) r
E L 1, &2, Ry &4, &3 s Js gs gs gs Js

» By looking at B; = A; — 2asasz, and explicit form of ANek — A[Nﬁk[o] + A[l\(lﬁl] ,

Nek _ (a+m1)(a+mo)(a+ m3)(a+ ma)

gaio 2a(2a + €)g3
ANek (a —mjy)(a—m3)(a—m3)(a—mg)
[0],11] 2a(2a — €)g?
we get
J a— mo a -+ ms3
bpNL = g y bpNp = — p ;
1 1
aq Zg—(mz—m1+€), ap = g—(mQ-l-ml),
1 1
az = g—(m3+m4), ag = g—(m3 —my + €).

- Splitting of our 44 into Ari1.101 + Afo1.1] done rather nontrivial, 4~ derived
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IV) [e)%

- massive scaling limit Ny, Ng, bg, (a, mo, m3, gs) the same as before

1) ¢ —+ 0, m1 — oo, gm1 = N\ :finite

a3, 4, @1 + @2 the same as before

2) g = 0, m1,mg — 00, gMmimg = A? : finite

a3 + (4, @1 + @2 the same as before

The integral representation being developed for

(I = arpss [I2 = qup2"# [1(L - gz )™ )

T T I.J Np.Np

A or A2 expansion

H.W. = More use of the Jack Poly. and the finite N loop eq.
both for purely theoretical developments and for physics exploration.
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