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1. Introduction

Nekrasov formula [Nekrasov 2002], [Nekrasov-Okounkov], . . .

low-energy effective action of N' = 2 SYM is determined by a single
holomorphic function F(¢) called the prepotential.

4k
F(¢) — F(¢)pert + Jrinst(¢), igt@) ZFI@¢ ( ) |

By introducing the deformation €1, €3 (€2-background), Nekrasov
defined the instanton partition function

Zinst(¢7 Aa €1, 62) = Z A2Nk / D:uinst €eXp [_Seﬁ(¢7 €1, 62)}
k=0
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where

M i+ instanton moduli space (ADHM construction)
Diinst : integration measure for instanton moduli space

Sett(@, €1, €2) : instanton effective action deformed by €; and €5

(effective action for instanton moduli)

Finst (@) is extracted from Zj,q; by e-expansion.

lOg Zinst(¢7 A, €1, 62) = L(FQ(¢) —+ (61 + 62)91(¢) -+ 0(62)),

€1€2

finst(¢) — ]'_O(Cb)-



When €1 = —eg = A, h is interpreted as

e coupling constant of topological string theory
(e-expansion = genus expansion of worldsheet)

— self-dual graviphoton background (closed string approach)
[Antoniadis-Gava-Narain-Taylor]|, etc.

— R-R background (open string approach)

explicit computation: [Billo-Frau-Fucito-Lerda], [Matsuura]

In the case of general €1 and €3, Zjns is related to the refined
version of topological string.

— Searching R-R background corresponding general (2-background
(cf. [Antoniadis-Hohenegger-Narain-Taylor])
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2. N =2 Super Yang-Mills in Q-background
()-background = 6D gravitational background + Wilson line
e 6D Q-background metric (on R* x T?)

ds%D = Gy ndxe™MdxN
= 2dzdz + (dz™ + Q"dz + Q"dz)?,

Q" =Q"x,, Q" =Q""x,.

Here constant antisymmetric matrix Q™" and Q™" are of the form

[0 ¢ 0 0) (0 & 0 0)
qun_ L |=a 0 0 0 qun_ L =& 0 0 0
2021 0 0 0 —e |’ 221 0 0 0 —&

L0 0 & 0 \ 0 0 & 0 )



e R-symmetry Wilson line (gauging SU(2) R-symmetry)

AIJ = ./ZlIJdZ + .AIJdZ,
AL, Al;: constant, I, J: SU(2) indices.

6D N = 1 super Yang-Mills in Q-background
1 | _
Lop = V=G Tr|;GMPGNCFynFpg + %\IJFMDM\IJ .

KK reduction of (z, Z) direction —
AD N = 2 super Yang-Mills in Q-background



e Lagrangian of NV = 2 super Yang-Mills in 2-background

1 _ i
Lo=Tr|=-F, . F™ +Ac™D A — —
@) I 4 _|_ o) I \/§

+ (D — 9E0mn ") (D™@ — gF™PQ,)
1

1~ _
+—gQ"A' D, A — ——gQ™Als, A
\/§g I 2\/§g I

(

Az, Ajl +

g‘/_\f [907 /_\I]



e unbroken supersymmetry (topological symmetry)

For general Q™" and Q™", the Lagrangian has one unbroken
supersymmetry if we choose

1
AIJ — _§an(5_mn)IJ7 AIJ — __an(ﬁmn) J

The corresponding supercharge QQ, becomes a scalar after the
topological twist. In particular Q% becomes

Q3§ = (gauge transf. by 2v/2¢) + (U(1)? rotation by 2v/2,,,,,) .
equivariant deformation

The action can be written as the Qq-exact form.
4 87 — _
d'r Lo =—5k+ Qg=. (k: instanton number)
Y
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3. Deformed Instanton Effective Action from
String Theory

e setup

— N = 2 super Yang-Mills <+ N fractional D3-branes
on R? x (R*/Zs)

— instanton configration <> k fractional D(—1)-branes on the D3's

— ADHM instanton moduli
<> massless states from open strings attached to the branes:

D3-D(—1) (NN x k, k x N matrices)

We, W “size” of instantons
ol ol superpartner of wg, W%
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D(—1)-D(—1) (k x k matrices)

/ T e 1 .
Ay position” of instantons
Mt superpartner of a/
X, X, D (c=1,2,3) bosonic auxiliary variables
7 fermionic auxiliary variables

— D¢ and ¢ are respectively the Lagrange multipliers for
the bosonic and fermionic ADHM constraints.

— Each variables have the corresponding vertex operators.
For example,

Var, (2) ~ agyb™e™%(2).

The effective action for D(—1)'s is calculated from the
disk amplitudes of the vertex operators.
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e effective action for D(—1)-branes (undeformed part)

o / (. _ _
Sor = 2m2try | —2[X, al,) [x, @’ ]—27/\/1 "I, ML)+ N Turx — @°up)
— W

+ (xw* — 0@°) (wax — ¥ ws) + (xw* — 0*°) (wax — ¢ we)

- ’i@?(ﬁf’wa 4 U_Jéz,uI 4 [M/al7a/0¢d]) 4 Z’DC(TC) B(wﬁwa 4+ alﬂaa;é) )

where ©¥ = (¢) and @' = (@) are VEVs of the scalars.
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e R-R 3-form backgrounds

We neglect the Z, orbifolding for a while (N = 4, SU(4)Rg).

We introduce constant R-R field strength FoBAB ]:O‘BAB and the
corresponding vertex operators as (A, B =1,...,4)

1

(2ra ) FPABS S 1o 2%

1

(2)S5Spe™2%(2)
(2)S58%e 39 (z)

V}"+(Z7 Z)
Vr-(2,2) = (27704’)./7(3‘BABS@SA6_
R-R 3-form part is extracted as

FlaB)AB] _ -+

mna

( mn)aﬂ(za)AB
FlaBl(AB) _ Fop€® (E[aibzc])AB
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By orbifold projection, the remaining components are

]:ﬂtn ~ ]:(aﬁ)[12](0mn)a67 ]?ﬂjbn ~ ]:(aﬁ)[34](amn)a5’
'Fn_zn ~ f(o.éﬁ)[&l](&mn)aﬁ'v "T:.n_m ™~ f(dﬁ)[12](5_mn)dﬁ'a
FUI) ¢,y FloblD) FUTY gy Flesll' )

where I,J = 1,2, I',J' = 3,4 and we choose FU/) = FUII) =
by hand. o’ — 0 limit is taken such that (27a/)!/2F = C is finite.

C+ and C  are already introduced in [Billo-Frau-Fucito-Lerdal.
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e deformed effective action for D(—1)-branes
Set = 272tTy, [—2 ([;z, ap,) + (o + C‘;m)a’”> ([X, a™] + (CTP C—mp)a;,>
2 ral | 1= / 1 ~—+ mn\ B / 1~ —mn\J /
- —=M [Xa aI] + icmn(o- )a MBI - §Cmn(0- ) I/ViaJg

. 1 o 1 |
4+ ()qu_]a . U—JQ@O 4+ 5 ;Ln(a_mn>oz6,u—}[3> (de . QDO’U)@ + icn—%n(a_mn)fydwﬁ/)
1

1B 1

i (s wan! + M) D) (0P + aa) |

The above agrees with the result from the field theory calculation
if we identify C,.p, = —iQn, Conn = =i, Oy = —i AL ;.
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e deformed supersymmetry

If we choose A? ; = —200,,,(6™")! ;, Sesr agrees with the deformed

instanton effective action given by Nekrasov and preserves one
supersymmetry which becomes a scalar after the topological twist

(ML — Mo, i = pg, O = 0, ).

Qﬂa;n — Mlma QQM;n — 2\/§Z[Xa a;n] + 2\/§ana;”m

Qows = Ha, Qaota = —2V2i(wax — ¢ wa) — V29;,,(6™")  qw;,
Qoo™ = %, Qoi® = 2V2i(xw® — w*¢’) + \@Qr_nn<5mn)d5@5>
Qax =0,
QaX = ¥, QoY = 2V2i[x, X),

QQ@Zmn — Dmna QQDmn — 2\/§Z[Xa 7ﬁmn] + 2\/§(Qmp77;pn — anﬂzpm)-
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Namely, @), satisfies

Q3 = (U(k) transformation by 2v/2x) + (U(1)Y rotation by 2v/2¢Y)

+ (U(1)? rotation by 2v/2Q,,,) -
equivariant deformation

Q, coincides with Nekrasov's equivariant BRST operator.

Moreover, S.g can be written as the Q-exact form.

— The same instanton partiton function is obtained.
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4. Summary

summary

1. We have reproduced the instanton effective action in general
(two-parameter) (2-background from the effective action of
D(—1)-branes in D3/D(—1) system with the R-R 3-form.

2. The correspondence between R-R 3-form backgrounds and the
()-background parameters is given as

FleB)T] FldI' I Qf Q- known
F(QB)[I’J’]a F(dB)[IJ] A Q;m? er_rm new result

]:[dﬁ](”)’ — Ars(= _%Q;m(&m”)”) new result
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3. We have also checked that the deformed supersymmetry coincides
with Nekrasov's equivariant BRST symmetry. The deformed
instanton effective action can be written as the exact form with

respect to the deformed supersymmetry. Hence we can obtain
the same instanton partiton function.

future work
e N =14 (and N = 2%) case
Since we have no orbifolding, we can introduce more parameters.

parameters : Q7" (a = 1,...,6) and R-symmetry Wilson lines

However we should preserve (at least) one supersymmetry.
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