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1. Introduction

Nekrasov formula [Nekrasov 2002], [Nekrasov-Okounkov], . . .

low-energy effective action of N = 2 SYM is determined by a single

holomorphic function F(ϕ) called the prepotential.

F(ϕ) = F(ϕ)pert + Finst(ϕ), FSU(2)
inst (ϕ) =

∞∑
k=1

Fkϕ
2

(
Λ

ϕ

)4k

.

By introducing the deformation ϵ1, ϵ2 (Ω-background), Nekrasov

defined the instanton partition function

Zinst(ϕ,Λ, ϵ1, ϵ2) ≡
∞∑
k=0

Λ2Nk

∫
MN,k

Dµinst exp
[
−Seff(ϕ, ϵ1, ϵ2)

]
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where

MN,k : instanton moduli space (ADHM construction)

Dµinst : integration measure for instanton moduli space

Seff(ϕ, ϵ1, ϵ2) : instanton effective action deformed by ϵ1 and ϵ2

(effective action for instanton moduli)

Finst(ϕ) is extracted from Zinst by ϵ-expansion.

logZinst(ϕ,Λ, ϵ1, ϵ2) =
1

ϵ1ϵ2

(
F0(ϕ) + (ϵ1 + ϵ2)G1(ϕ) +O(ϵ2)

)
,

Finst(ϕ) = F0(ϕ).
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When ϵ1 = −ϵ2 = ~, ~ is interpreted as

• coupling constant of topological string theory

(ϵ-expansion = genus expansion of worldsheet)

→ self-dual graviphoton background (closed string approach)

[Antoniadis-Gava-Narain-Taylor], etc.

→ R-R background (open string approach)

explicit computation: [Billo-Frau-Fucito-Lerda], [Matsuura]

In the case of general ϵ1 and ϵ2, Zinst is related to the refined

version of topological string.

→ Searching R-R background corresponding general Ω-background

(cf. [Antoniadis-Hohenegger-Narain-Taylor])
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2. N = 2 Super Yang-Mills in Ω-background

Ω-background = 6D gravitational background + Wilson line

• 6D Ω-background metric (on R4 ×T2)

ds26D = GMNdx
MdxN

= 2dz̄dz + (dxm + Ω̄mdz +Ωmdz̄)2,

Ωm = Ωmnxn, Ω̄m = Ω̄mnxn.

Here constant antisymmetric matrix Ωmn and Ω̄mn are of the form

Ωmn =
1

2
√
2


0 ϵ1 0 0

−ϵ1 0 0 0

0 0 0 −ϵ2
0 0 ϵ2 0

 , Ω̄mn =
1

2
√
2


0 ϵ̄1 0 0

−ϵ̄1 0 0 0

0 0 0 −ϵ̄2
0 0 ϵ̄2 0

 .
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• R-symmetry Wilson line (gauging SU(2) R-symmetry)

AI
J = ĀI

Jdz +AI
Jdz̄,

ĀI
J , AI

J : constant, I, J : SU(2) indices.

6D N = 1 super Yang-Mills in Ω-background

L6D =
√
−GTr

[
1

4
GMPGNQFMNFPQ +

i

2
Ψ̄ΓMDMΨ

]
.

KK reduction of (z, z̄) direction →
4D N = 2 super Yang-Mills in Ω-background
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• Lagrangian of N = 2 super Yang-Mills in Ω-background

LΩ = Tr

[
1

4
FmnF

mn + ΛIσmDmΛ̄I −
i√
2
gΛI[φ̄,ΛI] +

i√
2
gΛ̄I[φ, Λ̄

I]

+ (Dmφ− gFmnΩ
n)(Dmφ̄− gFmpΩ̄p)

+
1√
2
gΩ̄mΛIDmΛI −

1

2
√
2
gΩ̄mnΛIσmnΛI

− 1√
2
gΩmΛ̄IDmΛ̄I +

1

2
√
2
gΩmnΛ̄Iσ̄mnΛ̄

I

+
g2

2

(
[φ, φ̄] + iΩmDmφ̄− iΩ̄mDmφ+ igΩ̄mΩnFmn

)2

− 1√
2
gĀJ

IΛ
αIΛαJ − 1√

2
gAJ

IΛ̄α̇
IΛ̄α̇

J

]
.
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• unbroken supersymmetry (topological symmetry)

For general Ωmn and Ω̄mn, the Lagrangian has one unbroken

supersymmetry if we choose

AI
J = −1

2
Ωmn(σ̄

mn)IJ , ĀI
J = −1

2
Ω̄mn(σ̄

mn)IJ .

The corresponding supercharge Q̄Ω becomes a scalar after the

topological twist. In particular Q̄2
Ω becomes

Q̄2
Ω = (gauge transf. by 2

√
2φ)+ (U(1)2 rotation by 2

√
2Ωmn)

equivariant deformation

.

The action can be written as the Q̄Ω-exact form.∫
d4xLΩ =

8π2

g2
k + Q̄ΩΞ. (k: instanton number)
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3. Deformed Instanton Effective Action from
String Theory

• setup

− N = 2 super Yang-Mills ↔ N fractional D3-branes

on R2 × (R4/Z2)

− instanton configration ↔ k fractional D(−1)-branes on the D3’s

− ADHM instanton moduli

↔ massless states from open strings attached to the branes:

D3-D(−1) (N × k, k ×N matrices)

wα̇, w̄
α̇ “size” of instantons

µI, µ̄I superpartner of wα̇, w̄
α̇
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D(−1)-D(−1) (k × k matrices)

a′m “position” of instantons

M′I
α superpartner of a′m

χ, χ̄, Dc (c = 1, 2, 3) bosonic auxiliary variables

ψ̄α̇
I fermionic auxiliary variables

− Dc and ψ̄α̇
I are respectively the Lagrange multipliers for

the bosonic and fermionic ADHM constraints.

− Each variables have the corresponding vertex operators.

For example,

Va′m(z) ∼ a′mψ
me−ϕ(z).

The effective action for D(−1)’s is calculated from the

disk amplitudes of the vertex operators.
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• effective action for D(−1)-branes (undeformed part)

S0
eff = 2π2trk

[
−2[χ̄, a′m][χ, a′m]− i

2
√
2
M′αI[χ̄,M′

αI] +
i√
2
µ̄I

(
µIχ̄− φ̄0µI

)
+
(
χ̄w̄α̇ − w̄α̇φ̄0

)(
wα̇χ− φ0wα̇

)
+
(
χw̄α̇ − w̄α̇φ0

)(
wα̇χ̄− φ̄0wα̇

)
− iψ̄α̇

I

(
µ̄Iwα̇ + w̄α̇µ

I + [M′αI, a′αα̇]
)
+ iDc(τ c)α̇β̇

(
w̄β̇wα̇ + ā′β̇αa′αα̇

)]
,

where φ0 = ⟨φ⟩ and φ̄0 = ⟨φ̄⟩ are VEVs of the scalars.
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• R-R 3-form backgrounds

We neglect the Z2 orbifolding for a while (N = 4, SU(4)R).

We introduce constant R-R field strength FαβAB, F α̇β̇
AB and the

corresponding vertex operators as (A,B = 1, . . . , 4)

VF+(z, z̄) = (2πα′)FαβABSαSAe
−1

2ϕ(z)SβSBe
−1

2ϕ(z̄)

VF−(z, z̄) = (2πα′)F α̇β̇
ABSα̇S

Ae−
1
2ϕ(z)Sβ̇S

Be−
1
2ϕ(z̄)

R-R 3-form part is extracted as

F (αβ)[AB] = F+
mna(σ

mn)αβ(Σa)AB,

F [αβ](AB) = Fabcϵ
αβ(Σ[aΣ̄bΣc])AB.
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By orbifold projection, the remaining components are

F+
mn ∼ F (αβ)[12](σmn)αβ, F̄−

mn ∼ F (αβ)[34](σmn)αβ,

F−
mn ∼ F (α̇β̇)

[34](σ̄mn)α̇β̇, F̄−
mn ∼ F (α̇β̇)

[12](σ̄mn)α̇β̇,

F (IJ) ∼ ϵαβF [αβ](IJ), F (I′J ′) ∼ ϵαβF [αβ](I′J ′),

F̄(IJ) ∼ ϵα̇β̇F
[α̇β̇]

(IJ), F̄(I′J ′) ∼ ϵα̇β̇F
[α̇β̇]

(I′J ′),

where I, J = 1, 2, I ′, J ′ = 3, 4 and we choose F (IJ) = F (I′J ′) = 0

by hand. α′ → 0 limit is taken such that (2πα′)1/2F ≡ C is finite.

C+
mn and C̄+

mn are already introduced in [Billo-Frau-Fucito-Lerda].
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• deformed effective action for D(−1)-branes

Seff = 2π2trk

[
−2

(
[χ̄, a′m] + (C̄+

mn + C̄−
mn)a

′n
)(

[χ, a′m] + (C+mp + C−mp)a′p

)
− i

2
√
2
M′αI

(
[χ̄,M′

αI] +
1

2
C̄+

mn(σ
mn)α

βM′
βI −

1

2
C̄−

mn(σ̄
mn)JIM′

αJ

)
+

(
χ̄w̄α̇ − w̄α̇φ̄0 +

1

2
C̄−

mn(σ̄
mn)α̇β̇w̄

β̇

)(
wα̇χ− φ0wα̇ +

1

2
C−

mn(σ̄
mn)γ̇α̇wγ̇

)
+

(
χw̄α̇ − w̄α̇φ0 +

1

2
C−

mn(σ̄
mn)α̇β̇w̄

β̇

)(
wα̇χ̄− φ̄0wα̇ +

1

2
C̄−

mn(σ̄
mn)γ̇α̇wγ̇

)
+

i√
2
µ̄I

(
µIχ̄− ϕ̄µI +

1

2
C̄J

IµJ

)
− iψ̄α̇

I

(
µ̄Iwα̇ + w̄α̇µ

I + [M′αI, a′αα̇]
)
+ iDc(τ c)α̇β̇

(
w̄β̇wα̇ + ā′β̇αa′αα̇

)]
.

The above agrees with the result from the field theory calculation

if we identify Cmn = −iΩmn, C̄mn = −iΩ̄mn, C̄
I
J = −iĀI

J .
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• deformed supersymmetry

If we choose ĀI
J = −1

2Ω̄mn(σ̄
mn)IJ , Seff agrees with the deformed

instanton effective action given by Nekrasov and preserves one

supersymmetry which becomes a scalar after the topological twist

(M′
αI → M′

m, µI → µα̇, ψ̄
α̇
I → ψ̄, ψ̄mn).

Q̄Ωa
′
m = M′

m, Q̄ΩM′
m = 2

√
2i[χ, a′m] + 2

√
2Ωm

na′n,

Q̄Ωwα̇ = µα̇, Q̄Ωµα̇ = −2
√
2i(wα̇χ− φ0wα̇)−

√
2Ω−

mn(σ̄
mn)β̇α̇wβ̇,

Q̄Ωw̄
α̇ = µ̄α̇, Q̄Ωµ̄

α̇ = 2
√
2i(χw̄α̇ − w̄α̇φ0) +

√
2Ω−

mn(σ̄
mn)α̇β̇w̄

β̇,

Q̄Ωχ = 0,

Q̄Ωχ̄ = ψ̄, Q̄Ωψ̄ = 2
√
2i[χ, χ̄],

Q̄Ωψ̄mn = Dmn, Q̄ΩDmn = 2
√
2i[χ, ψ̄mn] + 2

√
2(Ωm

pψ̄pn − Ωn
pψ̄pm).
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Namely, Q̄Ω satisfies

Q̄2
Ω = (U(k) transformation by 2

√
2χ)+ (U(1)N rotation by 2

√
2φ0)

+ (U(1)2 rotation by 2
√
2Ωmn)

equivariant deformation

.

Q̄Ω coincides with Nekrasov’s equivariant BRST operator.

Moreover, Seff can be written as the Q̄Ω-exact form.

→ The same instanton partiton function is obtained.
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4. Summary

summary

1. We have reproduced the instanton effective action in general

(two-parameter) Ω-background from the effective action of

D(−1)-branes in D3/D(−1) system with the R-R 3-form.

2. The correspondence between R-R 3-form backgrounds and the

Ω-background parameters is given as

F (αβ)[IJ], F (αβ)[I′J ′] ↔ Ω+
mn, Ω̄

+
mn known

F (α̇β̇)
[I′J ′], F (α̇β̇)

[IJ] ↔ Ω−
mn, Ω̄

−
mn new result

F [α̇β̇]
(IJ), ↔ ĀIJ(= −1

2Ω̄
−
mn(σ̄

mn)IJ) new result
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3. We have also checked that the deformed supersymmetry coincides

with Nekrasov’s equivariant BRST symmetry. The deformed

instanton effective action can be written as the exact form with

respect to the deformed supersymmetry. Hence we can obtain

the same instanton partiton function.

future work

• N = 4 (and N = 2∗) case

Since we have no orbifolding, we can introduce more parameters.

parameters : Ωmna (a = 1, . . . , 6) and R-symmetry Wilson lines

However we should preserve (at least) one supersymmetry.
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