Localization of Wilson loop in two
dimensional super Yang-Mills theories.
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1. Introduction
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(large N) (J. Erickson, G. Semenoff and K.Zarembo ‘00 )

(finite N) (N. Drukker and D. Gross ‘00 )
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Half-BPS Wilson loop in 4-dim N=4 super Yang-
Mills (V. Pestun ‘07)
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\langle W(C) \rangle = \frac{1}{Z}\int  DM \frac{1}{N} \mathrm{Tr} \exp(M) 

\left( -\frac{2N}{\lambda} \mathrm{Tr} M^2 \right)
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W(C) = \frac{1}{N} \mathrm{Tr} \exp  \mathrm{P} \oint_C d \tau (i A_{\mu} \dot{x}^{\mu} + \Phi^i |\dot{x}| ) 

\end{align*}�

Half-BPS Wilson loop in 3-dim N=2 supersymmetric Chern-Simons matter theory
(A. Kapustin, B.Willett and I. Yaakov ‘09)
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R^n \cup \{{\infty} \}=S^n
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S=\int d^3 x \left( \epsilon^{\mu \nu \rho} (A_{\mu} \partial_{\nu} A_{\rho} + \frac{2i}{3}

A_{\mu} A_{\nu} A_{\rho} )- \bar{\lambda} {\lambda}+ 2D \sigma  \right)

\end{align*}�
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 W(C) = \frac{1}{\mathrm{dim} R} \mathrm{Tr}  \mathrm{P} \exp \oint_C d \tau (i A_{\mu} \dot{x}^{\mu} + \sigma |\dot{x}| )  \nonumber

\end{eqnarray}�
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2. Wilson loop in 2-dim
Supersymmetric theories

N = (2j 2) Super Yang-Mills (Vector multiplet)
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\mathcal{N}=(2,2)  
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 W(C) = \frac{1}{\mathrm{dim} R} \mathrm{Tr}_{R} 

  \mathrm{P} \exp \oint_C d \tau (i v_{\mu} \dot{x}^{\mu} + A |\dot{x}| ) 
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A, B
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\lambda 
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&&L= \frac{1}{g^2}\mathrm{Tr} \left[-\frac{1}{4} v_{\mu \nu}^2 +\frac{1}{2} ((D_{\mu} A)^2+ (D_{\mu} B)^2)

-\frac{1}{2}[A,B]^2 \nonumber  \right. \\

&&\quad   \left. + i \bar{\lambda} \not{\! \!D} \lambda 

+\frac{1}{2} D^2 - i  \bar{\lambda} [A, \lambda ] -\bar{\lambda} [B,  \sigma_3 \lambda ]

 \right] \nonumber   

\end{eqnarray}�
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&&\delta v^{\mu}= i \bar{\eta} \gamma^{\mu} \lambda -i \bar{\lambda}  \gamma^{\mu} \epsilon \nonumber \\

&&\delta A=-\bar{\eta} \lambda -\bar{\lambda}  \epsilon \nonumber \\

&&\delta B=i \bar{\eta} \sigma_3 \lambda -i\bar{\lambda} \sigma_3 \epsilon \nonumber 

\end{eqnarray}�
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&&\delta \lambda=( -\frac{1}{2} \gamma_{\mu \nu} v^{\mu \nu} -D + [A, B] +i  \not{\! \!D} A- \not{\! \!D} B \sigma_3 ) \epsilon \nonumber \\

&& \quad \quad \textcolor[rgb]{0.4,0.4,0.8}{+i  \not{\! \nabla}  \epsilon \cdot A+ \not{\! \nabla} \sigma_3 \epsilon \cdot B} \nonumber \\

\nonumber 

\end{eqnarray}�
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&&\delta D =i(\bar{\eta} \gamma^{\mu} (D_{\mu} \lambda)- (D_{\mu} \bar{\lambda} )\gamma^{\mu} \epsilon )

\nonumber \\

&& \quad \quad +i\bar{\eta} [A, \lambda ] -i  [A, \bar{\lambda} ]  \epsilon 

- \bar{\eta} \sigma_3 [B,   \lambda ]  

+  [B,  \bar{\lambda} ] \sigma_3 \epsilon \nonumber \\

&&\quad \quad \textcolor[rgb]{0.4,0.4,0.8}{+i( \nabla_{\mu} \bar{\eta} \cdot \gamma^{\mu}  \lambda -  \bar{\lambda} \gamma^{\mu}  \nabla_{\mu}\epsilon )

} \nonumber

\end{eqnarray}�
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\epsilon =\frac{1}{\sqrt{1+\frac{|x|^2}{4r^2}}} (\epsilon_s+x^{{\mu}} \gamma_{{\mu}}  \epsilon_c )  \nonumber 

\end{align*}�
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\frac{1}{g(\mu)^2}=\frac{1}{g^2}[1-\frac{g^2}{2\pi \mu^2}(\frac{n_s}{6}c_s-4n_v c_v 

+\frac{2}{3} n_f c_f)] 
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3. Localization
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\langle \mathcal{O} \rangle =  \frac{1}{Z} \int D \Phi \, \mathcal{O} \exp (-S) 

\end{align*}�
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\langle \mathcal{O} \rangle =  \frac{1}{Z} \int D \Phi \, \mathcal{O} \exp (-S+ t \{\mathcal{Q} ,V \}) 

\end{align*}�
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[\mathcal{Q} ,\mathcal{O} ]= [\mathcal{Q} ,S ] = \mathcal{Q}^2=0 

\end{align*}�
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\mathcal{Q} = \mathcal{Q}_{\mathrm{SUSY}}+\mathcal{Q}_{\mathrm{B}}
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\bar{\eta}=0 , \, \epsilon
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\mathcal{Q}_B
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Z=\int d \Phi_0  \exp(-S(\Phi_0) ) Z_{\mathrm{non-per}} Z_{1-\mathrm{loop}}(\Phi_0)

\end{align*}�
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\langle \mathcal{O} \rangle=\frac{1}{Z}\int d \Phi_0 \mathcal{O}(\Phi_0) \exp(-S(\Phi_0) ) Z_{\mathrm{non-per}} Z_{1-\mathrm{loop}}(\Phi_0)
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Z_{\mathrm{1-loop}} 
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Z_{\mathrm{non-per}} 
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V=\mathrm{Tr} (\delta \lambda)^{\dagger} \lambda
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\{\mathcal{Q}, V \}_\mathrm{fermi}=\mathrm{Tr}\left[i  \bar{\lambda} \not{ \! \nabla } \lambda +i \bar{\lambda}[A, \lambda] -\frac{1}{2}\bar{\lambda} \lambda \right]

+\cdots
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A=-D=A_o, \quad X=0
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\{\mathcal{Q}, V \}_\mathrm{bos}=\mathrm{Tr}\left[\frac{1}{2}v_{\mu \nu} 

v^{\mu \nu} + (D_{\mu} A)^2+ (D_{\mu} B)^2+ (D+A)^2 +[A,B]^2 \right] + \cdots

\nonumber 
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\bar{c} \nabla{\mu} D^{\mu} c+ b \nabla^{\mu} v_{\mu}

\nonumber 
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4. 1-loop determinant
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 A \to A_o +\frac{1}{\sqrt{t}} A' 
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X \to \frac{1}{\sqrt{t}} X' 
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 D \to -A_o +\frac{1}{\sqrt{t}} D'  
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S_{cl}=\int \sqrt{g} d^2 x \, \frac{1}{2} D^2_{cl}=2 \pi  A^2_{o}
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W(C)_{cl} =\frac{1}{\mathrm{dim} R} \mathrm{Tr}_{R}   \exp( 2 \pi  A_{o}  ) 

\end{align*}�
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v_{\mu}=\partial_{\mu} \phi +v'_{\mu}
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v'_{\mu}=\sum_{\alpha} v^{\alpha}_{\mu} \, e_{\alpha}+ h_{\mu} ,   
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[A_o, v'_{\mu}]=\sum_{\alpha}\alpha(A_o)\, v^{\alpha}_{\mu} \,e_{\alpha}  
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\langle W_{R}(C) \rangle =\frac{1}{Z \, \mathrm{dim}  R  }\int dA_{o} \exp(-4\pi \mathrm{Tr} A^2_{o})

    \mathrm{Tr}_{R} \exp( 2 \pi  A_{o}  ) Z_{1-loop}(A_{o}) \nonumber
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5.Summary
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k=\frac{1}{8\pi^2} \int \mathrm{Tr} F \wedge F

\nonumber 
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k =\frac{i}{2 \pi}\int \mathrm{Tr}F

\end{align*}�
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